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Preface 



I consider teaching to have been one of my greatest privileges in life. I have al- 
ways attemped to make a matter, sometimes difficult, sometimes in constant 
evolution, simpler and easier to understand. There comes a time then, when 
one feels the necessity to write and publish a book. For this reason, I have 
already published (in french) several lecture books on Classical Mechanics, 
Quantum Mechanics, Matrix Optics, Electroweak Interaction, General Rel- 
ativity and Gravitation, Cosmology. Teaching quantum theory has been a 
particular delight as its constant evolution and enlargement, embraces all 
domains of physics. Even if the general layout remains relatively unchanged, 
the evolution of our understanding of the physical world imposes the in- 
troduction of new approaches. It therefore seemed that a physics textbook, 
even one with a graduate readership in mind, had to introduce the Dirac 
Electron Theory and some rudimentary material on quantum field theory. 
This holds for also for explanations of the spontaneous symmetry breaking 
of Higgs scalar fields that gives mass to the bosons involved in short range 
interactions. We have deliberately cut down on material on some “classical” 
topics of quantum theory to make space for less known methods. Examples 
of the latter include the Feynman path integral “3rd quantization” and the 
interpretation of quantum mechanics in terms of phase focusing coherence. 

After a review of the most important results of research in analytical 
mechanics, it is shown that the description of a system of material parti- 
cles is possible either by using a “discrete” formalism, such as Poisson equa- 
tions, or a “continuous ” formalism, such as Hamilton- Jacobi wave equations. 
Next, drawing the parallel between mechanics and optics serves as the pre- 
text to introduce an equation for the propagation of mechanical waves and, 
with the help of a further hypothesis, the Schrodinger equation for the wave- 
mechanical description of a classical system of particles with definite mass. 
The next chapter develops wave-mechanical theory from the stand point of 
the correspondence principle. It then goes on to briefly show the relation- 
ship between the Heisenberg uncertainty relation and the different interpre- 
tations of wave mechanics and wave function, interpretations stemming from 
the Schrodinger equation: the pilot wave theory of Louis de Broglie and the 
quantum potential theory of D. Bohm, the theory of universal Brownian mo- 
tion of E. Nelson, the probability theory of Max Born and Niels Bohr of the 
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Copenhagen School. Mention is also made of the EPR (Einstein-Podolsky- 
Rosen) paradox as well as the Bell inequalities which where tested by Alain 
Aspect and Philippe Grangier. Their experiments have definitely established 
that quantum theory is a non-separable theory, that is without any hidden 
variables. 

Chapter 3 is a little more technical, describing classical stationary one- 
dimensional quantiun systems, the potential well, the potential barrier and 
the semi-classical approach (W.K.B.). The following three chapters return 
to the Dirac formalism of nonrelativistic quantum mechanics and the two 
representations it has generated: wave mechanics by projection on the con- 
figuration space and matrix mechanics by projection on the vector column 
space. 

After the study of quantiun dynamics and the Schrodinger or Heisenberg 
pictures of the evolution of a nonrelativistic quantum mechanical system, we 
return to the interpretation of quantum mechanics in terms of the coherence 
of the quantum states underlying all forms of observer-independent interpre- 
tation. For the Copenhagen School, measurement determines the history of 
a quantum system with which a probability can be associated. When, as in 
quantum cosmology, it is practically impossible to separate the observer from 
the object being observed, the meaning of the probability postulate must be 
stretched if the theory is to retain its internal coherence. In such a situa- 
tion, the Copenhagen School interpretation becomes an approximation of a 
more general framework characteristic of measurement and the decoherence 
resulting from the observer’s measuring apparatus. 

Chapter 7 develops the so-called 3rd quantization based on the Feynman 
path integrals. This method has the advantage of being adapted to all forms 
of interaction, including gravitation. It also emphasizes the importance of 
the phase function in wave function. As with the Huyghens^ principle, the 
probability amplitude ip{x\t') is given by the superposition in the whole 
space of the probability amplitude at an earlier instant. This underscores 
the importance of the propagator developed with the Feynman conjecture 
from classical data of the system. This approach to quantum physics sheds 
new light on the role of action in quantum physics and its classical limit, the 
Hamiltonian action. 

Next, we examine the properties of symmetry and invariance in quan- 
tum physics generally: translation, rotation, parity, time reversal. Much space 
has been alloted to non-local gauge transformations and to their associated 
symmetry groups, the Abelian groups, just as in the gauge transformation 
of the electromagnetic field gauge or the non- Abelian for Yang-Mills fields. 
These transformations have, in the recent years, assumed great importance 
in the description of electromagnetic and electroweak interactions in a unified 
model. This point is also featured in the discussion of the standard theory of 
electroweak interactions in Chapter 19. 
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Five chapters have been devoted to the angular momentum theory in 
the standard representation, the theorems of addition of two or more an- 
gular momenta, rotation matrices and spherical harmonics and, finally, to 
irreducible tensor operators. The innovation is in the relatively early intro- 
duction (Chapter 10) of the Clebsch-Gordan graphical representation and 
coefficients. This facilitates the visualization of calculations and the 
understanding of the techniques of Racah algebra. 

In the chapters on angular momentum (Chapters 9 through 13), the 
graphical representation has been used to supplement analytical calculation. 
It seemed to us an effective method for handling irreducible tensor opera- 
tors and the Wigner-Eckart theorem. It should also facilitate access to some 
particularly difficult calculations, such as those for angular distributions and 
particle polarization. We have also sought to extend this graphical approach 
to classical vector calculus. This should simplify statements involving vec- 
tor products and vector inner products (these points are developed in the 
appendix of Chapter 13). 

Another innovation in the chapters on angular momentum is the intro- 
duction of the electroweak isospin of leptons and quarks, and of the magnetic 
moment of atoms, particles and quarks, as applications of the standard rep- 
resentation and the Wigner-Eckart theorem. 

We have brought together in Chapter 14 the various methods of approxi- 
mation in nonrelativistic quantum physics: stationary perturbations of degen- 
erate and non-degenerate states, the variational method, and time-dependent 
variation. The Feynman diagram method is introduced to illustrate pertur- 
bative methods. 

Feynman diagrams facilitate the understanding of the processes by which 
relativistic or nonrelativistic particles are scattered. 

The problems associated with scattering are studied in Chapter 15, using 
the transition operator and its relationship with the transition amplitude and 
the differential cross section of elastic scattering. The Lippmann-Schwinger 
statement on the transition amplitude with respect to the interaction poten- 
tial inevitably brings us back to Feynman. Next, we seek to extend the scope 
of the problem to the calculation of angular distribution and polarization in 
direct nuclei interaction processes and it should be possible to expand the 
results using C.S.A. graphical techniques without great difficulties. 

In Chapter 16, “Second Quantization”, we decided to treat together one- 
dimensional and n-dimensional harmonic oscillators and the second quanti- 
zation formalism for boson and fermion systems. Again, it seemed to us that 
the formalism of creation and annihilation operators, when applied to the 
harmonic oscillator, constituted an ideal introduction to the notion of second 
quantization. We have also included a review of the present state of knowl- 
edge on the structure of matter with fermions that are emitters and receivers 
of the bosons which mediate in fundamental interactions. 
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Classical and quantum field theory has unfortunately been too often ne- 
glected in physics curricula. We have therefore devoted the next two chapters 
to this subject. 

In the chapter on boson fields, we have included a section on Higgs scalar 
field and the process of spontaneous symmetry breaking which confers mass to 
exchange bosons. Chapter 18 describes fermion fields. After a brief excursion 
into the Dirac equation of a free particle, we retiun to the problem of gauge 
invariance and, using the Noether theorem, try to show that a law of conser- 
vation of quadricurrent can be inferred from overall gauge invariance. Next, 
we examine the interaction of a charged fermion with the electromagnetic 
field before going on to redefine the conditions for local gauge invariance. It 
is thus possible to introduce a little more naturally the Lagrangian electrody- 
namic quantum density. After describing the property of charge conjugation, 
we apply the Dirac equation to a detailed study of the hydrogen atom, taking 
into consideration both the relativistic effects and the electron spin. 

The next chapter is entilted “Quantum X-dynamics” . It describes in very 
brief terms quantum electrodynamic methods and the extensions quantum 
chromodynamics has brought to these theories. The standard model (G.S.W.) 
of electroweak interaction with the process of spontaneous symmetry break- 
ing of Higgs fields which confers mass to the bosons carrying the weak in- 
teraction (the intermediate bosons and Z^) receives a more detailed 
presentation. This chapter will no doubt appear a little more difficult than 
the preceding ones. However, it should be remembered that the imification of 
electromagnetic and electroweak interactions constituted such a stride in the 
advancement of knowledge that one cannot do justice to the topics discussed 
here without treating the method used and the spectacular results obtained 
through the determination of the mass of intermediate bosons. 

Finally, the last chapter is dedicated to the problems of quantum cosmo- 
logy. This is an introduction to a particularly difficult but thought-provoking 
subject which conditions the very foundations of the fundamental notions 
of space and time has been added at the suggestion of some colleagues. As 
at the time of writing, there are no quantum physics textbooks that can 
be considered accessible to cosmologists or cosmology textbooks that are 
accessible to quantum physicists. Considering that we have had published a 
textbook in cosmology which closes with a chapter on quantiun cosmology, 
it seemed natural that the present one too to close with a similar chapter. 

We have therefore given a brief review of general relativity and the stan- 
dard models of Cosmology (the big-bang model) before going on to describe 
the Hamiltonian formulation of Einstein‘s equations which, after quantiza- 
tion, lead to the fundamental equation of quantum cosmology: the Wheeler- 
DeWitt equation. The use of this equation in well-chosen minisuperspaces 
often leads to the (W.K.B.) expression of the Universal wave function. This 
brief introduction is not intended as a substitute for specialized texts on the 
question but rather to give an idea of the issues raised and, indeed, to incite 
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curiosity to find out more and perhaps also follow it up with a higher degree 
and research in an almost virgin area. 

This text is intended to be self-contained in itself without necessarily lay- 
ing claims to being exhaustive, to be clear without seeking to over-simplify. 
Concerning the title: Quantmn Mechanics? or Quantum Physics? or Quan- 
tum Theory? We finally settled for Quantum which contains all of them. To 
facilitate the retention of the ideas introduced, each chapter closes with a ta- 
ble reproducing the main points where they are deemed to constitute an aid 
in the imderstanding of the text. We can only hope then that this book will 
be of real assistance to the target public: undergraduate students (Chapters 
1 through 6 or, at best, through 8), masters students (Chapters 6 through 18) 
and first-year doctoral students (the whole of the text). Because this text- 
book derives in part from an M.Sc. Physics course I run at Universite Claude 
Bernard - Lyon 1, it has greatly benefitted from numerous observations by 
the students I have had over the years. 

I would like to thank Mr Z. Hernaus whole-heartedly for handling the 
illustrations. My profound gratitude also goes to my colleagues in Lyon, and 
especially to P. Desgrolard, for the patience and care with which he went 
through the original manuscript and for the numerous suggestions that have 
been instrumental in clarifying the ideas expressed in the text. I am grateful 
too to Mrs S. Flores for keying in the original text in English, to M. Chartoire 
for his technical assistance with the computer and to Uzoma Chukwu and 
Swanny Prakash for translating the text from French. 



Lyon, August 1997 



E. Elhaz 
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Chapter 1 

Particles and Waves 



1. Generalized Coordinates 



Classical mechanics, whether relativistic or nonrelativistic, is built around 
the notion of the particle. It is essentially corpuscular mechanics to which 
has been added the intuitive notion of point particle, an infinitely small area 
in space where energy is concentrated in the form of mass, a point endowed 
with intrinsic properties such as electric charge and spin. 

The position of a particle is therefore defined as a vector function f (t) 
in three-dimensional Euclidean space and here we will deal with nonrel- 
ativistic classical mechanics, that is the mechanics of particles with speeds 
very low compared to the speed of light. 

Nonrelativistic mechanics therefore specifies the position of a point par- 
ticle with the function f {t) and its velocity with r {t). 

To specify the position of a system of N point particles, we will need 
to know N vector positions that are dependent on 3N coordinates. In the 
absence of any special constraints, we can say that the system has 3N degrees 
of freedom = 3iV), termed generalized coordinates, and = dqjdt 

generalized velocities. We then note that the position of N point particles is 
defined by a vector in a 3AT-dimensional space, its configuration space: 

f—f e 3N'-dimensional configuration space (1.1) 

and by differentiating the function f with respect to each of the variables q^ 
on which it is dependent. 



- df d f , 

'■ = 57 = ? 



we obtain following differentiation with respect to q^ the result 



d r _ d f 
dQi~ dq^' 



( 1 . 2 ) 



(1.3) 
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2. Energy Conservation 



The fundamental law governing Newtonian dynamics links the acceleration 
r (t) of a point particle in a three-dimensional space to the force producing 
the movement, with this force being defined a priori as a vector quantity F: 

F = mf (t) = = p with p = mr{t)=mv{t). ( 1 . 4 ) 

a t 

Defined with reference to an “absolute” system (the Copernican system), the 
law holds for any point in a rectilinear uniform translation (Galilean system) 
since if r = f ' + u t, then the second derivatives are equal to r = r 

It should perhaps be added that this fundamental law of Newtonian dy- 
namics takes for granted the existence, on the one hand, of a universal and 
absolute time and, on the other, of a time-independent mass m, two assump- 
tions that are not valid in relativistic mechanics. 

If the point particle is moving along part of the curve M^M2 of a trajectory 
(C), the work done by the force F in the course of the movement of the point 
particle from to M2 is given as the curvilinear integral 



W 



= /_ F^<is=r 

JM1M2 Jmi Ju 

pV2 pV2 pV2 

= d m V • V = m V ‘ dv = 

Jvi Jvi Jvi 



t 2 



d 



VI 

,2 _ 1 ^ „.2 _ j . 



- m — - m ur 






dmv d s , 
— — • — dt 
dt dt 




( 1 . 5 ) 



where and V2 are the velocities at points Mj and M2 and Tj and T2 the 
kinetic energies of the particle at points Mj and M2. 

If the force F derives from a potential F — -VV^, then we can write 







F • = 




W • ds = V^-V 2 , 



( 1 . 6 ) 



which, when equated to the previous value, yields 



W = T2-T, = V,-V2 

and by grouping together functions with the same subscript 

=T2~\-V2 = constant E . ( 1 . 7 ) 

The constant E is termed total energy. Let us stress here that E is an ob- 
servable (a measurable quantity) whereas F is not. The most that can be 
done is to measure the effect of F on the mass m for a given acceleration. 
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3. Principle of Virtual Work 

The virtual displacement 6f^ of a system is an infinitesimal displacement 
during which the forces applied to the system do not undergo any change. In 
contrast, for a true displacement, these forces may undergo changes. 

If the system of N particles is in equilibrium, F- = 0 \/ i and hence 
• 5 = 0 V 2 , or better still 

J2Fi-Sn = 0. ( 1 . 8 ) 

i 

Let us separate the force acting on a particle i into an applied force Ff 
that is external to the system and a force internal to the system ff 

E • <^"i + E fi • = (1-9) 

i i 




The system is undeformable, if the work of the internal forces is equal to zero 
(rigid bodies for instance). We thus obtain the principle of virtual work 

E • <5r-; = 0. (1.10) 

i 

In any form of virtual displacement, the total work of the forces applied is 
equal to zero for an undeformable system in equilibrium. If we consider that 
F- = p- and, therefore, that ^F^ - = 0, we obtain, by replacing F- with 

+ in (1.8) , 



and by eliminating the null work of the internal forces of an undeformable 
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system 






( 1 . 11 ) 



This is d’Alembert’s principle defining the motion of a set of N particles in 
terms of the virtual work of the forces that are external to the system. 



4. Lagrange Equations 



Let us assume that is a function of n independent generalized coordinates 
and of the time coordinate t: 

n=ri {qi,..., q^, t) . (1.12) 



The velocity is calculated by differentiating this function with (n + 1) 
variables with respect to time: 



_df^ _df^ . 9 r • 

^ dt d dt 



(1.13) 



(the summation over repeated indices a is understood). The variation of 
the function f- of a variation 8 q^ of each of the variables q^ can also be 
determined: 

6fi = ^6q^. (1.14) 

We infer from this another form of the principle of virtual work (1.10): 

E = E ■ If « = E ii (‘-‘s) 

i ij V j 

with Qj being the generalized force acting on the particle j: 

«, = E^.“'f7- ('■“) 

i ^3 



Now, let us use relation (1.14) to evaluate the second term of d’Alembert’s 
principle in (1.11): 

E Pi ■ = = ^ ’ 

i i ij ^3 



(1.17) 




4. Lagrange Equations 
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but the sum over i can be rearranged by writing: 






rriA Va 



Lj At 



dq. 



E d 

. Jt 






_d ^ 

dt d Qj 

d dfj 
dQj dt' 



(1.18) 



By changing the order of differentiation in the last term, we notice that 

d dr^ _dv^ 

dQj dt d Qj ' 

Because drjdqj — dr^/dq^ following Eq. (1.3), Eq. (1.18) can equally take 
the following form: 



Y 1 





dvj 

dq. 







(1.19) 



By inserting (1.15) and (1.19) into the d’Alembert’s principle, we obtain the 
following relation: 



0 = 

i 

6 q^ . (1.20) 

Given that the total kinetic energy is T = ^ we obtain by rear- 

ranging the second and the third terms 



E 



\Q< 




rriA Va 




rriA Va 



dvj 

dq^ 




Because q^ are independent variables, each of the terms of the sum is equal 
to zero and relation (1.21) leads to the equations of motion 



d dT dT 

dt d tjj dqj ^ 



( 1 . 22 ) 
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For forces derived from the time-independent potential V (termed conserva- 
tive forces) 

(1.23) 



We obtain a simple statement of the generalized force (1.16): 



d r. 






dvi _ 



dq. 



dV 

dqj 



= -^- ( 1 - 24 ) 



A more general time- or velocity-dependent potential can also be introduced 
and the generalized forces defined using the relation: 



n - A. 

^ dt d qj d qF 

This leads to the Lagrange equations 

d dT dT _ d dV dV 

dt d qj d qj dt d q^ d qj ’ 

or, by grouping together similar terms 

d{T-V) d{T-V) 
dt d d qj 



(1.25) 



(1.26) 



By defining the Lagrangian function as L = T — V,vfe obtain the n second- 
order Euler-Lagrange equations of motion: 



d dL dL 

dt d 4j d qj 



(1.27) 



If we define the generalized canonical momentum to the coordinate to be 



Pj = 




(1.28) 



we obtain another formulation of Lagrange Eqs. (1.27): 

d_ dL 
dt^^ dqj 



(1.29) 



If we set Fj = d L / d Qj, then we obtain once more the fundamental law of 
Newtonian dynamics 

dpj 




5. Hamilton’s Principle of Least Action 
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5. Hamilton’s Principle of Least Action 

It is also possible to derive Lagrange equations from the principle of least 
action. The assumption here is that every mechanical system can be charac- 
terized by a function 

L {Qa, Qar t) = L {q, q, t) (1.31) 

termed Lagrangian function and the Hamiltonian action will be defined as 



S = [ L {q^, q„, t) dt. 

Jti 



5.1 Principle of Least Action 

The principle of least action, or Hamilton’s principle stipulates that every 
motion in the system tends toward an extremum for the variable in the action. 
In other words, the variation of the action is equal to zero for every motion: 



6 S = 6 ( L {q, q, t) d t = 0 . 

Jti 



This can also be formulated as 



pt2 

6 S = 6 L {q^ q, t) d t = 0 . 

Jti 



The variation of the Lagrangian function can be expressed using the variation 
of the variables g, q and t on which it is dependent: 

, , dL ^ dL ^ . dL 
6 L — — — (5 g -h 6 q + 6 t . 

a q o q dt 

However, the last term is equal to zero because of the absence of variation in 
time (time being universal in classical nonrelativistic mechanics). Only the 
positions of the particles in the system can vary: 

, , dL ^ dL ^ , dL ^ dL d ^ 

6L= — 6q-i~— 6q= — 6q-\~ — -j- S q , 
d q d q d q d q dt 

and hence with a change of order in the last differential: 






By integrating the last integral by parts we obtain 



\dL . d dL ^ 



dL ^ y^ d dL 
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The variation at the limits of the integral is equal to zero, S {q^) = 6 (^ 2 ) = 0, 
if the departure point at time and the arrival point at time ^ 3 ? are 
taken to be fixed. This, in the final analysis, leaves us with: 



6S = 




dq 



A 

dt d q 



6 q dt = 0. 



(1.34) 



Because the integral must be equal to zero for every variation 8 q of the gen- 
eralized coordinates, the integrand itself must be equal to zero, thus yielding 
again the Euler-Lagrange equations 



A _ AA 

dt dq„ dq^ 



(1.35) 



For ease of notation, no mention has been made of the variable a in the 
demonstration above. However, for every degree of freedom a, there is an 
associated Lagrange equation of the above type describing the evolution of 
the functions for the particular degree of freedom. 



5.2 Determination of the Lagrangian Function 

If the mechanical system is composed of the two parts, A and B, with the 
Lagrangian functions and and if the two parts are sufficiently far 
apart for there to be no possibility of interaction between them, then the 
Lagrangian function for the whole is the sum of the Lagrangian functions of 
each of its parts L = Now, let us first determine this function for 

an isolated point particle. 

a) Free Point Particle 

Let us place ourselves in a Galilean coordinate frame in which space is ho- 
mogeneous and isotropic (i.e., identical properties of space in all directions) 
and time uniform (i.e., time is unique). The Lagrangian function can there- 
fore contain neither f nor t. It can only contain r = but because space is 
isotropic, it cannot be dependent on the direction of v but only on its mag- 
nitude or, rather, on q^. We can therefore proceed to write in the simplest 
case 

L {q, q, t)^ L {q^) = aq‘^ +f3. (1.36) 

The use of the Lagrange Eq. (1.35) coupled with the fact that d L / d q = 0 
leads to the equation 

— —-0 
dt d q 

resulting in 

AL 

dq 



constant 




5. Hamilton’s Principle of Least Action 



9 



and the form (1.36) makes it possible to evaluate the partial differential 

(1.37) 



9L „ . 

= 2 a q= constant, 
dq 



showing that q = constant. 

Every motion of a free particle in a Galilean frame is at a constant velocity. 
This is the law of inertia. 



The Lagrangian function for a free point particle is equal to its kinetic 
energy and the corresponding Lagrange equation necessarily leads to a recti- 
linear uniform motion with velocity v: 



T ^ 2 

L = - m V 

dL dL 

-7—r = t; — = m V and 
o q a V 

and the Lagrange equations become: 




(1.38) 



d dL dL d 

— -7TT - -77— = — mv = 0 or mv — constant . 
dt d q d q dt 



The Lagrangian function of free point particles is therefore the sum of their 
kinetic energy or of the total kinetic energy of the system: 



L = T 






(1.39) 



b) System of Interacting Point P2irticles 

If we subtract from the Lagrangian function of the free point particles a 
function of the coordinates of the point particles termed potential energy V 
(see Sect. 4), we obtain the definition (1.26) of the Lagrangian: 

L = T-V (ri, T2 ...) . (1.40) 

It should be noted that it is enough to change the position of one of the points 
to modify the function V. A change in the position of one of the points has 
an immediate effect on the others. Thus, in Newtonian classical mechanics, 
the propagation of interaction is instantaneous. 
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6. Conservation Laws 

6.1 Conservation of Energy 

Because time is uniform in all Galilean systems, the Lagrangian of a closed 
system will show no explicit dependence in t: 



L = L (9i...9a, qvL-) = L (q, q) ■ 

The total time derivative of the function L will take the form 
d L _ d L . d L „ 

If we isolate d L / d q^ from Lagrange Eq. (1.35), we are left with 

dL _ d dL 
dq^~ dt dq^' 

which we insert into the foregoing total derivative: 

dL d dL . dL .. d fdL 

dt~^ dtdqj^^^dqj^^-^ dt [dqJ^J 

By bringing together the two parts of the equation, we obtain 
showing that the term in brackets is a constant: 



(1.41) 



(1.42) 



-Q-r- — L= constant = E . (1-43) 

This constant of motion is called energy. Mechanical systems in which energy 
is conserved are termed conservative systems. 

We have also seen that L = T — V = T —V{q), where T is a function 
of the square of the velocities. We can therefore evaluate d L / d q and write 

(-) 

because, by using the usual form of the kinetic energy T, we obtain 

1 0 T 0 T 

T = - m q^ ^ TTT = mq and q -p— = m q^ = 2T . 

2 a q a q 

Energy can therefore be developed as the sum of the kinetic energy and the 
potential energy since definition (1.43) and (1.40) lead to 

o r 

q^-L = 2T-L^2T-{T-V) = T + V. (1.45) 

rv 




6. Conservation Laws 



11 



6.2 Conservation of Momentum 



Because of the homogeneity of space in Galilean coordinate systems, the 
mechanical properties of a system are invariant for a translation 6 q^ = e in 
space, that is if is replaced with Thus 

rv ^Q! r\i ^Ck 



dQa 



But the Lagrange Eqs. (1.35) yield the partial differential L with respect to 
the variable q^ and Eq. (1.46) reduces to 



d L d d L d d L 

9 Qa~^ dt dq^~ dt ^ 0 q^' 



(1.47) 



Let us introduce the canonical conjugate momentum with definition (1.28): 

dL 



Pa 



dQa 



and the conjugate momentum or total momentum P, 

rv rv 



(1.48) 



(1.49) 



Equation (1.47) will then express the conservation of total momentum: 

and P= constant. (1.50) 



d \ — > d 

Ei>- = 77P = “ 



d t 



Because of the homogeneity of space, the total momentum is conserved 
in a Galilean coordinate system. 



6.3 Conservation of Angular Momentum 

Because of the isotropy of the Galilean space, the mechanical properties of a 
system are invariant for a complete rotation of the space. Let us define such 
a rotation using the infinitesimal rotation vector 6 uj such that the position 
r- changes by 6 and the velocity hy 6 v-. These can be expressed as 

5 f.= 6 UJ A f • , 

6 = 6 UJ A v^. 

The invariance under rotation of the Lagrangian is hence written in vector 
form as 



(1.51) 
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or, if we include the vector rotation in (1.51), 



^ ^ c-» C-* n 

2^ ■ Su ^ r^ + — ■ Suj A Vi = 0. 



dL 

d Vi 



(1.53) 



However, written in vector form, Lagrange Eq. (1.35) will yield 

dL _ d di d ^ 

dt dv^ dt^^ 

and combining it with (1.53): 
d 



A • 5a; A Vi = 0. 



If we isolate the rotation vector, which is independent of the index 2 , we 
obtain 



0 = 6u • 



Y^Pi A fi +Pi A Ti 



= 6 uj • 



rtL,o> '"■i 



The total angular momentum is the vector defined by 

^ Pi- 



(1.54) 



Combining this with the preceding equation, we thus obtain 



d t 



(1.55) 



Because this equation remains valid irrespective of the vector rotation 6 d;, 
we have 

di 

— =0 and £= constant. (1.56) 

d t 

The total kinetic energy of a Galilean coordinate system is always con- 
served because space is isotropic. 



7. The Center of Gravity Theorem 



The center of gravity (or center of mass) of a mechanical system plays a 
very important role in the description of the system’s dynamics. It permits 
classification of the properties of systems with a large number of degrees of 
freedom. 




7. The Center of Gravity Theorem 
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The position of the center of mass i? of a set of k point particles with 
mass rri}^ is given by the relation 

R = ^ rrij^ where M = E™*- (1-57) 

k k 

By differentiating the product M R with respect to time, we obtain 

M R = MV = ^ = Pk- (1-58) 

k k k 

The momentum of the center of gravity is (by definition) equal to the 
geometrical sum of the momenta of all the particles comprising the system. 
The law of Newtonian dynamics which introduces the internal forces 
F^j and the external forces is written for a particle i 

3 

If we introduce the principle of action and reaction to show that the action of 
i on j is equal and opposite in sign to that of j on z, we obtain the relations 

Fij = -Fij and = 0. (1.60) 

ij 



By summing over i and applying the principle of action and reaction, the 
relation becomes 




i i 



But the first term is simply the first derivative of M R, the total momentum 
assigned to the center of mass and defined in (1.58). The foregoing relation 
hence takes the form 

= (1.61) 

The motion of the center of mass of a system is the motion of a point 
particle assigned the mass of the entire system to which is applied the external 
force F 

The notion of point particle, which was originally an abstract and theo- 
retical entity (a dimensionless point with mass), has now acquired a precise 
meaning in classical mechanics. We begin with a set of particles each of fi- 
nite dimension with mass and define the center of mass as point particle 
assigned the total mass of the particles. The center of mass of a system is 
in many regards like a true particle. If the position f ' of the particle is 
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defined with respect to the center of mass: 

ri^r'i + R (1.62) 

then, following differentiation with respect to time, 

ri=r'i + R or v^ = v[ + V, (1.63) 

we obtain the total kinetic energy 

i i i i 

When the position of the center of mass is considered as the origin of the 
relative coordinates r ', we infer with (1.58) that 

S = 0- 



The statement of the kinetic energy therefore reduces to 



T = T' + Tcm- 



(1.65) 



The kinetic energy of a system is therefore the sum of the kinetic energy of 
the center of mass and the kinetic energy relative to the center of mass: 



T = T' = J2lrn,v'^ and Tcm = \mv\ 

i i 

( 1 . 66 ) 

Let us consider the example of a system of two particles with mass mj and m 2 , 
since we will be using this example in our discussions on quantum mechanics. 
The center of mass is defined by the vector 



R^ 



mi r) + m2 fg 

M 



(1.67) 



Now let us introduce as second coordinate the vector r, which is the difference 
between the position vectors of the two particles. 



r = Ti -T 2 



(1.68) 



The velocity of the center of mass is obtained from definition (1.57) as 



• iii^ TTlo 

^ = TT + T7 ^2 • 

M ^ M ^ 



(1.69) 



If we term f[ and f 2 the center-of-mass coordinates of the particles 
and m 2 , we obtain 

^1 =r[+R, 

f2 =f='2 + .R, 



(1.70) 




7. The Center of Gravity Theorem 



15 



and by subtraction: 



■ fi = f = r'o — r' 



1 • 



Thus, expressing r[ and in terms of f, 



rrio 






T ty Try R 



_ 



By the application of theorem (1.65), the kinetic energy becomes 

(mi+ma) + "*2 'f'2 ■ 

The relative kinetic energy is easily found by differentiating (1.72): 

T=^M + 



with the reduced mass /x given by 



111 m. 

- = 1 or /X 

fi 77X2 



UI2 

^ M 



(1.71) 

(1.72) 

(1.73) 

(1.74) 

(1.75) 



Example. It is interesting to evaluate the Lagrangian of the system of two 
interacting particles used in our example when the interaction potential is 
dependent only on the relative distance r between the particles: 

L = T-V{r) = l M it^ + l Hr^-V{r) = L{R, R) + L{r, r) . (1.76) 

This Lagrangian can be split into the Lagrangian of a “free point particle” 
with mass M +nx 2 (the center of mass of the system) and an interacting 
system with the reduced mass /x. 



The Lagrange equations of the center of mass will be of the form 



A. ^ 

dR 




This yields the equation of motion 



(1.77) 



M R = M Rq = const, 

and by expanding the coordinate R{t) of the center of mass, 

R = Rq t -f i?Q . (1.78) 

The motion of the center of mass is that of a free particle with mass M. In 
the absence of external forces, it is a rectilinear uniform motion. 
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The relative motion is obtained using the Lagrange equations in the variable 
f and in spherical coordinates f= (rsin0cos(^, rsin0sin(/?, rcos0); it is of 
the form: 

^ ^ ^ ^ sin ^ 0 -V (r) (L79) 

or, written with Newton’s equation of relative motion 



f - 



(1.80) 



The total momentum P can be expressed as the sum of the momenta of each 
constituent: 



P = Pi + P 2 = Vi + rri2 r2 = M R . 
By introducing the relative momentum 



p = 



rrio ^ m. 



P 2 . 



(1.81) 

(1.82) 



the total kinetic energy can be written as 

_ Pi pI 
2rrii 2rri2 2p 2M ’ 

leading to a total kinetic energy of the form: 



(1.83) 



E = T + V 



Pi I P 2 
2rrii 2rri2 






(1.84) 



This statement will be called upon again and again in our formulation of the 
quantum mechanics of the motion of two interacting particles. 



8. Symmetry and Invariance 

The law of classical Newtonian mechanics can be written with (1.30) as 

p = F or Pk = ^k with Pf. = m^Xf. (1.85) 

for the particle of the system. If we introduce time-independent forces 
deriving from the potential V : 

^fe = -Vfc l^(xi,...ffe,...f^) , (1.86) 

Newton’s law for the dynamics of the fc*** point particle will then assume the 
form: 



Pk = -Vfc V (Xi,...ffe,...f^) . 



(1.87) 




8 . Symmetry and Invariance 
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8.1 Translation Invariant Potential 

If a translation of A a is made for the entire system, the interaction potential 
will remain unchanged. This is expressed mathematically by the relation. 

V {x^ X a, ... Xj^ + X a, ...) = V (f^, ...Xj^,...) . (1.88) 

A Taylor expansion around the positions x^ . . .Xj^. . . of the potential will 
otherwise give: 

dV dV 

V {x^ X a, ... Xj^ + X a, ...) = V{x^, ...Xj^) + Xa -7— -h A a -—zr + • • • 

O X^ u X 2 

= y (Xi, . . . ffc) + A a ■ ^ Vfc y + . . . . 

(1.89) 

The invariance by translation (1.88) therefore imposes the condition 

k 

By summing over all the particles fc, Newton’s law (1.59) becomes 

= (1.91) 

k k 

and, combined with (1.90), the scalar product of the translation with the 
vector a gives 

a - P = V^y = 0. (1.92) 

k 

Because the relation remains valid irrespective of a, we have 

P = 0 and P = constant = Pq . ( 1.93) 

The invariance under translation of the interaction potential corresponding 
to the homogeneity property of space brings about conservation of total mo- 
mentum. 

By setting 

P = M X with M = (1-94) 

k 

we derive the velocity of the center of mass from (1.93): 

P 

A = ^ = constant, (1.95) 

and by integrating each term: 

X = ^t + X,. (1.96) 

When the interaction potential is invariant under translation, the total mo- 
mentum is conserved and the center of mass, which effectively carries this 
total momentum, will have a rectilinear uniform motion. 
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8.2 Rotationally Invariant Potential 

If ft is the unit vector of the rotation, i.e., 

uj = ujn, (1-97) 

then the variation by rotation of the position of a point x will be 

6 X = u A X . (1.98) 

The invariance of the potential under rotation implies 

V = V (xi+6xi,...Xk + 6x^.,...) 

= V (xi -\-cJ A x^, . . .Xf^ -h cj A . (1.99) 

The condition for invariance of the potential under rotation is therefore ob- 
tained with a Taylor expansion around the positions 

X, A v,v = o. ( 1 . 100 ) 

k 

Because this relation remains valid irrespective of the vector rotation a;, it 
can be inferred that 

AVfcF = 0 (1.101) 

k 

expresses the condition of invariance by rotation. 

By vector multiplication of Newton’s relation (1.87) by x^^, we obtain 

4 ^ A = -4 A Vfc 1^, (1.102) 

and by summing over fc, the second term becomes zero whereas the first gives 

^ ^ Pk = -^ 4 ^ Pfej = 0. (1.103) 

The angular momentum of the particle about the center of mass, 

h = ^k ^ Pk^ (1-104) 

leads to the total angular momentum: 

XI ^ ^ Pk- 

k k 

Relation (1.103) represents the conservation of total angular momentum: 

^ 0 implies £ = Iq. (1.106) 

The invariance of the potential under rotation corresponds to the property 
of isotropy of space and therefore leads to the conservation of total angular 
momentum. 
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8.3 Time Invariant Potenti^d 



If the potential is time independent, dV / dt = Q, then 



dV 
d t 






k 



dV dx^ 
d dt 



E 



V,Vi,. 



k 



(1.107) 



Multiplying Newton’s relation (1.87) by the velocity, and following summa- 
tion over fc, we obtain 

= ^k^kV = -^. (1.108) 

k k 

The first term of (1.108) is simply the differential of the total kinetic energy. 
Thus we can write 

d 1 2 ^ /m Tr\ rv /i -t r\r\\ 

E 2 "•* ”* = 7T = ji(T + v) = o. nm 

k 

The time invariance of the interaction potential leads to the conservation of 
total energy T + V = E. 



9. Hamilton’s Equations 



9.1 Conservative Systems 



Consider, for ease of exposition, the example of a system subjected to a 
velocity-independent interaction (conservative forces) and in which the La- 
grangian function is not explicitly time dependent: 

L = L {q^, qj . 

We have adopted the Einstein’s convention as a way of simplifying the nota- 
tion implying the summation over repeated indices. 

The total differential of L is thus written 

d L d L , d L 



( 1 . 110 ) 
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and by replacing d L / d with {d / dt) {d L j d q^) taken from the La- 
grange equation 

^ dL \ 

dt dt dty^^dq^J 

and bringing together the differentials, we have 



iHH)- 

If we introduce the Hamiltonian function with the relation 

dL 









L = q^p^-L {q^, qj , 



( 1 . 111 ) 



( 1 . 112 ) 



it will have a zero total differential following (1.111): 



— — = 0 and H = constant . 

d t 



(1.113) 



In a conservative system, the Hamiltonian is constant. 

It is also worth noting that the constant is simply the total energy, as was 
pointed out in a preceding section. 



H = T -\-V — E in a conservative system. (1-1 14) 



Without attempting to offer any demonstration, we should also like to note 
that in the relativistic case and by introducing the restmass m and the rela- 
tion (3 = V / Cy we obtain, to within an additive constant. 



L = mc^ Vl - V" , 






m (? 



+ F. 



(1.115) 



9.2 The General Case 

The principle of least action can be written in a very general form: 

6 f L {q, q, t) dt = 6 [ [q^p^-H qj] dt = 0. (1.116) 

Jtl Jtl 

Using the Hamiltonian as departure point and taking the total differential, 
we have 

H (p, q, t) = Y, Pa (9a. 9a. *) ■ 
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The only variables in the first term are and and hence 

dH=^dp, + ^dq, + ^dt. (1.117) 

The second term introduces the variables and t and we obtain the 

total differential 

dH = ^ dp^q^+p^dq^- — dq^- — dq^- — dt. 



After simplification of the relation, we can use the definition of the generalized 
momenta = d L / d q^ and the Lagrange equations = d L / dp^ to 
obtain 

d L 

dH = LdPa-Padq^,- dt. (1.118) 

a 

If we compare with Eq. (1.117) for the total differential of H, 



,,, OH ^ dH ^ dH , 
dH = 2^ ^dp, + — dq^ + — dt, 



dPa 

we obtain Hamilton’s equations; 



Qa = 



Pa = 



dL _ 
d t 

If L is not explicitly time dependent, 



9(la 



dH 
9Pa ’ 
dH 
9(lc ’ 
dH 
dt ■ 



dt 



dH 



d t d t 
In deriving the Hamilton equation, we obtain 



d^H 



and 



9Pa 

dPa 



d^H 



dQa 9p^dq^ dp^ dp^dq^ 

The conjugate variables q^ and p^ thus verify the condition: 



(1.119) 



( 1 . 120 ) 



9qg 

9Qa 



+ ^ = 0. 

dPa 



( 1 . 121 ) 



A time-independent potential implies a Lagrangian and a Hamiltonian that 
are not explicitly time dependent and, hence, a conservative system. Let us 
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combine the Hamilton Eqs. (1.119) with the total time differential of H\ 

dH 



dH 
d t 



dH . dH 
+ 



9<la 

_ ^ ^ 
~ 9 dp^ 

We therefore obtain generally 



dpj-^ dt 

_ ^ ^ ^ 
9 Pa 9Qa'^ 9t 






dH 
d t 



dH 
d t 



and if L = X {q, q) for an explicitly time-independent potential: 



dL 

dt 



dH 



= 0 



then 



dH 



= 0 



( 1 . 123 ) 



dt dt 

implies H = E. The system is therefore conservative (see Sect. 9.1 below). 



10. Maupertuis’ Least- Action Principle 



Maupertuis’ action A is introduced via the relation 



A = 




Pi Qidt 



( 1 . 124 ) 



and Maupertuis’ least-action principle stipulates that in a conservative sys- 
tem the variation of A is equal to zero for every motion in the system: 

6A = 6 p = ( 1 - 125 ) 

Jti ^ 

The variation 6 implies a true succession of displacement in the interval d t 
and may therefore include a variation in time, even at the extremes where 
the variation of is equal to zero. 

If the Hamiltonian is not explicitly time dependent, we can write 

A= (L + H) dt= r Ldt + H{t^-t^) , ( 1 . 126 ) 

Jti Jti 

In nonrelativistic mechanics, it is easily noticed that 

Y, Piqi = L + H = T-V + T + V = 2T 
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and Maupertuis’ action is the integral of the kinetic energy: 

nt2 

A= / 2Tdt. 

Jti 

Maupertuis’ least-action principle can therefore also be written 

6 j Tdt = 0. (1.127) 

If, in addition, no external forces are applied to the system (a rigid body with 
no net applied forces, for example) then the kinetic energy T as well as the 
Hamiltonian H are conserved and the least-action principle takes the form 



6 = (1.128) 

Thus, among all possible paths between two points, the system will follow 
the path that will minimize time in order to conserve energy. 

Writing the kinetic energy T as 

= = ^ (1.129) 

and because the kinetic energy can also be written 

2 9 9 

TTl^ I 

T = - — = — gives mv = \/2m T (1.130) 

2m 2m 

Maupertuis’ least-action principle takes the form 

it =6 J ^ \/2m T dt = 6 J ^ V2m T d s = 0 

or S J V2m T d s = 0 . (1.131) 

Stated in this form, Maupertuis’ principle strongly reminds us of Fermat’s 
principle of geometrical optics as will be shown in Sect. 14 below. 




11. Canonical Transformations 

11.1 Generating Function 

Consider two functions and of the variables p, q, t appearing in the 
Hamiltonian formalism: 



Qi = Qi p, t) 
Pi = Pi {q^ p, t) • 



(1.132) 
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If there exists a function K {Q, P, t) such that the equations of momentum 
in the new system of coordinates can still be written: 



Qi- 



dK 

dPi 



dK 






dQi 



(1.133) 



then the transformation (1.133) is said to be canonical and K assumes the 
role of the Hamiltonian, that is the Hamiltonian least-action principle can 
simultaneously be written for the variables {q, p, t): 



6 




- H {q, p, t) 



dt = 0, 



and for the variables {Q, P, i): 



6 




P,Q,-K{Q,P,t) 



dt = 0. 



(1.134) 



(1.135) 



This does not mean that the integrands are equal but rather that they differ 
at most by a total time derivative of an arbitrary function P, termed trans- 
formation generating function. This function can therefore be described using 
two independent variables chosen from p, q, P, Q and we thus obtain four 
different combinations depending on the choice of pair of variables. 



Case No. 1: F = (g, Q, t) 

H F 

i i 

If we expand the total differential of the generating function P^ (g, Q, t) as 
dt ^ dqi ^ dt ' 



we obtain, by comparing the preceding equation term-by-term, 
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Case No. 2: F = F 2 {q, P, t) 

The foregoing case permits us to write 



• dQ, 



This gives, after integration, 

= + and F2^F,+Y. PiQi- 



(1.138) 



Elsewhere (1.136), we saw that it is possible to write 



Y.PAi-H = Y, PiQi-K + 



dF^ 
d t 



If we use (1.138) to express the total differential as 



dF^ 
d t 






dt ’ 



then we are led to the following: 



EMi-^ = E PiQi-K-P,Q,-P,Q,+ 

i i 



dF^ 
d t 



We develop the total differential of F 2 (g, P, t) and thus 

rS d Fo . 9 F 2 • d Fo 

2^ Pi di- p = - 2^ PiQi-K+ Q. + ^ F + 



dQi 



dP, 



d t 



we obtain, by comparing terms 



9 F 2 
dqi ’ 



dP, ’ 



(1.139) 



K = H + 



dF2 

dt 



The two other combinations of variables in the generating function will not be 
used here. They lead to statements for the missing variables in terms of the 
partial differentials of the generating functions. In all the possible cases, we 
come up with the same relation between K, H and the generating function: 
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11.2 Lagrange Brackets 



The dynamical state of a system is defined as a point in a Cartesian space 
with 2n coordinates VvPn^ termed phase space. Poincare has shown 

that the integral 



is invariant for every canonical transformation. The surface S indicates that 
Jj should be evaluated over an arbitrary two-dimensional surface in the phase 
space: 

Qi = Qi (u, v) and Pi = (u, v) . (1.142) 

The differential element dp^ dp^ combines with the Jacobian d{q^^ p^)/d{u^ v) 
to yield du du, the determinant obtained from the partial differentials 






(1.143) 



The Jacobian involved in the transformation of the variables (p, q) into {u, v) 



|^=det 

O {u, V) 



dpi d Pi du dv dv du * 

d u d V 



To say that is invariant for every canonical transformation is to say that 






(1.145) 



and hence 



IL^ 



dudv- ff 

a (u, V) - JJs 



II ^ 



d (Qk, Pk) 

a (u, v) 



du dv . 



This leads to the following relationship between Jacobians: 

^ 9 (Pi, Qi) _ d {Qf., P fc) 

a (u, v) ^ a (u, v) ’ 



(1.146) 



which is easily expanded into 

Y^ ^ ^ ^ ^ 

2^ fi qi r) 11 ri ii ri ii 2 ^ Q Q y Q y Q y 



Each of these expressions may we written as a Lagrange bracket: 



(1.147) 
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and the invariance under canonical transformation of leads to 

{u^v}gp = {u,v}Qp. ( 1 . 148 ) 

Lagrange brackets are invariant for every canonical transformation. 

They satisfy the special relations: 

{Qi, Qj} = 0 

{Pi, Pj) = 0 ( 1 . 149 ) 

{Qi, Pj} = Sij ■ 

The Kronecker symbol is given by 

{ 1 if i = j 

( 1 . 150 ) 

0 if i ^ j . 



12. Poisson’s Equations 



12.1 Poisson Brackets 



Consider a point of a two-dimensional surface in phase space with the pa- 
rameters u and v: 

u =u {qi, Pi) , 

( 1 . 151 ) 

V =v{Qi,Pi). 

The Poisson bracket is defined by the relation 



[u, u] = 



d u d V d u d V 



dQk dPk dpkdq^' 



( 1 . 152 ) 



Poisson brackets satisfy analogous relations to those satisfied by Lagrange 
brackets. The following relations are thus easily verified: 



bi. Pj] = 0, 
bi. Qj] ^ 0 . 
bi, Pj] = Sij 



( 1 . 153 ) 



We next introduce the fundamental relation between Lagrange and Poisson 
brackets: 

{Uf, Ui} [u^, Uj] = 6ij , ( 1 . 154 ) 



in which each function u is a function of the 2n coordinates . . .p^. 
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Now, let us evaluate the Poisson bracket for the two arbitary functions F 
and G\ 



If. G| = E 

0 



dF dG 

dq^ dpj 



dF dG 

dpj dqj ■ 



(1.155) 



If we consider that and Pj are functions of the canonically transformed 
variables and Q;., we obtain 



If g! = E 

ij 




dG_ ^ 
9Qk dpj dPk dpj 



^ ( dG dQ, dG dP,\ 

dPj \9Qk 9qj dPk 9qj j 



(1.156) 



By rearranging the terms, it emerges that 

If G1..P = E If « J + If If f J ■ (‘-157) 

If in particular, we choose Q/. as the function F, we obtain the Poisson bracket 

[Qk^ n 



F-^Qk 
G = F 



B G B F 

l«-f|,., = E ^ + gp f.l 



Considering relations (1.153), we obtain 

[F, = (1.158) 

In the same way, by changing the function F into and G into P, we obtain 



F = Pk 
G^F 



[F, Pk] = 



dF 

9Qk 



(1.159) 



If the results are carried over into Poisson brackets (1.157), we obtain 



[F, G] 






4 - dQ, dpG9Pk dQ, ^ 



[F, G],,p = [F, G]q,p 



(1.160) 



Poisson brackets are therefore invariant with respect to any canonical trans- 
formation. 
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12.2 Dynamical Law 



The following relations are easily verified using the definition (1.152) of Pois- 
son brackets: 



[u, v] = -[u, u] , 

[u, w] = 0 , 

[w, c] = 0 , 

[u -I- 1), w] = [u, ry] + [u, tc] , 

[n, n m] = [n, v]w + v [u, m] , 



(1.161) 



The equations of motion assume a very simple form if we use Poisson brackets. 
If we use the arbitrary function F, the Hamiltonian function H and the 
transformed variables p and q as variables in Eqs. (1.158) and (1.159), we 
obtain 



[/> Pk] 



and [pfe, /] = 



and for f = H and with Hamiltonian Eqs. (1.67), we obtain 



I m 



(1.162) 



This gives a simple and remarkable form to the equations of the motion of a 
point particle in classical mechanics: 



= h, H] 






(1.163) 



More generally speaking, it is easy to obtain the evolution equation of any 
observable u described by a function of the variables q and p in phase space 
by simply writing its total differential as 



du _ d u , d u . d u 



(1.164) 



or by using the Hamilton equations 



du du dH du dH du 

dt ^ dq^ d Pi dpi dQi'^ dt 



(1.165) 
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We obtain Poisson’s dynamical law: 



d u 
d t 



= [u, H] + 



d u 

Ji 



(1.166) 



It should be noted that if u is the Hamiltonian itself, 
obtain 

dH _ dH 
dt dt ' 



then we once more 
(1.167) 



An observable u that is explicitly time independent (that is, such that 
du/dt = 0) will be termed a constant of the motion if its Poisson bracket 
with the Hamiltonian is equal to zero. 



12.3 Example of Application 



Let us describe the motion of a particle with mass m and electric charge e 
in the electric field E — —V (j) and the magnetic field B = V A A using the 
Hamiltonian 

H=^{p-eAf + e<j). (1.168) 

Combined with (1.160) and definition (1.152), the evolution of the position 
variables will be 

^ H] = ^{p^-e Ai). (1.169) 

It is only natural then to introduce the kinematic momentum 

7f = p-eA (1.170) 



whence the foregoing dynamical law becomes 

d X -* 

m = m V = n = p- e A, (1*171) 

while the Hamiltonian (1.168) takes the now familiar form 

7T^ 

— (1.172) 

2m 

The Poisson bracket for kinematic momenta is evaluated using the definition 
of if and of the magnetic field B: 



[tt., nj] - -e {dj Ai - di Aj) = e . 



(1.173) 
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where e^. is the antisymmetrical Levi-Civita symbol. We can then go ahead 
to infer the second dynamical law: 

^ = h, H] = -^(TPj-e Aj) (dj Ai - di Aj) -ed^cf), (1.174) 
which is none other than an expression for the of Lorentz force: 

^ = F = e{E + -nAB) = e{E + vAB). (1.175) 



Before we leave corpuscular mechanics to look at the situation in wave me- 
chanics, it might be helpful to summarize the different formulations of particle 
mechanics for a force F deriving from a potential V. 
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whereas relation (1.178) becomes what has been termed the Hamilton- Jacobi 
equation: 




dS 

dq, 



dS , 



(1.181) 



This is a partial differential equation with (n + 1) variables. A complete 
solution to the equation would call into play (n + 1) independent integration 
constants 

If 5 is a solution, then S+a is also a solution of (1.181). One of the (n+1) 
constants should, therefore, be simply additive and a complete solution to 
(1.181) would take the form 

s = s a^...a„, t) , (1.182) 

in which none of the constants is additive. We can, therefore, freely choose 
n constants which are, for example, equal to the new momenta (which 
are constants according to (1.176)): 

Pi = ai- (1-183) 

Equation (1.180) therefore shows that = d S I d = constant and, when 
combined with (1.183), 



_ dSjqj, aj, t) _ 

d a, ■ 



(1.184) 



The constants and j3- can be determined using the initial conditions, and 
equation (1.184) makes it possible to come up with values for as a function 
of a^, (3^ and time t: 

qi ^ qi Pi, t) . (1.185) 

We have thus been able to obtain a solution q with respect to the initial 
conditions and to time and, thereby, an equation of motion of the system. 

S is dependent only on q^^ and time since P^ are constants. The total dif- 
ferential may, therefore, be written and the partial differentials of 5 expressed 
using (1.180) and (1.181). In this manner, we obtain 



dS ^ dS . dS 

dt~^ 8 n. Fit Pi 



dqi 



H = L, 



(1.186) 
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and, following integration, we obtain* 

S = j Ldt + S^. (1.187) 

Hamilton’s principal function is, to within a constant, the same as the Hamil- 
tonian action. 

An especially interesting case of the Hamilton- Jacobi equation is that in 
which the Hamiltonian is not explicitly time dependent: 



dS 

dt 



+ H\q, 



dS 

dq, 



0 . 



If we separate space variables from time variables by setting 



(1.188) 



S {qi, a*, t) = W {q^, Oi) -/?i t, (1.189) 

we obtain with Eq. (1.178) 



which is no longer time dependent. One of the integration constants in 
(1.182), the constant /?j, is therefore the total energy E and, if the system is 
conservative, we obtain 



S {q, P, t) = W {q, P)-Et, and 
dW' 



H U, 






= E, 



(1.191) 



14. Propagation Equation of Geometric Optics 

So far, the assumption that matter is concentrated at certain points in space 
has underlain our description of particle mechanics and our objective has 
been essentially to follow the movement of these point particles in time. Wave 
mechanics rejects the concept of localization in favor of that of continuous 
systems. Each point in a continuous medium is therefore part and parcel of 
the motion of the whole and the complete motion can only be described by 
detailing the position coordinates of all the points constituting the system 
at the same time. The wave propagation velocity is therefore assumed to 
be constant in time and characteristic of the medium in which the waves 
propagate. 

* As pointed out by Thirring, this feature characterizes integrable systems. Even 
though the equations always have local solutions, global solutions exist only in special 
cases. 
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In optics, when the medium in which the electromagnetic waves prop- 
agate is the vacuum, the velocity of propagation (a universal constant) is 
represented by c. 

We can, therefore, proceed to use Maxwell’s equations of E.M. (electro- 
magnetic) fields to write the equation for the propagation of this field. 

Maxwell’s equations in the absence of charges and current are written in 
the S.I. system, as follows: 



V A E + ^ = 0, 

at 

V-B = 0, 

V A 

a t 

V-D = 0. 



(1.192) 



The permittivities e and n serve to link the electric and magnetic fields, E 
and B respectively, to the vectors D and H with the aid of the relations: 

D = e E and B = /j, H . (1.193) 

Now let us dififerentiate with respect to time, the third Maxwell equation: 

d ^ d dD ^ 

— V A H - — — = 0, 
at at dt 

which introduces the time-differentials of the electric and magnetic fields: 

(1.194) 



^ dH d'^ E ^ 
V A e = 0 



dt " a 

but the first Maxwell equation yields d H / dt: 

^ _ 1 ^ ^ 

dt ~ dt dt 

Inserting this into Eq. (1.194) we obtain 



= -V A E. 



^ ^ ^ q‘^ ^ 

-V A (V A E) - /X e = 0 , 

but V A (V A E) = V {W ■ E) — V •'V E and because V-.B=jV-.D = 0 
we are left with the equation for the propagation of the electric field: 
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We further introduce the refractive index of the medium by setting 

2 / 2 

6 11 = n /c , 



(1.196) 



where n is the refractive index and c the propagation velocity in vacuum. 

In other words, if v is the propagation velocity in the medium considered 

V = — = — 7== . (1.197) 

n yje\i 

The equation for the propagation of the electric field is then written 



d^E 



y2 E- — ^ = E 
dt^ 



1 ^ 
d 



(1.198) 



An identical equation is obtained for the propagation of the magnetic field H. 
To avoid confusion with the energy we introduce the field 0. The equation 
of the propagation of the E.M. field will therefore take the following form: 






(1.199) 



where 0 — or with z = 1, 2, 3. 

If the refractive index n is constant in the medium under consideration, then 
we may want to look for a solution in the following form 



J (hf-uj t) 



The field wave 0 satisfies the propagation Eq. (1.199) if 

, n 2 7T n 

k = — Uj z= — - — = KqU 
C A 



(1.200) 



( 1 . 201 ) 



with a relation between the angular velocity a;, the frequency u and the 
wavelength A: 

^ 27T 27T c . 

00 = 27t 1/ = — = —— . ( 1 . 202 ) 



Consider, for the sake of simplicity, the wave vector k in the Oz direction. If 
we use relation (1.201), we obtain: 



(I) = (I)q ^0 inz-ct) 



(1.203) 



which is the solution of the propagation equation. 

The reader’s attention is drawn here to the presence in the above solution 
of the optical path n z. 

Now, let us imagine that the index n varies slowly in space and look for 
a solution similar to the preceding one, that is of the form 



,A{r)+i ko [L{r)-c t] 



( 1 . 204 ) 
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in which A{r) represents the amplitude (real) and L the optical path traveled 
(also real). We obtain by inserting (1.204) into (1.199): 

i ko [V^ L + 2V A.V l] A + (V Af - kl (V Lf + <t) = 0. 

(1.205) 

By separately eliminating the real and imaginary parts of the equation, we 
come up with two coupled equations, each with terms in L and in A: 

A + (V Af + kl [n^ - (V Lf] = 0, (1.206) 

V^L + 2VL-VA = 0. (1.207) 

Let us now use the approximation of geometric optics, that is we assume that 
n does not vary much and, in particular, that n does not change significantly 
over distances that are of the order of the wavelength. 

Geometric optics assumes that the wavelength A is small in comparison 
to any change in the medium. 

The dominant term in Eq. (1.206) becomes the term in and we obtain 
the relation known as the eikonal equation of geometrical optics: 

(V L)^ — so that | V L | = n and L = j nds . (1.208) 

Fermat’s principle therefore states that the variation in the optical path L is 
an extremum, that is: 

6 j nds = 0, (1.209) 

and Malus’ theorem tells us that the rays of geometric optics are nothing but 
lines that are orthogonal to wave surfaces (equiphase surfaces). 



15. Mechanics and Waves 

Let us return to definition (1.191) of the Hamilton- Jacobi function when H 
is not explicitly time dependent: 

S {q, P,t)^W [q, P)-Et. (1.210) 

The surfaces 5 = constant may be considered as wave fronts propagating in 
the configuration space: 
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W=b+Edt 




Now, let us compute the propagation velocity for these wave surfaces by 
paying particular attention to the fact that for S = constant dS = 0, which 
leads to the statement 



dS = VS-dx + — dt = 0. 
at 



( 1 . 211 ) 



We introduce the unit vector n normal to the surface S with n = VS'/j VS \ 
and the element with length ds on this normal ds = ft- dx^ thus transforming 
the foregoing relation as follows: 






( 1 . 212 ) 

With (1.210), the propagation velocity of “mechanical waves” will hence be 

(1.213) 






If we consider a system consisting of only one particle and take the carte- 
sian position coordinates as the generalized coordinates, the Hamilton- Jacobi 
equation will then yield the value of the gradient W : 



H=^-\-V = E 
2m 



and 



dW 



= (V W),. 



This leads to the equation of conservation of energy 



1 

2m 



dW 
d X 



+ 



dW 

dy 



+ 



dw 

d z 



+ V = 



(1.214) 



(1.215) 



which by introducing the kinetic energy T can also be written as follows: 

{VWf = 2m{E-V) = 2mT. (1.216) 
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The propagation velocity of mechanical waves will then be 

E 

U = : T - . 

yj2m T 



(1.217) 



Notice that Pi = d W/d and, hence, p = V W will give the following form 
to the propagation velocity of wave surfaces: 



E _ _ E 

P rnv y/2mT' 



(1.218) 



Attention is drawn to the close resemblance between Eq. (1.216) and 
Eq. (1.208) for the optical path in geometric optics: 



(V Wf = 2mT, 
(V L)2 - . 



(1.219) 



This resemblance is also found in Fermat’s variational principle 

6 j n ds = 0 Fermat (1.220) 

as well as in Maupertuis’ variational principle given in (1.131), with the 
medium’s refractive i ndex w ith respect to particles with mass m and kinetic 
energy T being n = \l2m T = mv 

6 J V 2m T ds = 0 Maupertuis. (1.221) 

Attention is further drawn to the fact that (1.218) leads to a constant product 
of the velocities u (of the surface S) and v (of the particle), which is equal 
to E/m, and to if E = mc^. 



16 . Wave Mechanics 

Let us pursue the equivalence between Fermat’s principle, on the one hand, 
and Maupertuis’ principle, on the other, by assuming that W is proportional 
to L and, therefore, that S is proportional to fco {L - ct) 
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This presupposes term-by-term proportionality between W and L on the one 
hand, and between E and u, on the other, and leads to the Einstein relation 



E = hu 



(1.223) 



But for the time being, h is simply a constant with nothing to do with Planck’s 
constant. We also know that the wavelength A is linked to the vibration 
frequency through the propagation velocity u: 



u El hu 1 

u p u p V 



and thus A = - 
P 



(1.224) 



Let us recapitulate in term of waves the description of classical mechanics 
with respect to the Hamilton- Jacobi formalism. 

It has been shown that instead of following the trajectories of the particles 
constituting the system, we could follow the motion of a “mechanical wave” , 
the surface described by the Hamilton- Jacobi equation S {q, P, t). This 
surface propagates at the speed u = E / p and at the frequency u = E/h ot 
a wavelength oi X = h / p. Corresponding to the optical wave 

e* ''o(i'-ct) (1.225) 



we may therefore introduce a mechanical wave: 



<^mech = exp 






Et) 



= exp 




(1.226) 



Does such a wave actually exist or is it just an imaginary wave corresponding 
to a mathematical model? This is an open question which will come up again 
and again in our discussions of the interpretation of wave mechanics and of 
Feynman’s formulation of quantum mechanics. 

The formal analogy between and 0mech ^>e used to determine the 
time-independent propagation equation (that is, “propagation in space” of 
the wave ^^p^) and then to introduce the scalar function t/? corresponding to 
wave mechanics and satisfying the same form of time-independent equation. 



16.1 The Schrodinger Equation 



What then becomes of the equation for the propagation of geometric optics, 
given the hypothesis E = hul 

Let us return to the propagation Eq. (1.198): 



dt^ 



0 , 
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with the form (1.200) for the solution: 

(j) = ^ 



The differential with respect to time is written 

^ = {-ikQcf4>=-kl (t) 
with the expression for the wave number 



k = kn n = kf) - = 



27T 



or 



, 2tt V 



V A 

thus yielding the second differential with respect to time 

(/> _ 47T^ 

This leads to the time-independent differential equation: 



(1.227) 



(1.228) 



(1.229) 



for the field 0, the optical wave amplitude. There is, therefore, a quantity 
(termed the wave function) which should satisfy an equation analogous to 
(1.229) and we will proceed to set ~ This gives: 



or, if we use the value of the wavelength (1.224), 

h _ h 
~ P~ ^J2m {E-Vy 

we obtain the wave equation for ip, 

^2 ^^8^ ^E-V)ip = 0. 

We set h = /i/27t and write the foregoing equation as follows: 



(1.230) 



(1.231) 



(1.232) 



2m 



ip + V ip^ E Ip 



(1.233) 



This is the Schrodinger equation which is the basis of wave mechanics, where 
the constant h is Planck’s constant. 

In the context presented above, the wave function ip describes the propa- 
gation (in space and not in time) of the Hamilton- Jacobi surface. This would 
suggest that classical mechanics is to wave mechanics what geometric optics 
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is to physical optics, that is an approximation corresponding to the smallness 
of A {= h / p) relative to the possible changes in the medium. 

To regain the conditions of classical mechanics would then mean to cause 
h to tend to zero in the solutions of the Schrodinger equation. 

At this level wave mechanics requires an unnatural hypothesis that will 
be justified in quantum dynamics: the evolution in time of the function '0 is 
obtained by replacing the energy E of the second term of the Schrodinger 
equation by the time dependent differential operator ifid / dt acting on the 
wave function 'll;: 

Properly applied to form (1.226) of the wave function 'll; = ^^nech’ 
more obtain the Schrodinger Eq. (1.233). 

To make sure that we obtain the Jacobi equation of classical mechanics at 
the limit h — ^ 0, we should seek solutions of the type exp[(z / h) S] by setting: 

y, (1.234) 



The differentials with respect to x and t are: 



d 'll; 

d X 

d‘^ 'll; 
d x^ 



1 A S{x,y,z,t) ^ 

h dx' 



d ^ 
d t 



1 ^ 

h d x'^ 

i dS 



d X 



S(x, y, z, t) 



^ ^ exp [TSixyzt) 



h dt 



h 



By inserting (1.235) into (1.233), we obtain: 



dS 
' dt 



2m 






+ 1" 



= (V5)2 + V- V^5. 

2m 2m 



(1.235) 



(1.236) 



If 0, we quite naturally regain the Jacobi equation of classical mechanics: 

dS 1 ^2 



■If = i (-*) -''■ 



(1.237) 



Is classical mechanics then a limiting case of wave mechanics? The question 
is a fundamental one and we intend to take it up on several occasions. 
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16.2 The Correspondence Principle 

Let us try to find a better formalism for this result by establishing a corre- 
spondence principle between classical mechanics and wave mechanics based 
on the Schrodinger equation. The Hamilton- Jacobi equation 

of a point particle in Cartesian coordinates becomes: 

^ ^ 2m = 0 (1-239) 

using the correspondence in classical mechanics: 

P.-ll- (1^240) 

The Schrddinger equation is, for its part, written as follows: 

If we bear in mind the possibility of writing 
(Px) = ^ 

we see that we can go from the Hamilton- Jacobi equation to the Schrodinger 
equation with the correspondence: 



(1.243) 



This correspondence is often set up as a principle, the correspondence prin- 
ciple, between classical mechanics and wave mechanics, by setting: 

in Cartesian coordinates. (1.244) 

There is another possible correspondence which consists in replacing the Pois- 
son bracket by the commutator divided by i h: 




[A, H] 



(1.245) 
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The advantage is that it leads directly to the equation of evolution in time 
since 



: dA r . rrl ^ A 



in classical mechanics , 



combined with the above correspondence principle, becomes 
. dA I r. rr^ 9 A 

A = —— = — [A, H\ + m quantum mechanics . 

d t III u t 



(1.246) 



(1.247) 



As a matter of fact, these two formulations of the correspondence principle 
are rigorously equivalent. We have already shown (1.162) that for the Poisson 
brackets 

= (1.248) 

Let us calculate the commutator [p^, H] by applying it to a wave function and 
by using the correspondence principle p- —iTid/dq^. The commutator 
of two operators, A and 5, is the mathematical object [A, B] = AB — BA. 
By applying [p^, H\to we then obtain 

[p„ H] ^ = p,H - H ^ -in ^ {H ^) - H (-ih i, 

^ Qi \ ^ Qi . 



dH dib dip 

= -ih — 'ip-ihH^ + ihH^ 
9 Qi dQi dQi 



(1.249) 



After simplification, we obtain a relation that is valid irrespective of the wave 
function xp: 

\Pi, H] xp = -ih^xp (1.250) 



leading to the following relation between operators: 

ip<- = -■ ' If ^ 

By comparing with relation (1.248), we further obtain 
OH 1 



(1.251) 



dQi in 
= \Pi, H] 



\Pi, H] 



in wave mechanics 
in classical mechanics 



(1.252) 



thus establishing the correspondence: 



[A, H] 



i ft 



[A, H ] . 



(1.253) 
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The generalization of this result to all the conjugate operators constitutes 
the correspondence principle of wave mechanics 



lA B] ^ -1 lA B] 



(1.254) 



In classical mechanics, A and B are two canonically conjugate variables 
whereas, in wave mechanics, they are two conjugate operators acting in the 
Hilbert space of the wave functions. The Poisson brackets (1.153) thus lead 
to the commutation relations between position operator X- and momentum 
operator p^: 



[Xi, Xj] = 0 \pi, Pj] = 0 and pj] = i h 6ij (1.255) 



Attention is drawn to a delicate point arising from the use of the time and 
energy variables, t and E respectively: One would expect that the correspon- 
dence principle (1.243) should also take the form of a commutation relation 
[t, E] = i h diS one is wont to suspect by replacing E hy i h d / d t and by 
causing the commutator to act on 'ip. Yet t and E are not operators associ- 
ated with observable phenomena since E is, in reality, the eigenvalue of the 
Hamiltonian H whereas t is a parameter linked to the evolution of the wave 
functions. We will return to this point in due course. 



16.3 Example of Application 

Let us return to the earlier example of a particle with electric charge e and 
mass m, in an electromagnetic field, the example treated within the frame- 
work of classical mechanics in Sect. 12. We can associate the operator with 
the kinematic momentum tt thus: 

TT = — z ^ V — e A , (1.256) 

whereas the Poisson bracket [tt-, ttj] with the value e in classical 

mechanics will be replaced by the operator i%e Bj^ in wave mechanics, 
since the commutator of the associated operators tt is: 

h, tTj] ^ihe , (1.257) 

or, written as a vector operator: 

TT A TT = i h e B . (1.258) 

The associated wave function will then be obtained by solving the Schrodinger 
equation written from the classical Hamiltonian: 

H = ^+e^. (1.259) 

2m 

This form of the Hamiltonian will also be used in determining gauge invari- 
ance in wave mechanics (see Chap. 7). 
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17. Analytical Mechanics - Schematic Summary 



Lagrangian 



Hamiltonian action 



Euler-Lagrange equations 



Hamiltonian function 



Hamilton’s equations 



Poisson brackets 



Poisson’s equations 





Chapter 2 
Wave Mechanics 



The Hamilton- Jacobi description of a system of particles with mass m- and 
kinetic energy T- = /2m- permits the interpretation of the real trajectories 

of such particles as lines orthogonal to the surfaces S {q, V W, t). By taking 
these surfaces to analogous to optical wave surfaces, it is possible to introduce 
an “equation of the mechanical wave” or wave mechanics describing the evo- 
lution of a wave function i/; (f, t) with frequency given via E = hu and with 
wavelength X = h/p. This wave function, which plays the role of the optical 
wave E 01 H, obeys a fundamental equation of propagation, the Schrodinger 
equation, written from the Hamiltonian formulation of a classical system us- 
ing a correspondence principle between the classical variables momentum, p, 
and energy, £*, and operators acting on the wave function sought. 

Let us then postulate the existence of the wave functions -0 (f, t) obeying 
the partial differential equation written with the correspondence principle in 
Cartesian coordinates 

H (f, -ihV, t) -Ip {f, t) = ih — Ip (r, t) , (2.1) 

where H is the operator associated with the classical Hamiltonian, 

H = T^V = ~-\-V ( 2 . 2 ) 

2m 

for a particle with mass m in a potential V (r) . This boils down to postulating 
the existence of the Schrodinger equation for determining the wave function 
x/) (f, t), a complex function of space and time: 

Ip {f, t) = ih — -Ip (f, t) . (2.3) 

A priori, this would appear to be simply an extension of the models for de- 
scribing mechanical systems. However, in reality, it constitutes a revolution 
in the concepts of mechanics, also in physics, and even in science and sci- 
entific thought as a whole. The justification of the Schrodinger equation has 
led to the questioning of the concept of measurement and the idea of inter- 
action between the objects observed and the observer. It also takes to task 



2m 



+ y (f) 
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the notion of physical space in which the objects modeling physical systems 
are defined, as well as the notion of real space in which the measurements of 
such systems are made. Finally, it has led to different possible interpretations 
of the wave functions associated with particles. Wave mechanics, and more 
generally speaking, quantum mechanics, of which the former constitutes a 
special description, have so far not been faulted in their description of micro- 
scopic physical systems, from molecules to systems of the scale of elementary 
particles. Yet the theoretical foundations have continued to inspire numerous 
theoretical works and different interpretations. The probabilistic interpreta- 
tion is today the most generally accepted interpretation amongst users of this 
new mechanics, as we hope to show in this chapter. 



1. Conservative Systems 



In a conservative system, V and hence i7, are not explicitly time depen- 
dent. The Hamiltonian II is therefore a constant, equal to the total energy. 
A solution to the Schrodinger equation can be obtained by separating space 
and time variables: 

Ip (r, t)^-ip {r^ A (t) . 

It is thus possible to take the partial differential with respect to time: 



i ft 



d -ip (r , t) 
dt 



■ *dA 



Inserting this into Eq. (2.1), we obtain: 



B A 

H xp (r) A {t)=ih -jj xp (f) , 

Hxpjf^ _ 

'ip A (t) dt 



(2.4) 



(2.5) 



The first term is not time dependent and the second is not dependent on the 
coordinates. We can replace the partial differential of A with respect to time 
by the total differential to obtain a first-order differential equation which 
easily determines A (t): 



A (t) = exp E tj 

and the general form of the wave function of a conservative system will take 
the following form: 



'ip (f, t) = 'ip (f) exp 




( 2 . 6 ) 
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The stationary state xjj (f) of the energy E will be described by the time 
independent Schrodinger equation: 



2m 



V‘^ + V (f) 



ip {f^ — E rp (f) 



( 2 . 7 ) 



It is often convenient to write this equation in a system of coordinates other 
than Cartesian. We obtain the Laplacean in curvilinear coordinates from the 
length element: 

d ^ ^2~y ^3 = ^1 (2-8) 



and by using the general expression for the Laplacean in curvilinear coordi- 
nates: 



- 



1 


■ d 


hi /12 /13 


d Xi 


d 


0X3 \ 


/13 



^3 ^2 



d X. 



+ 



d Xr, 



d X 



3/ J 



/^i d 

^2 d X 2 



( 2 . 9 ) 



Expressed in spherical coordinates, for example, the Laplacean operator be- 
comes. 



r‘^ d d sin 6 d 6 d 6 r‘^ sin^ 6 d (p‘^ 



( 2 . 10 ) 



2. Interpretations of the Wave Function 



2.1 Quantum Potential 

Let us choose, a priori, the wave function xjj (f, t) to have a real amplitude 
function a (f, t) and a real phase function ip (f, t), that is, we set 
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Now let us insert this into the time dependent Schrodinger equation. The 
partial differential with respect to time will be written 

.f.d'ip f da d(f\ (i 

The differential with respect to the position variables will, for its part, be 
V V’ = V a exp exp (p) , 



Ip = 



__o 2 Z Z CL __o 1 \ o 

V‘^a + — Va-V(^ + — 2 ® 

Tl % 



exp ( - 



By inserting these terms into the Schrodinger Eq. (2.3), we obtain the equa- 
tion linking the functions a (f, t) and ip (f, t): 



..da d ip 

87 



2m 



— _o 2 z z a y—o a /— _ \o 

V^a + — Va • Vy> + — 2 

a ah 



+ Fa. (2.12) 



If we equate the real and the imaginary parts separately, we obtain two 
coupled equations: 



d ip 
d t 



1 

2m 



.2 V^a 






1 



+ V^. 



da 1 - - * _v 

= Va-Vw — - — aSI^ tp . 

dt m 2m 



Let us introduce the quantum potential 






(2.13) 

(2.14) 

(2.15) 



2m a 

following Bohm’s terminology. This transforms the first equation as follows: 



d p 

~di 



+ 






+ 1^ 



+ Q — 0 . 



(2.16) 



When the quantum potential is deemed to be negligible (for example, in 
classical mechanics when h — > 0), we obtain the classical Hamilton- Jacobi 
equation 



. N Sf \ dS 
H 1 = ^— ^ + F +^ = 0. 
2m dt 



(2.17) 



This is the situation described in the last chapter in which we were simply 
interested in the phase function ^ of the wave function. The quantum 
potential Q has been calculated in Young’s two-slit experiment (Phillipidis 
et al., 1979) showing that it might be responsible for the interferential aspect 
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observed on the screen. It is most interesting to note here that the quan- 
tum potential combines all the elements of the experiment: mass, velocity of 
particles, and the width of, and the spacing between, slits. In fact, in this 
particular case, space does not just constitute an inert framework in the ex- 
periment. It is structured in a manner as to impose certain constraints on 
the experiment itself. 



2.2 Probability Current 



The amplitude function a (f, t) plays an important role in the wave function 
ip (f, t) and leads to an entirely different interpretation of the latter. 

Let us multiply the two terms of the second equation, that is (2.14) by 
2a and, bearing in mind that 2a d a/dt = do? /d t, write 



da^ 

dt 



1 

m 



2aVa*V(/? + a^V^(^ 



(2.18) 



The term in brackets represents a divergence given that 

V • (a^ V (^) = a^ (/? -h V a^ • V (/p 

= a^ -f 2a V a • V 99 , (2.19) 



and the second coupled Eq. (2.14) reduces to 



da^ 
d t 



-V-{a^W if), 
m 



( 2 . 20 ) 



Recollect that p = V 5 in the Hamilton- Jacobi canonical transformation. It 
then follows that 

v = ^ = — V S. (2.21) 

m m 

Given that following the coupled equations, the function p plays the role of 
the Jacobi function 5, it is only natural to write 



V (p _ _ 
m 



( 2 . 22 ) 



and (2.20) will then take the form of a hydrodynamical continuity equation 
expressing the conservation of the flux of a fluid with density q = 0 ? and 
velocity v: 

^ + V-(^«) = 0. (2.23) 

We can therefore attribute to the square of the amplitude function, or more 
generally speaking to the square modulus, (which eliminates the phase func- 
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tion) of wave function (2.1) the interpretation of a density of a fluid whose 
flux is conserved over time. We will then set 

Q {r, t) = i>* (f, t) xp {f, t) = \ Tp (r, t) . (2.24) 

The Copenhagen interpretation of N. Bohr and M. Born attributes to g (f, t) 
the meaning of probability density of the presence of a particle with mass m, 
or of a set of particles at point f and instant 

g{f,t) = \xp (f, t) \^ = P^. (2.25) 

If we accept this interpretation, with the probability of the presence of parti- 
cles in the entire space at the instant t being certain (where, of course, such 
particles exist), we are led to write 

J Q {r, t) dr = J I '0 (f, t) df=l . (2.26) 

This therefore imposes a special form on the wave function. The function 
'll; {ft), solution to the Schrodinger equation (2.11), must be a square- 
integrable function normalized to unity. 

In electromagnetism, the propagation of the wave vector E or B is such 
that the density of the electric (or magnetic) energy is proportional to \ E \‘^ 
or I B p. In wave mechanics, the probability for the presence of a particle 
with mass m (or of a set of particles with mass m) is given by the wave 
function ^ (r, t). It is only natural then for the square modulus to be linked 
to the probability density for the presence of such particles. 

Now let us use the Schrodinger equation (2.3) and the conjugate equation 
to evaluate the probability current from the wave function 0 (r, t), that is 
the term gv in (2.26). By computing the difference between 'll;* d 0/9 t and 
'ip d 'ip* /d t, we obtain 

{ihr ^) - {-ihxp y^) ^ ^ ■ ( 2 . 27 ) 

The first term is equal to i h {xp* xp) = i h q, leaving us with 

We introduce the divergence of the current J = gvhy setting 

J= {xp* V xp-xpV xp*)=Re xp* V xp}. (2.29) 
2 ?n z m z 
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The hydrodynamical continuity equation of the probability density current 
is therefore 




(2.30) 



In the stationary case in particular: 



§1 = 0 



and 



V- J-0. 



(2.31) 



To determine J, it is often necessary to use the gradient operator expressed 
in spherical coordinates: 



^ d ^ I d ^ 1 d 

dr r d 6 ^ r sm 0 d (f’ 



For a spherical wave of the type 



f{0) 



oikr 



(2.32) 



(2.33) 



the probability current becomes, for example, with definitions (2.29) and 
(2.32), 



^ 1 / { 6 ) |2 



m 



2 ’ 



whereas for a plane wave: 



gi k-r k r cos 9 



the probability current will have two components: 

k r sin 6 



J = m k cos 6 + Cn — 



m 



(2.34) 

(2.35) 

(2.36) 



2.3 The Phase Function 

An important point emerged in the definition of the probability density for 
particles: it is the square modulus of the wave function -0 (f, t), and not 
the wave function itself, that leads to the results of the observations, to the 
measurable quantities. Should we therefore conclude that if the wave function 
is written as ^ (f, t) = a (f, t) exp[ {i/h) S (f, t)] the phase function will 
cease to have a role since | (f, t) p = (f, t) in the square modulus? 

Far from it! It is exactly this phase function that is responsible for the wave 
mechanical character of the observations. 
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Young’s double-slit experiment with electrons 



Consider a system involving the superposition of two states. This is the 
case, for example, for Young’s slit experiment involving particles such as 
electrons described in the diagram above. 

The wave function (x, t) describes the probability amplitude for par- 
ticles passing through slit i (= 1 or 2). 

These wave functions can be written with a phase function: 

-ipi {x, t) = (x, t) exp and (x, t) = | (x, t) ^ . (2.37) 

The observation at position x on the screen does not involve the superposition 
of the densities and Q 2 but rather the superposition of the wave functions: 

Ip (x, t) = V’l (x, t) + V>2 (x, t) . (2.38) 

By evaluating the square modulus, this will yield 

g (x, t) = (x, t) + Q 2 {x, t) + 2 Re (x, t) ^)} (2.39) 

The last term is responsible for the interferential character of the observation. 
The situation is identical in optics where the optical state is described by the 
electric field E (or the magnetic H)^ which is the solution of the propagation 
equation D E = 0 of the form E = ^0 (L-ct) whereas the energy is 

proportional to the vector’s square modulus. The phase shift of the waves 
E^ and E 2 arriving at the point of observation, and corresponding to the 
differences in the optical path will lead to interference phenomenal if we 
evaluate 

I E |2 = I + 4 p = I 1^ + I ^^2 1^ + 2 Re{.Bi .^2*} . (2.40) 

It has been possible to directly verify the importance of the phase function 
exp [(^) S] in the wave function 'ip (x, t) by applying a magnetic field 
produced by the flow of electric current in a solenoid (see preceding diagram). 
If there is no magnetic field, we will notice an interference figure that is typical 
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of wave mechanical phenomena. If the magnetic field is applied, there will be 
a further phase shift 

= S-ds. (2,41) 

where 0 is the flux of the magnetic held in the solenoid. There is a global shift 
of the interference fringes which are easily suppressed by adjusting the electric 
current such that the magnetic flux brings about a phase shift {e/h c) 0 = 
27 t n, leading to a phase function equal to unity. 

This is the Aharonov-Bohm effect to which we shall return in our discus- 
sion of gauge invariance. 



3. Mean Values of Observables 

Given the probability P (r) of finding a particle or a set of particles at the 
point with coordinates f, the mean value of a function F (f) will be 

{F (f)) = f F (f) P (f) d f . (2.42) 



By replacing P {r) by 'ijj* (f) (f^, we obtain 

{F (f=)) = y V'* ('^ (2.43) 

The mean value of the position of a particle for example will be 

(r) = j 'll;* f 'll; (F) d f (2.44) 

and the mean value of its momentum 

(p) = J (0 V) 'll; (f) d f = -i h j 'll;* {'F) V 'ip {r) dr . (2.45) 



Attention is drawn here to a fact that may not yet be obvious and which 
we intend to demonstrate in the course of the transition from quantum to 
wave mechanics: The mean value of F (f) is obtained by setting the function 
between 'll;* {f) and 'll; (r) (and not the reverse, nor by writing F (r) 'll;* 'ip) 
in the integral over r. 
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4. Heisenberg’s Uncertainty Relation 



Let US consider the one-dimensional case and compute the positive definite 
integral dependent on a real parameter A from — oo to -f oo, that is: 



w=/ 



X ip Xh - — 
a X 



d X > 0. 



(2.46) 



By taking the square modulus ^-0* x + Xh (^x xp + Xh we ob- 

tain the following integral: 



(A) = / 



xp* x^ 'ip d X + Xh 
2 



I dxp 

— — X xp -{-Xp X 

dx dx 



d X 



d X . 



(2.47) 



The first integral is the expectation value of x^. Considering the normalization 
relation, we integrate by parts the second and the third integrals to obtain 
the following result: 

= j xp* xp dx = {p^) . (2.48) 



The positive definite integral I (A) will then be written as follows: 

I (A) = (x^) -hX + ip^^) > 0 . (2.49) 



For this inequality to be fulfilled irrespective of A, it is necessary and sufficient 
that the discriminant of the second order equation in A be negative or zero: 



Ti^ — A (x^) ip^) < 0 . (2.50) 

This inequality can also take the following form: 

(x^) (p2) > ^ . (2.51) 

If we introduce the mean square deviations of x and p by setting 

(A xf = {x^) - {xf = {{x - {x) f) , (2.52) 

{A pf = (p2) _ (p)2 = {{p-(p) )2) . (2.53) 



By replacing x by x — (x) and p with p — (p) in (2.51), we obtain the inequality 

{Axf {Ap^f > y. 



(2.54) 
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This leads to Heisenberg’s uncertainty relation 



(2.55) 



The variables x and are canonically conjugate and Heisenberg’s uncer- 
tainty relation is valid for every pair of canonically conjugate variables. We 
will return to this point in Chap. 3. 



(Ax)(Ap,) > ^ 



5. Interpretations of Wave Mechanics 

There are two major schools of thought as far as the interpretation of the 
wave function of wave mechanics is concerned: The mechanical interpretation 
of L. de Broglie or the stochastic one of E. Nelson and the probabilistic 
interpretation of the Copenhagen School (N. Bohr and M. Born). 

5.1 De Broglie’s Pilot Wave and the Quantum Potential 

As we have already seen, it is possible to associate to the motion of a 
particle or set of particles a description in terms of waves. The waves. 
'0 (f, t) is then a pilot wave with an amplitude a (f, t) and a phase 
exp [{i/h) S (f, t)]. We should therefore grant the existence of a quantum 
potential Q = —{hr /2m) (V^ a/a) which has no effect from a classical point 
of view because the term a/ a oscillates rapidly and if the detector is of 
very large dimensions compared to the wavelength A = ft/p of the pilot wave, 
the function S (f, t) will obey a classical Hamilton- Jacobi equation. Con- 
versely, in this interpretation, it is the quantum potential that determines 
the passage of particles through one or the other of the slits in Young’s slit 
experiment involving particles; and leads to the wave character of mechanics 
(Holland, 1993). 

In this approach, a wave packet with the extension A x in configuration 
space will lead to a wave packet with the extension A in phase space 
since the wave function of phase space is the Fourier transform of the wave 
function of configuration space: 

(j) {p) = ( 27 t ft)“^/^ j exp 

The widths of the wave packets A x and A p^ are thus related by 

AxAp, > (2.57) 

Heisenberg’s uncertainty relation expresses the fact that the phase space is the 
Fourier transform of the configuration space and that an extremely narrow 



p • f ) '0 (f) d f . 



(2.56) 
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wave packet in configuration space leads to an extremely spread-out packet 
in phase space. 

To better appreciate this fact, it might be helpful to recall that a wave 
packet can be constructed by adding a wave with a lower frequency and 
another with a higher frequency to the wave with frequency v. If there is 
a sufficiently large number of frequencies, we obtain a true impulse, a wave 
packet confined in a small area in space. The duration of the pulse is a 
function of the width Av oi the frequency range through the inequality: 

Av At > . 

47T 



The more we seek to reduce the size of the wave packet {A t), the larger the 
frequency band must be. If we introduce Einstein’s relation (1.223) between 
the frequency and the transported energy E = h we obtain the following 
inequality: 



AE 

h 



At > 



47T ’ 



which is another way of writing Heisenberg’s uncertainty relation 



AEAt > 

and which shows that E and t should behave like conjugate variables, but we 
will return to this point in the next two chapters. 

In de Broglie’s interpretation of wave mechanics, is interpreted as the 

probability density of a particle being at a certain position, in contrast to the 
Copenhagen School interpretation which considers | ^ p as the probability 
that a particle will be found at position x during an adequate measurement. 
It should also be noted that the quantum potential Q is dependent solely 
upon the form of and not on its amplitude. It depends on the quantum 
system considered as an indivisible whole. Let us consider the example of two 
particles with mass m: 



By taking t/j = a exp S) and g — = \ ip and calculating as in the 

previous case (see (2.13), (2.14) and (2.15)), we obtain 

H+V,.(£v,s)+V,.(lv,s)=0, (2.59) 
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with the quantum potential: 



- (Yh ^2 a 

2m \ a a 



(2.61) 



This potential depends on particles 1 and 2. In an n-particle problem, the 
quantum potential depends on all the particles and on the overall ampli- 
tude a (r, t) of the wave function of the whole. This quantum potential can 
therefore describe an interaction of the non-local type. 

This pilot wave and quantum potential type interpretation of Bohm, how- 
ever, poses problems of coherence (the non-local quantum interaction intro- 
duces, for example, an instantaneous modification in the response, and this 
is in contradiction with the special relativity theory in which information 
is propagated at most at the speed of light). The problem of coherence is 
also present with respect to the physical interpretation (the non-spreading 
in time of the wave packets constituting the particles). This is why the 
probabilistic interpretation is today the most widely accepted interpretation 
amongst physicists using wave mechanics to interpret microscopic phenomena 
at molecular levels on smaller scales. 



5.2 Nelson’s Stochastic Mechanics - 
Universal Brownian Motion 

Nelson (1966) was able to demonstrate that the Schrodinger equation of wave 
mechanics could be obtained with a purely classical approach by using the 
hypothesis that each particle with mass m is subjected to a Brownian motion 
described by a Markov-Wiener process with a scattering coefficient rj = Ti/2m 
independent of the medium in which the particles are assumed to be in mo- 
tion. This means that the particles have classical but random trajectories 
and that the wave function of wave mechanics is simply the probability am- 
plitude and described by stochastic mechanics of random processes in which 
classical observables are the expectation values of the corresponding classical 
objects. If we introduce a probability density g (x, t), a real and differentiable 
function, such that at any given time 

J Q {x,t) X = 1 , (2.62) 

the expectation value of a classical observable A is defined by the relation 

i^) = J (^. t)d^ X. (2.63) 

In studying Brownian motion as elaborated by Einstein, the position x of 
a particle with mass m is a random variable, and the function x{t) a non- 
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differentiable function. Nelson defines the forward d + /dt and backwards 
mean differentials d — /dthy setting: 



^ y {t) = lim 
dt ^ A t ^o± 



y {t + At)-y {t) 
A t 



(2.64) 



and the application to the function x{t) defines the mean forward t), 

and backwards b_ {x{t),t) velocities. It goes without saying that if the func- 
tion x{t) is differentiable then b_^ = b_. In any form of stochastic process, 
and Brownian motion happens to be such a process the mean forward and 
backward velocities are different from each other. 

Let v{t) the current mean velocity, be the half-sum of b_^ and b_ and u(t), 
the osmotic velocity, the half-difference. Hence, we set: 

+ = (2.65) 

It migh t be convenient to define the complex differentiation operator (Nottale, 
1993) 

D = ^ [(d+ + d_)-i (d+ - d_)] ^d^-id^ (2.66) 

and by applying this to the function f(t), we obtain the complex mean ve- 
locity w{t): 



w{t) = ^ x{t) = ^ x{t) - i ^ m = v-iu. (2.67) 

The complex second differential introduces the complex mean acceleration: 



f(t) = 



D w{t) 
dt 



dy-id^ 

dt 



{v — i u) 



dyV-d^u . d^u+ d^v 
dt dt 

1 / d^ d_ + d_ d^ . + d?. 

2 V dt^ * dt^ 



x{t). 



( 2 . 68 ) 



If an external force F is applied to a particle with mass m, Newton’s law 
F — m 7(t) will only be relevant to the real part of the acceleration: 



, j. I i* T w. . 1 d I b “h d_ 



1 d_^_ d_ “1“ d_ d_^ 

2 






dt 



(2.69) 



The generalization of Newton’s law is termed the Newton-Nelson law and is 

written _ , 

D w{t) 



F = m r = m 



dt 



(2.70) 



By noting that the imaginary part of f is zero and describes the stochastic 
aspect of x{t) linked to the non-differentiability of the function, we notice 
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that the real part of T, that is 7 (t), describes the classical mean acceleration 
that occurs within the framework of Newton’s law. 

The differential of the function x{t) can be described with the mean for- 
ward and backward velocities and a random function ^{t) by setting 

d x{t) = {x{t),t) dt-\- d ^^{t) . (2.71) 

The signs of b and ^ are identical, (-f) for the forward velocities and (— ) for 
the backward velocities. In a Wiener process, the functions d ^{t) are of the 
Gaussian type and have a null expectation value, are mutually independent 
and have a mean square proportional to the element dt: 

(2.72) 

Just as in (2.71), the signs are identical. For particles with mass m in suspen- 
sion in a fluid at temperature T, the Markov- Wiener scattering coefficient 
ri will be proportional to T and inversely proportional to the mass m. It is 
written rj = T/m (3^ where is the Boltzman constant and j3~^ the 
relaxation time of the scattering process. 

The Fokker-Planck hydrodynamical continuity equations for a forward 
scattering process (sign -h) or a backward scattering process (sign — ) are 
written by Nelson as follows: 

d,Q = -V- {b^Q) ±tjAq. (2.73) 

The half-sum of the forward and backward scattering equations eliminates 
the stochastic scattering term r] A g and restores the Fokker-Planck hydrody- 
namical continuity for a current mean velocity v of the particles in Brownian 
motion: 

d,g=-V^ (vg). (2.74) 

The term-to-term half-difference of the forward and backward scattering 
equations introduces a constraint equation on the osmotic velocity u: 

0 = -V • {ug)-\-r]Ag. (2.75) 

By noting that the probability density is a real function that is entirely contin- 
uous and differentiable, we can group the foregoing equations by introducing 
the complex velocity w: 



dt g= -V • {w g) -{-i T] A g 

= -V • {{w + i rjV) g) . (2.76) 



By returning to the zero imaginary part, that is to Eq. (2.75), we obtain 

0 = V- {-u g-\-r] V g) . (2.77) 
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This leads to the trivial solution 



- ^ . 2rj ^ ^ 

u = rj — = 7]Vi^Q=^VR 



(2.78) 



by setting R = {fi/2) g with % = constant, so far without reference to 
Planck’s constant. This boils down to defining the probability density by the 
exponential function 



Q = exp 



2R 

h 



(2.79) 



To determine the evolution of the osmotic velocity with time, we simply use 
the Fokker-Planck Eq. (2.74) and introduce the form (2.78) of the osmotic 
velocity: 



dtQ^-Q 



V 'V - V ' u 
V 



(2.80) 



and then go on to evaluate {u g) with (2.78). We infer from this the driving 
equation of the velocity u: 



d^u = -V {v •u)-T]V (V • iT) . (2.81) 



By using the real function R with (2.78), we obtain, to an arbitrary phase 
function o;(t), the equivalent form: 

^^R=-v■V R-^f-v (2.82) 

Li 

which we choose equal to zero for the sake of simplicity. 

A stationary state corresponding to a time-independent probability den- 
sity g{x), defines a time-independent function i?, obtained from (2.82) with 
a zero current mean expectation value. Conversely, a zero current mean ex- 
pectation value defines a time independent probability density function, that 
is, leads to a stationary state. 

Let us, by analogy, define with (2.78) a non-zero current mean velocity, 
the gradient of a real function 5(x(t),t), by setting: 

v = ^VS. (2.83) 

Ti 

This will transform the driving Eq. (2.81) of the velocity u into 

dtR=-‘^V R-W S-ri AS. (2.84) 

To determine the driving equation of the current mean velocity v, we carry 
out a second-order Taylor expansion of an arbitrary function f{x,t): 



df = idt^^ + dx■V + ^ ^ d x^ d x^ 
\ ij 






d x^d Xj 



/• 



(2.85) 
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If we use the expectation value of this equation, we obtain the forward d_^ , 
or backwards d_ differentials, bearing in mind that the second-order term 
introduces the Markov-Wiener scattering coefficient (2.71) whereas dx/dt = 
V is replaced by or by b_. This will then yield 

f/dt = (^dt~\-b^'V ±rj f . (2.86) 

It is convenient to introduce the complex time-derivative operator (2.66) 
grouping together Eq. (2.86) into the single equation 

D/dt = {d^ + w • V ~ i rj A) . (2.87) 

By setting f = b^ and f = b_ in (2.86) the half-difference will give a null ac- 
celeration of the stochastic scattering process, that is the driving Eq. (2.81) of 
the osmotic velocity, whereas the half-sum will lead to the mean acceleration 
7(t), the real part of F. It is however simpler to directly write the complex 
acceleration from (2.87): 

f = D w/dt= + w -V — i T] A^ w. (2.88) 

By expanding the real part, we further obtain: 

7(t) = V + {v • V) V - {u • V) u - 7] A u . (2.89) 

This is the driving equation of the current mean velocity v. 

It can also take a different form with the identity 

V - V (a • a) = 2 (a • V) a. (2.90) 

By isolating the partial derivative of v in (2.89), we obtain 

V = 7(t) -f i V {u^ - + T] A u . (2.91) 

If an external force F deriving from the potential V is acting on the particle: 

F = m^=-VV, (2.92) 



the formulas (2.78) and (2.83) of the velocities u and v will lead to the driving 
equation of the real function S: 



dtS = -:^V + l 
27] m h 



(V/?)2-(V5)2 +t]AR. (2.93) 



Let us note that the driving Eq. (2.88) of the velocities u and v are simply 
expressions of the Newton-Nelson equations for a Markov-Wiener stochastic 




66 Chapter 2 Wave Mechanics 



scattering process, if we introduce a truly real interaction potential V: 

-V V = m D w/dtt = D m w/dt = D V/dt . (2.94) 

The complex conjugate momentum will therefore be of the form: 

p = mw = m{v-iu) = — - V {R-\-i S) . (2.95) 

n 

Let us introduce a complex function ^ whose amplitude is the square root of 
the probability density by setting 

^ S)^ and | i? |^ = exp — Q- (2.96) 

For the sake of simplicity, ^ is termed the probability amplitude of the Brow- 
nian motion. The gradient of the function ^ will be expressed as follows: 

^ = V(il + i5). (2.97) 

By inserting this result into the complex conjugate momentum (2.95), we 
obtain the following relation 

= -2imr]V ^ , (2.98) 

In Brownian motion, we cause the operator — 2i m rj V to correspond to the 
operator V acting on the probability amplitude This is the correspondence 
principle. Now, let us a priori define the vector J from the complex function 
^ by setting 

J = ^ (^* . (2.99) 

I a \ / 

Using definitions (2.96) of 1? and (2.83) of v, we obtain 

J = ^qVS = qv. (2.100) 

Ti 

The vector J is therefore the probability density current verifying the Fokker- 
Planck hydrodynamical continuity Eq. (2.74) for the classical scattering of a 
fluid with density q and velocity v\ 



^ = exp 



dt ^ + V • J = 0 . 



( 2 . 101 ) 
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The time derivative of the probability amplitude ^ is expanded with (2.96) 
by using the driving Eqs. (2.93) and (2.84), yielding 



i h 






ih df = {R + i S) 



= -n 



+ 



A{R + iS) + %^ R-V S^\ \{VRf-{VSf 

Tt ft i 



V . 



2t] m 

We next use the identity 



A a 



= Ai^a + {fi^a) 



( 2 . 102 ) 



(2.103) 



to evaluate A^ / W from definition (2.97); 



A ^ 



= Ae„^ + {v 



^A{R + iS) + ^ (v{R + iS)y 

= i |^(i? + i5) + i [(Vi?)2-(V5)2 + 2i Vi?-V5]| . 

(2.104) 

The comparison of Eqs. (2.104) and (2.102) leads to the following equation; 



A^ 1 

* = -V V 






If' 



2m r] 



(2.105) 



The complex function ^ = ^/g exp [{i/h) 5], which may be termed the 
probability, amplitude, since \ ^ = g, therefore describes a Brownian mo- 

tion with Markov-Wiener scattering coefficient ry of a particle with mass m 
subjected to a potential V. The fundamental Eq. (2.105) can also be written 



f a, If = (-7/Z\ + ^ f) If. (2.106) 

We notice that the constant h introduced to express the velocities u and v 
in the gradient form of the real functions R and 5, no longer appears in the 
fundamental Eq. (2.106) of Brownian motion. Just like Nelson, we could have 
also refrained from introducing it in the expression (2.96) for the function 
The objective is to obtain the same form exp [(i//i) S] of the phase function as 
in wave mechanics, because we need not insist on the fundamental Eq. (2.106) 
of the Brownian motion being formally analogous to the Schrodinger equation 
of wave mechanics. 

For a medium-independent Markov-Wiener scattering coefficient in which 
the particle with mass m is in suspension, the scattering coefficient r] should 
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be inversely proportional to the mass. We can therefore follow Nelson and 
set 



which yields the equation of universal Brownian motion 



(2.107) 



ih = 









with = g and ^ ^ exp Sj . (2.108) 

If the constant h introduced in (2.107) is Planck’s constant, the equation 
of universal Brownian motion will be the Schrodinger equation. The current 
mean velocity then becomes v = (1/m) V S and relation (2.98) the corre- 
spondence principle of wave mechanics. 

Should we therefore conclude that wave mechanics is simply the descrip- 
tion of a universal Brownian motion to which the particles are subjected? 
Does this Brownian motion reflect the fact that the elementary particles 
(fermions) are no more than emitter-receivers of particles (bosons) carrying 
fundamental interactions (see Chaps. 17, 18, and 19)? 

The function ^ would become the complex probability amplitude of this 
universal Brownian motion, hence of a wave mechanical nature, a non-local 
function (i.e., conditioned by the presence of all the particles) or local (i.e., 
linked solely to the description of the random motion on a microscopic scale 
less than De Broglie’s wavelength A = /i/mc)? Nelson’s stochastic mechanics 
therefore leads to a mechanical and statistical interpretation of wave me- 
chanics, in which the particles retain their corpuscular character whereas the 
probability of observing any property whatsoever, linked to the probability 
density through expectation values (2.63) of observables, is wave mechanical 
following Eq. (2.108) of the universal Brownian motion. This interpretation 
separates the corpuscular aspects from the wave mechanical aspects that exist 
side by side in De Broglie’s interpretation. Another signiflcant result stem- 
ming from this approach is that the path traveled by a particle, i.e., x{t) is a 
non-differentiable function. This is a property we will return to in the course 
of our discussion of Feynman path integrals in Chap. 7. 



5.3 The Probability Theory of the Copenhagen School 

The interpretation of Heisenberg, Born and Bohr (the Copenhagen School) 
considers | p as the probability of the presence of a particle or a set of par- 
ticles during a measurement. The Heisenberg uncertainty principle therefore 
reflects the fact that we cannot simultaneously measure two conjugate vari- 
ables such as position and momentum with the same high degree of precision. 
In the probabilistic interpretation, a statistical interpretation can be given 
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to the uncertainty relations. They are expressions of a relation between sta- 
tistical dispersions of the measurements of two conjugate observables around 
their expectation values. 



5.4 Statistical Dispersion 



Consider the successive impacts of shells fined from the same canon (Fig. 1) 
with identical pitch of the canon. The velocity Vq of each projectile, the 
resistance of air for each shot and the exact pitch of the canon cannot be 
defined with extreme precision. This leads to a dispersion ellipse for the 
impact of the shells. 

The dispersion ellipse for the shell impacts expresses the relation between 
the deterministic theory constituted by classical mechanics and the statistical 
character of the results of a set of measurements prepared in an identical 
manner. 





Let us imagine the same experiment with a machine gun, firing at a wall 
in which are two holes. The bullets are received by a stop screen. If one of 
the holes is closed, the number of impacts passing through a hole will be 
described by a bell curve. If both holes are open, the number of impacts will 
correspond to the sum of the impacts for each of the holes. It is the statistical 
expression of a set of completely deterministic measures. Each bullet passes 
through a hole following a classical trajectory. 

If we term {x, t) the Gaussian probability density that the machine 
gun bullets will pass through hole number 1 and Q 2 {x, t) that of hole number 
2, the probability density will read: 

Q (x, t) = (x, t) + £>2 (x, t) (2.109) 

This is shown in Fig. 2. The different probability densities are simply added 
together. 
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Figure 2 



5.5 Interference of Wave Functions 



Let us imagine the same experiment with waves. If only one of the holes is 
open and if the hole is of the order of a wavelength, there will be diffraction 
whereas if both are open the superposition of the two processes will produce 
an interference (see Fig. 3). 

If {x, t) is the wave passing through hole A and ^2 passing 

through hole B, the wave function in a situation in which the two holes are 
open is given by ^ (x, t) = ^2 the probability density will be 

f = 1 P + I P + 2 Re } • (2.110) 

The experiment involving an electron beam and a crystal displays a typical 
wave-mechanical aspect. Are we dealing with a real “pilot” wave, linked to the 



hole 2 
closed 





hole 1 interference 

closed pattern 



Figure 3 
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propagation of electrons? Or, is it the revelation of the statistical character 
of the experiment due to the fact that the probability of an electron impact 
at a given point is a function of the wave amplitude? Now, let us imagine 
the electron source to be sufficiently weak as to send electrons one at a 
time through the slits. What will happen if one of the slits is closed? Are 
we going to obtain a diffraction pattern of increasing darkness or electron 
impacts progressively reconstituting the diffraction pattern? And by opening 
the two slits, are we going to have an interference pattern that is progressively 
sharper with increase in the number of electron projectiles or electron impacts 
progressively reconstituting an interference pattern? In the first case, this 
would mean that there is a pilot wave associated with each particle and 
in the second that the trajectories of each electron are deterministic, if not 
determined, and that the probability of an electron projectile passing through 
one or the other of the slits and of impact at a given point is a mathematical 
wave-mechanical function. 

The result of the experiment is as follows. With an extremely weak particle 
beam, we observe impacts localized on the photographic plate of the detector 
and if the experiment is left to run long enough, these impacts will be ordered 
following an interference pattern typical of the wave-mechanical phenomenon 
(Fig. 4). 

Does our poor understanding of the initial conditions cause a statistical 
dispersion of the results? In other words, are there hidden variables that make 
wave mechanics nondeterministic? Or is there an intrinsic non-determination 
of the trajectories of particles and is the wave function simply a mathematical 
intermediate whose square modulus permits the computation of the probabil- 
ity that a set of particles will be in a state revealed by the observation? This 
is a crucial issue that necessitated several years of discussion before being 
resolved by the crucial experiment conducted by Alain Aspect at the Institut 
d’Optique in Paris. 



5.6 Hidden Variables 

The scenario reflecting the existence of a deterministic theory with hidden 
variables assumes that quantum mechanics is an incomplete and probabilistic 
theory. The random element exists because of our lack of knowledge of certain 
hidden variables. This is Einstein’s interpretation. Bohr’s interpretation is 
completely different and assumes that chance is intrinsic and that it is even 
the essence of the phenomena and, therefore, that quantum mechanics is a 
complete theory in which chance intervenes intrinsically. 

An example here would be the difference in the possible interpretations of 
the same result with or without hidden variables in the following experiment: 
Take two cards, one red and the other black, and put them in two different 
sealed envelopes. Shuffle the envelopes and send one of them to a point A 
and the other to a point B such that the observers at point A and at point B 
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Figure 4. Young’s slit experiment with single electrons impinging one after another. 
The different figures represent impacts corresponding to an increasing number of 
incident electrons: 10, then 100, 3000, 20,000 and 70,000. The impacts are ordered to 
finally build up the electron interference pattern (Tonomura et al., 1989) 
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receive their envelopes at the same time. If the observer at A has a red card, 
he can go ahead to state that the observer at B has a black card and vice 
versa. This experiment is simple and quite clear but it can be interpreted in 
entirely different ways depending on whether or not one admits the existence 
of a hidden variable, in this case color. 

Interpretation No. 1 (Einstein’s) 

The colors are real and determined as soon as the envelopes are sealed but 
they are hidden and the determination of one necessarily leads to that of 
the other. Initially, we were dealing with a system with two components but 
each component was determined by a color variable which was hidden during 
the movement of the envelopes. This interpretation is founded on a realist, 
deterministic and separable (or local) theory of a hidden variable: color. 

Interpretation No. 2 (Bohr’s) 

When the envelope were being shuffled, we lose the information we had con- 
cerning the color of the cards and the probability that an envelope will contain 
a red or black card is equal to 1/2. The envelope “is therefore in a brown 
state” , the superposition of a red state and a black state. If an envelope is 
opened, the color is determined by measurement and, with it, the color of the 
other card is fixed. This theory is positivist, probabilistic and non-separable 
and links observable colors to one another. The first interpretation may ap- 
pear to be intuitively more representative of reality, and the second to be 
a model for the easy understanding of the result. Yet it required Aspect’s 
experiments on Bell inequalities (see the inequalities defined in Bell et al., 
1964) conducted in the 1980’s for the issue to be resolved. 



5.7 The Bell Inequalities 

Consider again the card experiment but, this time, instead of putting a card 
in each envelope, let us put two randomly chosen cards. Let and a 2 be the 
colors of the cards in envelope A and (3-^ and /?2 those of the cards in envelope 
5. If a card is red, we will assign it the value +1 and if it is black— 1. 

What is the correlation between the colors of the cards in envelopes A 
and J5, considering that the colors are determined at the time the cards 
are introduced into the envelopes? To solve this problem, we will need to 
determine a correlation coefficient or Bell parameter defined by the relation: 

5 = /?! + /?2 4 " ^2 ~ ^2 ^ 2 ’ ( 2 . 111 ) 
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Setting up a table for the possible values of a 2 /32? we obtain: 
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The Bell correlation function is equal to it 2. 

If a and (3 can take values between —1 and 1 and no longer just +1 or 
— 1, then S will lie between —2 and +2. 



_ 1 < Q < +1 

If - “ \ -2 < S < 2 (2.112) 

-!</?< +1J 

A probabilistic theory with hidden variables satisfies Bell inequalities: 
-2 < 5 < 2 



5.8 The EPR Paradox 

In 1935, Einstein, Podolsky, and Rosen imagined an experiment leading to a 
paradox known as the EPR paradox and which may be described as follows. 

Let us consider a source S that emits particles with spin 0 which dis- 
integrate into two particles with spin 1/2 dispersing in opposite directions 
(Fig. 5): 
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Figure 5 
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In the spin will be or (we will retain the notation +1 or —1 in 
order to have the same notation as with the red and black cards) and in B 
the spin will be similary ±^. Now, if we measure the spin in A, it should be 
possible to determine the spin in J5, since the sum of the spins of A and B 
should be equal to 0 . 

For Einstein, the spin of each particle is a hidden variable existing at the 
moment of disintegration, and measurement merely reveals the value of the 
spin. If A and B are separated, then A will cease to have any influence on 
B. For Bohr, on the other hand, particles from S are identical, a mixture of 
states ±^. They constitute a non-separable state until they reach detectors 
A and B. At the time of the measurement, A and B are both determined. 
The quantum state constitutes an indivisible whole. 



a=+l b=+l 




Aspect’s experiment (Fig. 6 ) uses two different geometries in which de- 
tectors of A and B constitute an angle 0 or 3 0. Because the correlation 
coefficient is proportional to the cosine of the double angle of their relative 
direction (this result will be demonstrated in Chapter 5), we obtain: 

E (tti, COS 20 E ( 02 , 6 i) = cos 20, 

E (a^, 62) = cos 20 E (a2, 62 ) = • 

The Bell parameter is defined by the relation: 

S = E (uj^, b^) + E (tt 2 , bi) + E (a^, 62 ) ~ ^ (^ 2 ’ ^ 2 ) * (2.114) 

This gives, with the preceding results (this relation will be demonstrated in 
Chap. 5, Sect. 2 . 2 ): 

5 = 3 cos 20 -cos 60. (2.115) 



Bell’s inequality — 2 < 5 < +2 
would be satisfied if hidden variables existed 
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5.9 Aspect’s Experiment 

In the early 1980s, a group of researchers at the Institut d’Optique d’Orsay 
(Alain Aspect, Philippe Grangier, Gerard Roger and Jean Dalibard) carried 
out a study of calcium-emitted polarized photons. A pulse of calcium atoms 
excited by two laser beams with frequencies i/' and u" led to a level J = 0, 
which de-excites in two phases, going through an intermediate level J = 1 
which, itself, is de-excited by emitting two photons with wavelengths = 
4227 A and A2 = 5513 A (see Fig. 7). 

J=0 



J=0 

Figure 7 




>.=4227A 



The polarization of photons A and B can be visualized by the diagram 
in Fig. 8 




^ B9 



Figure 8 



The total number of photons collected will be 






The polarization probabilities will, for their part, be 

N 

P 

-+ 



p 

++ N 



P = 



N + 
P_^ = ^ 



P._ = ^- 



N ‘ N ' N 

and the correlation coefficient E {a, b) will be written as follows: 

- iv_+ - iV+_ + N 



E (a, b) = 



N 



= P++-P_+-P+_+P_ 



leading to the Bell parameter 

S = E (flj, 6j) + E (a2) + E (oj, 62) ~ ^ (®2’ ^2) • 



(2.116) 

(2.117) 



(2.118) 



(2.119) 
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The experiment clearly demonstrated that the Bell inequality is violated, i.e., 
that the theory of hidden variables is not verified: 

5 = 3cos 2 0 - cos 6 0 (2.120) 

yields for 0 == 22.5°, S = 2y^, and -2\/2 for 0 = 67.5°. 

There is no doubt about the violation of Bell’s inequality, as is clearly 
illustrated in Fig. 9 

A. 

[ '^'theoretical ~ * 




Figure 9 



To ascertain that the detector had no infiuence on the result of the mea- 
surement, a second experiment introduced a 10-nanosecond periodical com- 
mutation of the detectors but the result remained practically the same, show- 
ing that Bell’s inequalities were violated. The theories of hidden variables are 
not suitable and quantum mechanics is the appropriate theory for describing 
these phenomena as we can see from the points positioned with high precision 
on the curve, outside the range of values allowed by Bell’s inequalities. 

A comparison of Einstein’s interpretation of quantum mechanics with that 
of Bohr can be made as follows: 



Einstein 

hidden variables 
realist 

deterministic 
separable (localizable) 



Bohr 

no hidden variables 
positivist 
probabilistic 

non-separable (non-localizable) 



Aspect’s experiment therefore shows that it is Bohr’s interpretation that 
is correct. 
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If a quantum system that is properly defined by its initial conditions 
evolves without any external perturbation, all the points of the system will 
remain correlated even if they are separated by a space-like interval. 

The non-separability postulate of quantum mechanics emerges then as 
being as important as the postulates of special relativity. 

The non-separability postulate is perhaps more easily understood with the 
following simple example. Consider an observer in a two-dimensional space, 
examining the appearance of figures on coins (heads or tails) of a player 
in a three-dimensional space (time is the 4th dimension indispensable to the 
player in the three-dimensional space, and the 3rd dimension for the observer 
in the two-dimensional space). The observer in the two-dimensional space 
will see heads or tails appearing with equal probability if the observation 
lasts long enough. For him, there are a certain number of heads objects and 
another number of tails objects appearing randomly. For this observer, there 
is a measurement-independent hidden variable. For the player in the three- 
dimensional space, the result of the measurement is no doubt the same but the 
tossed coin has both the heads and tails faces. There are no hidden variables 
and, before the observation of the result, the coin is in a state that is a linear 
combination of heads and tails. It is the measurement, that is the transition 
from the three-dimensional space to the two-dimensional space that forces 
the coin to come down showing one face or the other, hence determining the 
state of the coin. In the three-dimensional space, the state of the coin is heads 
and tails whereas it has become heads or tails in the two-dimensional space. 

The quantum state is neither of the two; it is both and it is nature, mea- 
surement, that reveals the wave or corpuscular state. This is the Copenhagen 
interpretation. There is yet another interpretation based on the notion of co- 
herence and event branches that we will introduce in Chapter 6 after having 
studied quantum dynamical equations. 

Finally, Nelson’s stochastic interpretation in terms of the universal Brow- 
nian motion separates the corpuscular aspect related to the very existence of 
particles, from the wave mechanical aspect related to the probability am- 
plitude function, that is to the randomness of the trajectories and non- 
differentiability of the position function of the particles. If we grant that 
this function is conditioned by the entire system, then non locality, an essen- 
tial aspect of quantmn theory, would have been verified. However, one of the 
major difficulties of current theories is due to quantum gravitation, given the 
need to reconcile a theory that is fundamentally local, the general relativity 
theory, with one that is not local, quantum theory. Is there a theory that 
simultaneously takes into account these two aspects? 
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6. Wave Mechanics - Schematic Summ 2 iry 





Chapter 3 

One-Dimensional Systems 



1. Motion of the Center of Mass 



If two bodies of mass and m 2 interact with a force that is solely dependent 
on their separation \f\ = r = | — r 2 |, it is possible in classical mechanics 

to isolate the motion of the center of mass, R = (m^ + m 2 r 2 )/m from the 

relative motion. 

The correspondence principle applied to the Hamiltonian of the two bodies 
will read 

(3.1) 






and will lead to the Schrodinger equation 






V?- 



2mi ’ ^ 



2m^ 



Vl + V" (I ri -ra I) ^ in, ^2, t) 



= i ^ '<P f2, t) 

and to the normalized wave function i/? (r^, ^ 2 , t): 

(n, 7=2, t) dfi df2 = 1. 



I 



(3.2) 



(3.3) 



It is, in fact, difficult in the general case to separate the variables and r 2 
in the potential and it is more expedient to isolate the motion of the center 
of mass by setting 

P = Pl +P2 

which leads to the Hamiltonian 



, ^ mo ^ 

P = TT Pi “ ~ P2 . 


(3.4) 


m m 


[ 

p2 jp. 


(3.5) 



with the total mass m and the reduced mass fi of the particles 

11 1 

m = m. rrio and — = 1 . 

/i m^ m2 



(3.6) 
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This will transform the Schrodinger Eq. (3.2) into: 



V^-hF(r)) i,{R,r,t) = ih^^^P{R,f,t). (3.7) 



2fJL 



dt 



Let us look for a solution that factorizes into functions of the variables R and 
f by setting 

V’ (r, R, t) = f {R, t) V’ (r, t) . 

Equation (3.7) will lead to two coupled partial diflferential equations: 

2R 



VlfiR, t)^ih^^f{R, t), 



-h y(r)^ Ip {f, t) = i n Ip (f, t) . 



(3.8) 



Because the potential is not explicitly time dependent, the time dependence 
of the solutions is easily obtained in the usual form: 



f(R, t) = /(E)e-^®«‘, 
-0 (f, t) = 'Ip (f) ^ , 



(3.9) 



leading to the general solution: 

0 {R, f, t) = 0 (fO / (R) ' with E = E^ + Ej^. (3.10) 

The total kinetic energy E is, like in classical mechanics, the kinetic energy 
of the center of mass Ej^ plus the relative kinetic energy E^. 

The motion of the center of mass is the motion of a free particle with 
mass m = + 7712 obeying the differential equation: 

-^Vlf{R) = E^f{R). (3.11) 

It has as solution a plane wave exp[{i/h)P • R] with Ej^ = /2m. 

The relative motion will be described by the stationary wave function 
0(f^ satisfying the differential equation: 

(-^ V2 + y (r)) ip = E, ^P if) . (3.12) 

Let us begin by resolving this equation for different one-dimensional poten- 
tial wells and postpone the study of three-dimensional cases until after the 
introduction of angular momentum and spherical harmonics. 

Let us, however, first point out an important fact: consider a system of 'n 
identical particles, with mass m. By defining step by step the motion of the 
center of mass of two particles to which is added a third, then at the center 
of mass thus obtained a fourth particle, etc., we end up with the motion of 
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the center of mass for the set of n particles with total mass M = n m. If we 
apply the same procedure to the relative motion, we obtain a reduced mass 
l//i = ( 1 /^) + l/((^ - 1 )^) that is /X = m - m/n. The larger the system, 
the easier it is to approximate // by m. Let us now examine the effect of this 
result on Eqs. (3.11) and (3.12). For an isolated system (a system that is not 
in interaction with other arbitrarily delimited systems), the motion of the 
center of mass is always that of a free particle with mass M = nm^ whereas 
the relative motion of a particle with mass m is always that of a two-body 
particle with mass /x in a two-body interaction with the center of mass of 
the entire system. All the particles of the system can therefore be considered 
as individual particles in a potential V resulting from the sum of possible 
interactions. The relative wave function is, therefore, never negligible com- 
pared to that of the center of mass. In classical mechanics, we can ignore the 
relative motion of the particles constituting the system; in quantum mechan- 
ics, on the other hand, the relative wave function is always present, in the 
entire space and the observer has to choose between measuring the relative 
observables or ignoring them but the system’s wave function is global. The 
difference between classical and quantum mechanics does not lie in the size 
of the system but rather depends on whether we choose to isolate a part of 
the system or to consider it in interaction with its medium. 



2. General Properties of the Wave Function 

Consider the case of a particle with mass m moving in a one-dimensional 
space. Let x be the variable for the space coordinates and let us assume that 
the force F (x) acting on the system derives from a potential V{x), that is, 

F{x) = --^V{x). (3.13) 

In classical mechanics, the total energy of a particle in interaction will be 
written ^ 

E = i^ + y(x), (3.14) 

and the state of such a particle described by its trajectory 

x{t) € RK (3.15) 

In wave mechanics, on the other hand, the state of a particle at instant t is 
described by a wave function (x, t) satisfying the normalization condition: 

/ +00 

I ^p (x, t) f dx = 1 . (3.16) 

-oo 

As a function of (x, t) is assumed to be continuous and infinitely dif- 
ferentiable. In addition, ^ (x, t) should have a continuous first and second 
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derivative. (x, t) may then be considered for any given instant t as an 
element of the Euclidean space (R) of the square-integrable complex 
functions: 

/ -l-oo 

I / (x) p dx < -l-oo. (3.17) 

-OO 



The inner product (scalar product) in this space will take the form 

r+OO 



/ i-oo 

/* (a;) 9 (x) dx 

-OO 



(3.18) 



and we recognize in ('0, = || ^ |P the square of the norm of the wave 

function, the normalization condition deriving from the probability postulate 



/ +00 

I tp (x, t)\^ dx = l. 

■OO 



(3.19) 



In wave mechanics, -0 (x, t) satisfies the Schrodinger equation 



i h 



d (x, t) 
dt 



2m d x^ 



-hl^(x) 



{x, t ) , 



(3.20) 



and thus preserves the normalization condition over time: 



57/1 (^’^+'‘■17) 



dx . 



If we extract the partial derivatives of the Schrodinger equation (3.20), the 
integral will reduce to 



h 

2i m 




dx . 



And if we integrate by parts over an interval 2a, which we then cause to tend 
to infinity, we will obtain 



h 



lim 



2i m a^oo 



'dtp* drp 



-I x=+a 




9-0* 9 
d X d X 



dip* dip\ 
d X d X ) 



dx = 0. 



(3.21) 



This shows that the normalization (3.19) determined at instant t is conserved 
over time. 
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3. Stationary Schrodinger Equation 

The stationary solutions of the Schrodinger equation are obtained by sepa- 
rating space and time variables. This leads to solutions of the type 



'll; {x, t) = (x) e n 

where 'll; {x) obeys the time-independent equation: 

(P ib (X) . . / X , / X / X 

We introduce a reduced potential U (x) and a reduced energy e: 



(3.22) 



(3.23) 



2m 

2m 



U{x) = ^Vix), 



(3.24) 



6 — — 7y E . 



The Schrodinger equation (3.23) is a second-order differential equation and 
can therefore be written as follows: 



(3.25) 



We are interested in the finite and continuous solutions of a Sturm- 
Liouville type equation that are differentiable from — oo to +oo. 




3.1 Potential Jump 

Let us consider a particle with mass m and reduced energy e arriving at 
a potential barrier with height U 2 — that is whose reduced potential is 
defined by 



[/(x) = 



U 2 for X < 0 zone II 
Ui for X > 0 zone I 



i 

u 




U2 


© 

Ui 






0 




Figure 1 



Let us assume that U 2 > U, (Fig. 1). 
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Case No. 1 : < e < U 2 

Zone I: 

-f (e - -0 = 0 and e-Ui = k\ > 0 . (3.26) 

The solution of the Schrodinger equation can, in this case, be written as 
follows: 

-01 = sin (fci x-\-(p). (3.27) 

Zone II: 



d 



+ (^ - C/ 2 ) 0 = 0 



and e -1/2 = -xl < 0 



and the solution 0 will take the form 



(3.28) 



02=^2 



(3.29) 



Instead of writing the continuity of the function 0 and its derivative at the 
point X = 0, we will write the continuity of the function and its logarithmic 
derivative (1/0) {d'lp/dx): 

- continuity of the function at x = 0: 

sin ip = A 2 and -^ = sin (p (3.30) 

- continuity of the logarithmic derivative at x = 0: 

k 

k^ cot ip — X 2 (^ = tan“^ — (3.31) 

X 2 

where tan“^ is the determination of the arc in the interval (— f , f )• By 
extracting ip of (3.31) and carrying over in (3.30), we obtain: 



^2 



= sin 



fci 

\/fci + xi 



£-[/l 

u,-u. 



(3.32) 



Case No. 2 : e > U 2 

The solution is of the oscillatory type in the entire space. To each value of 
energy e then will correspond two linearly independent eigenfunctions: the 
energy is said to be degenerate and its degeneracy to be of second order. 

Let us choose a solution of the type ^ ^one II describing a trav- 
eling wave attached to a particle moving initially from -00 to the origin 
whereas in zone I we may have an incident wave of the type ^ (of unit 




3. Stationary Schrodinger Equation 87 



amplitude) and a reflected wave with amplitude R. The solutions will then 
take the form 

'ip = e ^ ^ x>0, 

We determine the derivative for x > 0: 



Ip' = -i fci (e-* *1 * - e* ''i 
giving for X = 0 a logarithmic derivative: 

V-j,=o + 

Similarly, the derivative of the wave function for x < 0 is 

^-ik^S e« ''2 * 

leading to the logarithmic derivative at the origin: 



^Jx=0 



= —i ko 



(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 



The continuity of the logarithmic derivative at a; = 0 will give the amplitude 
of the reflected wave: 

R = (3.38) 

fci H- /C2 

whereas the continuity of the function at the point x = 0 deflnes the ampli- 
tude of the transmitted wave 

2 fci 



S — \-\-R 



(3.39) 



^1 ^2 

The probability of flnding the particle in the reflected wave is equal to | i? p 
and that of flnding it in the transmitted wave will be equal to 1 - | i? p, 
which gives: 

1 - I i? |2 = ^ I 5 |2 (3.40) 

Now, let us introduce the transmission coefficient r of the barrier: 



7- = ^ I 5 |2 _ ^^1 ^2 



fcl 



(3.41) 



(ki+k^Y 

and the reflection coefficient TZ of the barrier, the square modulus of the 
amplitude: 



n = \Rr = 



2 _ (^1 ^2) 






(3.42) 



(fci + fc2r 

which naturally gives: 

n + T = l. (3.43) 

We notice here the strong analogy with the propagation of light in a non- 
absorbing medium with the index varying in a discontinuous manner at the 
origin. 
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3.2 Tunneling 

Let us now consider the problem of the transmission of a particle across a 
square barrier: 



Ill 


II 


I 


Uo 









0 


L * 




( 0 


for 


x> L 


zone I 


II 


for 


0 < X < L 


zone II 


0 


for 


X < 0 


zone III 



The solution of the Schrodinger equation will lead to the following wave 
functions 

Zone I: 

= + (3.44) 

Zone III: 

^ = (3.45) 

Zone II: 

if s <Uq il; = a B e~^ ^ with x = y/^o ~ ^ (3.46) 

if e>Uq xI; = C + D with (3.47) 

The transmission coeflBcient can be calculated as r = {k^/ki) \ S \ S 
since the wave vector y/e is present zones in I and III. The continuity of the 
derivatives and the functions at the points x = 0 and x = L will yield the 
following result: 



T= < 



4£(£-^o) 

4e (e - Uq) + sin^ KL 
^ejUp-e) 

I 4e {Uq -e) + U^ sinh^ 



if 



e>U, 



0 



(3.48) 



if ^ <Uq 



The most interesting result concerns the case e <Uq^ that is s/Uq < 1. 

Whereas a particle in classical mechanics cannot go through the barrier, 
we notice in wave mechanics that even in this case the transmission coefficient 
is not zero. If e increases from 0 to C/q? transmission coefficient increases 
from 0 to (l + (C/q ^^/4)) This is the phenomenon tunneling. 
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The lower the height and thickness of the barrier, the greater is the tunnel 
effect. 

lie/U^ > 1 complete transmission is only possible for certain values of 
energy (as may be noticed in the above figure, showing r as a function of 
/ (s:/C/o)), those for which k L = mr, 

3.3 The Square- Well Potential - Resonances 

Let us now consider a square potential well with finite height before going on 
to consider the case of an infinitely deep well: 



U3® 


u ' 
© 


© 

c 




U 2 









b 0 a X 



U{x) = 



Ui for X > a 
U 2 for b < X < a 
for X <b 



with U 2 <u,<u^. 



Case No. 1: U 2 < e < 

The solution is of the following form: 





* 


zone I 




'^{x) = < 


A 2 sin (^2 X + </j) 


zone II 


(3.49) 




^3 * 


zone III 




The continuity of the logarithmic derivative at points x = a and x 


= b will 



lead to the following two equations: 

fcg cot (fca a + (f) = -Xi , 
cot (^2 b + ^p) = Xz- 



(3.50) 

(3.51) 
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In other words, equation (3.50) defines the angle ip with: 

k 



ip — -^2 ^ ^ — + n 7 T n integer > 0 

and (3.51) similarly defines this same angle p: 

- . 1 kt) 

p = —k 2 0 + tan — . 

X3 

If we equate the values of (/?, we obtain: 

n 7T - ^2 (a-b) = tan“^ — + tan“^ — . 

Xi X3 

Then making the following changes of variable: 



(3.52) 



(3.53) 



(3.54) 



L = b — a 



cos 7 = 



1 

> 

II 


and ^ ^ . 


(3.55) 


UI-U 2 

u,-u, 


^ 'TT 

0<7<2. 


(3.56) 



equation (3.54) reduces to 

nn — ^ K L = sin“^ ^ + sin“^ (^ cos 7 ) . (3.57) 

This equation can be solved graphically by looking for the intersection of the 
three straight lines D^\ 

n- — i = y{0, (3.58) 

7T 

with the curve C defined by the equation 

/(O = ^ i + sin“^ cos 7 )) . (3.59) 

We obtain a discrete set of solutions for hence, for the energy e. 
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It is enough for the integer n to be sufficiently small for y{^) and /(^) to 
intersect: 

K L>{n-l)n + j. (3.60) 



Case No. 2 : t/j < e < t /3 

The general solution will take the form 








" X ^i{ki x-\-2(fi>j 


zone I 




'll; = < 


2A sin {k 2 x + (^ 2 ) 


zone II 


(3.61) 




2B ^ 


zone III 





The continuity of the logarithmic derivatives defines the phase through 
the relation 



^1 “ “^1 ^ +tan ^ tan ^fc 2 I/H- tan ^ ’ (3.62) 

whereas the phase (f 2 will be determined by the equation: 

k 

^2 — ~^2 ^ + tan“^ — . (3.63) 

Xs 

Let us assume that U^ - e'> e ~U 2 ^ that is, 

^2 ^ X 3 ? 

^ Xs' 

It is as if the barrier in zone III were infinitely high such that B = 0. 

Let us, for the sake of simplicity, take on the other hand a = 0 and b = —L 
and then set 

= ^ = - 1 C = + l • (3.64) 

By neglecting the term in equation (3.62) becomes: 



ifi = tan ^ tan ^ K Lj - ^ (3.65) 

The continuity of the function makes it possible, on the other hand, to de- 
termine the amplitude: 






V 



2 



r;2 + cos2 L' 



(3.66) 
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The curve yielding ^ shows a series of sharp peaks with width 

4cTj/{K L) which are separated from one another by 27t/{K L). 

In this case, we say that a resonance phenomenon has been obtained. In 
some restricted energy domains (with width of 4r//if L), the intensity of the 
wave in the internal zone is equal to 1. These resonance energies are obtained 
for + l) Outside these zones, the intensity of the wave, that is, 

the square modulus of the wave amplitude is very small. 



3.4 Infinitely Deep Well 



Consider the case of a particle with mass m in an infinitely deep well: 



u 



-L/2 0 L/2 



0 


for 


oo 


for 


oo 


for 



L 

--<x< 

L 

"<-2 

L 

X > — . 
2 



L 

2 



We axe interested in the solution V’ that goes to zero at the edges of the well 
and which, within the well, satisfies the Schrodinger equation: 



(P Ip 
d 



+ e ^ = 0. 



(3.67) 
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If we set = e, then the general solution of (3.53) will take the form 

'll) — A sin k x-\-B cos k x. (3.68) 

The continuity conditions near the well will then lead us to write: 

that is, by expanding the wave functions 

. . k L ^ k L , , k L ^ k L ^ 

A sin + B cos == -A sin + B cos = 0 . (3.70) 

Zi Zd z z 



Case No. 1: 



^ = 0 


and 


r, kL ^ 

B cos = 0 


5 = 0 


is 


a trivial solution 


5^0 


will yield 


kL 

cos = 0 

z 



and then we extract the possible values 

and 
I 

which can be written 



k L 7T 
— =2+"* 



k — (2n H" 1) — 

Jj 



, AT 7T . , , 

k = —— with N odd . 



The solutions are therefore of the type 






N 



Ntt 

cos — — X 



with N odd. 



(3.71) 

(3.72) 

(3.73) 



Case No. 2: 



5 = 0 


k L 

and A sin — 0 




A = 0 


is a trivial solution 


(3.74) 


A^O 


k L 

will yield sin = 0 





imposing the values 



kL 

~Y 



N 7T with N even . 



The solutions are therefore of the type 






N 



. Nn 
sm — — X 



with N even . 



(3.75) 



(3.76) 



Hence, the reduced energy can be expressed in every one of these cases as 

iV2 7t2 „ _ 



-F 
'^N — 



L2 



(3.77) 



N = l,2,...,oo. 
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The energy E is quantized. It can only take discrete values: 

_ N^tt^ 

zt 




(3.78) 



If we consider a particle with mass m in a box of dimensions by Ly by 
the quantization along each axis will yield a (3.78) type energy, giving 
overall 

2m 

whereas the wave function is a stationary three-dimensional wave. For the 
even values of the quantum numbers n^,, n^, and n^, it will be of the form 






(3.79) 



= A sin 



7T 



sm 



7T 



y sm 



7T n. 



(3.80) 



The number of nodes of the eigenfunctions (zeros of the eigenfunctions ex- 
cluding the extremities) increases with the eigenvalue of the energy. It in- 
creases by one unit when we move from one eigenvalue to the next higher 
one. The fundamental has no nodes whereas the (n — l)th excited state 
has (n — 1) nodes. There is a complete analogy here with the stationary states 
of vibrating strings. 



3.5 The Simple Harmonic Oscillator 

In classical mechanics, a particle with mass m subjected to a restoring force 
X is termed a harmonic oscillator. Its oscillatory motion is defined by 
the equation 

j^2 

X = Xq sin (a; 1 4- (Pq) with = — . (3.81) 

Its potential energy V = f x d x can be evaluated as 

V = ^ = ^m Xq sin^ (a; t -h Pq) . (3.82) 

The same is true of its kinetic energy T, 

T = ^m v'^ = ^ m xl cos^ {u; t-\- 



(3.83) 
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and, hence, of its total energy (obviously constant over time): 

T + V = E = ^muj‘^xl [sin^ (u;o ^ {oo t + (p^)] 

= xl = ^ xl. (3.84) 

Let us now determine the solution of the same problem in wave mechanics 
by solving the Schrodinger equation 



cP ip 2m ( 

dx^^ fp \ 2 



'0 = 0 . 



By writing 0(x) as 



0(x) = e F{x) a > 0 



the Schrodinger equation becomes 



F ^ dF \2mF ^ o (, o 

- 4a X — h — 7y 2a + X 4a 

dx^ dx h V 



F = 0, (3.87) 



The parameter a can be chosen so as to eliminate the term in x^: 

(m ^2)1/2 



In addition, let us set: 



2m F 

72 2a = 6 , 



which leaves us with the second-order differential equation 

F , dF , ^ 

- 4a X 3 h 6 F = 0 . 

d x^ dx 



(3.90) 



Let us look for a solution in the form of a series: 



F{x) = Y, 



Op x^ . 



The coefficient of the term in x^ in (3.90) will give 



{p + l)(p + 2) flp+2 - 4a p flp + 6 Op = 0 , 



leading to the recurrence relation 



_ — 6 -h 4a p 

“p+2=(p + i)(p + 2)“p- 



(3.93) 
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The general solution is of the form 







“h di 






L «o J 




«1 J 



(3.94) 



This, however, is not appropriate because it is not square-integrable. To avoid 
this problem, two possible cases are distinguished: 



i) = 0 %^0 b = Aa p p even , 

ii) Uq = 0 7^ 0 b = Aap p odd . 



(3.95) 



The solution for F{x) then reduces to a p-degree polynomial and which 

2 

is the product of the polynomial with ^ , will tend to zero for very large 
X and become square-integrable. 

Using conditions (3.95), the differential Eq. (3.90) reduces to 

(P F dF , , 

— ^ - 4a X h 4a p F = 0 . (3.96) 

d x^ d X 

If we change the variable: 

{2af/^x = U, (3.97) 

the differential Eq. (3.96) becomes 



dP F 
d v?’ 



— 2u 



^ + 2pF = 0. 

d u 



(3.98) 



This is a differential equation whose solutions i?p(u) are the pth order Her- 
mite polynomials 

By normalizing the function, we end up with the following solution: 



^(x) = 2^ p\iP^^ (2a)^/"^ Hp ^x 



(3.99) 



The energy levels can be calculated using the parameter b given in (3.89) and 
relation (3.95): 



6 = 4a p = 



2m E 

rP 



-2a 



and 



2m E 



= 4a 




The energy levels of the harmonic oscillator are quantized as follows: 



. (3.100) 



In wave mechanics, energy cannot be zero because E^^^ = contrary 
to what holds in classical mechanics where a particle at the origin with zero 
velocity, has zero energy. 
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3.6 Periodic Potential Well 

A one-dimensional crystal of identical atoms is schematically represented by 
a periodic potential well of the form 

V (x) = V (x-ha) , (3.101) 

where a represents the distance between two atoms of the crystal. 

The translation operator ^ “ transforms the wave fimction at the 

point X into the wave function at the point x -j~a: 

(x) = il^ {x) == -0 (x -h a) ; (3.102) 

fc is a real number and 0 < fc a < 27 t. 

We introduce the Bloch wave 

u*. (x) = ^ (x) . (3.103) 

It is easy then to write the translation invariance of the Bloch wave: 

Wfe (x + a) = e-* 1 /; (x + a) = e* ^ (x) 

= e“* ® (x) = Uf, (x) . (3.104) 

The Bloch wave is periodic, with the same periodicity as the one-dimensional 
crystal. 

Let us describe the one-dimensional crystal with a Kronig-Penney poten- 
tial: 

+ 00 

V{x) = Vo V^,>0. (3.105) 

n=— oo 

It is a potential with a second-order singularity, implying the non-continuity 
of the derivative of the wave function 0 (x). 

The wave function in the region between two atoms {V (x) = 0) is written 
from the Schrodinger equation as follows: 

t/>(x) = Ae*«* + Be-‘«* with ^ , (3.106) 

h 

whereas the Bloch function becomes 

Wfc (x) = .4 e* + 5 e"‘ ^ (3. 107) 

The periodicity of the function (x) implies that for x = 0 

n, (0) = (a) (3.108) 

and, when combined with (3.107), we obtain the relation 

A + B = Ae^ “ . (3.109) 




98 Chapter 3 One-DimensionaJ Systems 



To match the derivatives ij)'{x) let us use the Schrodinger equation as follows: 

(P 



2m d 



+ E Ip — Vg ^2 ^ {x- na) tp (x) (3.110) 



and integrate each of the terms between —e and +£, bearing in mind that 
because the wave function xj; (x) is continuous, 



/: 



Ip {x) dx ^ 0 if e 



0 . 



(3.111) 



The integration of the second term of the Schrodinger Eq. (3.110) will then 
yield 

^0 J S {x - na) 'Ip (x) (0) if s -> 0. (3.112) 



We then obtain with the first term: 



2m 



d 'ip 

d X 



d 'ip 

d X 



= V,^P{0), 



(3.113) 



This clearly shows that with a singular potential of the Kronig-Penney type, 
the derivative of the wave function ceases to be continuous. 

Equation (3.106) leads to the derivative: 



d 'ip 
d X 



iq -B , 



which gives, as £ tends to zero, 

(fi), ^ " 



0 . 



(3.114) 



(3.115) 



By using relation (3.102) to translate the wave function a distance a, we 
obtain the translation of the derivative: 



that is to say, the derivative at — e can be written 

-ika 



d 'ip 

d X 



= e 



d X 



and by allowing e to tend to zero, we obtain 






(3.116) 



(3.117) 



(3.118) 
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We thus obtain the two continuity equations: 

A + B = Ae^ “ + 5 “ 

1 2 

Vo{A + B) = — iq [A-B-Ae “ + 5 e"* “ 

or, by changing variables and setting, 



^ a - e* “ and (3 = e 



—i {q-\-k) a 



2m K 



a system of two equations and two unknowns, A and B, 

A {1 — a) B [1 — (3) = 0 , 

A (1 - 7 + 7 a) + 5(1 + 7 - 7 /3) = 0 . 
There exists a solution if, and only if, the determinant is zero: 

dt -n 

1-7 + 70 1 + 7 - 7/3 

This imposes the condition: 

27 (1 - a) (1 - /3) + /3 - o = 0 , 

an equation we can write using (3.120) as 



q a —i k a\ 



-iqa _ iq 



2^ (1 - 9 ^ (1 - e"^ k a qa _^iq 

And with a few transformations, condition (3.123) can be written: 

, mVf) a sin qa 

/^/-vo ymyni I 



cos ka = cos qa + 



fr qa 



(3.119) 



(3.120) 



(3.121) 



(3.122) 



(3.123) 



“) = 0 . 



(3.124) 



Because the function cosfca can only be defined between -1 and +1, it im- 
poses the same limits on the right-hand side of the above equation: 



. ^ mV„ a sinqa ^ ^ 

-1 < cosgoH ^ — < 1. 

r qa - 



(3.125) 



Let us depict this result on a diagram, with the periodicity qa of the crystal 
on the x-axis and, on the j/-axis, the cosfca expressed as a function of qa 
using Eq. (3.124). 
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The possible values of the energy are therefore continuous and within allowed 
bands whereas there are a certain number of forbidden bands (the discontin- 
uous bands in the figme). There are an infinite number of energy solutions 
for every value of cos ka: 

E=^q^^f{k) -l<k<+~. (3.126) 

2m a a 

This example provides the foundation for the Kronig-Penny band theory in 
solid state physics. 



4. Semi-classical (W.K.B.) Approximation 



In the last chapter, with the aid of form (2.11), we showed the importance 
of the phase function of the wave function by using a particular form of the 
latter, that is 



W (f, t) = a(f, t) exp 






(3.127) 



In a one-dimensional problem, the wave function of a conservative system may 
be written in a similar manner by using the classical Hamiltonian (1.191): 



^ (x, t) = a {x) exp 



h 



S (x, t) 



= a (x) exp 



-{W {x)-Et) 



(3.128) 

Using the stationary form (3.23) of the Schrodinger equation as the departure 
point, we obtain the following coupled equations: 



'dwV „ ,, , ,, *2 1 a 

^) +2m(£-V' (»)) = « 

m ^ _n 

dxdx^^dx"^ 



(3.129) 

(3.130) 



The functions W (x) and a (x) are functions of the variable x, which enables 
us to obtain a solution for the continuity Eq. (3.130): 



a (x) = const 




= const (VF') . 



(3.131) 



By inserting over this result in (3.129), we obtain a differential equation defin- 
ing the function W (x) in a manner rigorously equivalent to the Schrodinger 
equation: 



3 _ 1 ^ 

4 \W’J 2 W 



= 2m{E-V) + 



(3.132) 
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The separation of Eqs. (3.129) and (3.130), which is possible in the one- 
dimensional case, is impossible in the general case because the continuity 
condition (3.130) becomes 



V-(a2 V1T) = 0. 



(3.133) 



This does not permit the straightforward extraction of the function W from 
the equation generalizing form (3.129): 

(V Wf + 2m{E-V) = . (3.134) 

The semi-classical approximation developed by G. Wentzel, A. Kramers, and 
L. Brillouin, (W.K.B. method), consists in expanding W in increasing powers 
of by setting 

W {x)^Wo + h^ Wi+... (3.135) 

and retaining only the zero-order terms. This means neglecting the terms in 
in (3.132), leaving us the semi-classical result 



dW 
d X 



2 

= 2m(E-V (x )) . 



(3.136) 



Case No. 1: E > V (x) 

The semi-classical solution is easily obtained as 



W {x) = ± 




dx' ^2m {E-V (x')) , 



(3.137) 



leading to a stationary W.K.B. solution: 



^ (x) 



const 

[E-V (x)]i/4 



± ^ y dx' y/2m {E-V (xO) 



(3.138) 



Case No. 2 : E<V (x) 

This zone, prohibited from the standpoint of classical mechanics, has the 
following semi-classical W.K.B. solution: 



- [y (x)""- V/4 \/2"» {V {X') - E) 



(3.139) 



provided that h yj2m {V — E) is small compared to the characteristic dimen- 
sions of the system, that is, compared to variations in the potential V (x). 

The W.K.B. solutions expanded in (3.138) and (3.139) have general va- 
lidity except at the turning point Xq defined by 



V{xo) = E. 



( 3 . 140 ) 
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The procedure for linking semi-classical wave functions is quite elaborate. It 
consists in linearizing the potential V (x) around the turning point Xq with 
a Taylor expansion, and then solving the Schrodinger equation for = 0 in 



Xq, that is: 



2m d 



+ (x - a;o) 






(3.141) 



We follow up by linking this solution to the foregoing W.K.B. solutions by 
adequately adjusting the integration constants. 

The advantage in using the W.K.B. method lies exclusively in yielding of 
the behavior of solutions far away from the turning points. It is a method 
widely used with simple systems as well as in quantum cosmology. 




Chapter 4 
Dirac Formalism 



All physical theories may be considered as comprising three parts: 

1. the formalism 

2. the dynamical laws 

3. the correspondence rules. 

The formalism is the set of symbols and inference rules for formulating hy- 
potheses and propositions which, upon application, yield other symbols and 
inference rules, and so on. The primary concepts underlying the formalism 
are those of physical states and observables. In a classical system, the state 
of the system is the set of all the trajectories followed by all the material 
points constituting the system. The formalism used may be that of analyt- 
ical mechanics based on Hamilton’s variational principle and leading to the 
different formulations described in Chap. 1. In the general relativity theory 
of gravitation, on the other hand, the state of the system is constituted by 
the space-time geometry determined from the system’s physical content. The 
formalism employed is that of tensor analysis and Einstein’s law is used to 
link the space-time curvature to the physical content, matter or radiation. 
The notion of state is more abstract in quantum mechanics and rather refers 
to a mathematical space vector with certain well-defined properties, that is, 
a Hilbert space. The observables here will be the symbols associated with the 
experimental procedures for measuring such observables and will be linked 
to special mathematical entities, hermitian operators, acting in the Hilbert 
space. This formalism, introduced by the English physicist P.A.M. Dirac, has 
been termed the Dirac formalism. It is also called the first quantization for- 
malism because of the existence of two other formalisms which take different 
points of view but which, nevertheless, lead to the same results. The great 
advantage of the Dirac formalism is that it makes very explicit the relation- 
ship between the abstract Hilbert space and the true physical space in which 
we live. 

By projecting the quantum states of the Hilbert space onto the states of 
the true, or configuration, space and by simply introducing the correspon- 
dence principle, we obtain a wave function, the wave mechanical function, 
obeying the Schrodinger equation. The second quantization formalism as- 
sumes that physical states, vectors of the Hilbert space in the first formalism. 
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have all been taken into account and that it is only a question of indicating 
whether one of the states is empty or occupied. Using a vacuum quantum 
state I 0), which must be clearly distinguished from the vacuum as absence of 
matter with which we are familiar, it is possible to fill certain quantum states 
using creation operators acting on this vacuum. Conversely, it is possible to 
destroy some occupied states and empty them of their content by using other 
operators. This formalism, essentially based on an operator algebra, permits 
in particular the description of physical systems with many quantum states, 
e.g. atoms and nuclei, and, in particular, to easily take into account a founda- 
tional principle in particle physics, namely, the Pauli exclusion principle. This 
second formalism of quantum mechanics will be discussed in Chap. 16. The 
third quantization formalism is gaining in importance, especially in quantum 
field theory. It was first formulated by Feynman and is based on a conjecture. 
The wave function at a point x' and time t' is dependent on the knowledge of 
the wave functions at an earlier instant t at every point in spaee as well as on 
a function propagating the wave function from a particular point at instant t 
to another at instant f > t. This result, for example, proceeds directly from 
the Dirac formalism. Feynman’s conjecture enables us to calculate the prop- 
agator between two instants and two infinitely close points from the classical 
phase shift function exp {i S/h) with a normalization adjusted to the wave 
function of a free particle. This permits one to directly obtain the phase shift 
function which is of prime importance as already shown in Chap. 2. We no- 
tice, however, that these three formalisms lead to the same result and are all 
based on Dirac-style quantization. 

Dynamical laws are explicitly time-dependent mathematical relations (dif- 
ferential equations, integral equations, or analyticity conditions) that must 
satisfy the basic elements of the formalism. The dynamical laws of classi- 
cal mechanics are Newton’s, Hamilton’s, and Poisson’s equations. In general 
relativity, the dynamical law is contained in Einstein’s equation, expressed 
in a four-dimensional space-time and, hence, including time evolution. In 
non-relativistic wave mechanics, the dynamical law is the time-dependent 
Schrodinger equation introduced artificially in Chap. 1 to justify the classical 
limit of the solution. The Dirac formalism permits us to obtain the dynamical 
law either by allowing the evolution of quantum states and leaving the op- 
erators for transforming these states invariant (this is Schrodinger’s point of 
view), or by fixing the quantum states and then causing the operators associ- 
ated with the dynamical states to evolve (the latter is the completely different 
point of view adopted by Heisenberg). Heisenberg’s point of view is naturally 
that adopted by the second quantization whereas, using Schrodinger’s picture 
as departme point, the third quantization includes the evolution of the wave 
function in the propagator itself. No matter which point of view is adopted, 
we end up with the expected values of the operators, i.e., measurable quan- 
tities. This problem is due to the special role assigned to time in quantum 
mechanics. 
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In non-relativistic quantum mechanics, time is absolute and universal, 
and is used to measure the evolution of our observations during our lifetime 
as observers. Special relativity theory introduces a local time, specific to each 
observer and thus eliminates the notions of absolute time and instantaneous 
interactions. In this way, it transforms time into one of the four coordinates 
defining the position of particles in space and in time. General relativity 
theory does not discard the space-time concepts of special relativity but it 
also needs a reference time for describing the evolution of the Universe. It 
therefore introduces a cosmic time associated with the co-moving coordinates, 
that is a parameter for defining the “Universal scale factor” for any observer 
whatsoever. In non-relativistic quantum mechanics, time is introduced as 
an observable analogous to position although it is in actual fact not one. 
The position of a particle is, in fact, the eigenvalue of the hermit ian operator 
associated with the position obeying the rules defined by quantum mechanics, 
and the conjugate variable is the momentum, such that there is an uncertainty 
relation between these variables. Time is not an observable because it is not 
an eigenvalue of a hermitian operator. There is, however, an uncertainty 
relation between the conjugate variables energy and time. This peculiarity of 
the role of time in non-relativistic quantum dynamics is a great problem in 
the quantum physics of systems under observation because measurement is 
always made with a classical apparatus for which the notion of time or, more 
properly speaking, of time intervals is empirical although conceptually easy 
to apprehend. The problem becomes more serious when we turn to quantum 
cosmology which deals with the wave function of the Universe just after 
its creation by the Big Bang. The Universis wave function deriving from 
quantum cosmology is time independent whereas the observable Universe 
is quite naturally time dependent. The interpretation usually proposed is 
that the very existence of an observer reduces the total wave function of 
the Universe to that part describing the world observed by him. This is the 
position of the Copenhagen School, a position whose foundations have been 
shaken by the transition from classical to quantum physics. We will return 
to this point in connection with quantum dynamics and the density matrix 
and in quantum cosmology. 

Finally, correspondence rules assign an empirical meaning to some objects 
or symbols used in the formalism. Correspondence rules in classical mechanics 
draw on a direct intuition that oiBFers no option of interpretation. In general 
relativity theory, the effect of gravitation on all physical laws is introduced via 
the principle of co-variance. These laws are, in fact, correspondence rules for 
dealing with gravitation by replacing Minkowski space-time with a Riemann 
space- time and ordinary derivatives with co- variant derivatives. In quantum 
mechanics, correspondence rules make it possible to write the operators as- 
sociated with observables in the configuration space and, hence, to go from 
the Hilbert physical space to the true space. These rules define correspon- 
dence between the Poisson brackets of the functions of the observables of 
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classical mechanics and the operator commutators associated with these ob- 
servables in quantum mechanics, or directly between the variables associated 
with these observables of classical mechanics and the corresponding operators 
in quantum mechanics. The correspondence principle of quantum mechanics 
can lead to different interpretations of the mathematical objects it induces. 
This accounts for both the difficulty and the conceptual richness of this new 
physics. 



1. Postulates of Quantum Mechanics 

The dynamical law and the correspondence principle of quantum mechan- 
ics will be treated in the next chapter. In the meantime, let us attempt a 
description of the Dirac formalism of quantum mechanics. It rests on four 
postulates. 



Postulate No. 1. The state of a given physical system at any given instant 
is defined by the data of a ket | -0 (to)), termed quantum state and belong- 
ing to a linear complex vector space with a decomposable (separable) and 
complete scalar product, the Hilbert space H, 



Postulate No. 2. Any measurable physical property A is described by a 
Hermitian operator A, termed observable and acting in 7i. 

It is thus possible to associate with the position of a particle the position 
operator Xj {j = 1,2,3 = x^y^z), and with its momentum^ the operator p^. 

The space of the states H is totally characterized by the knowledge of 
all the algebraic relations between the members of the complete set of linear 
operators acting in H. This set is such that none of its members can commute 
with all the others but, rather, only with multiples of the identity operator. 

Commutation relations [xj^ [p^-, p^] and [x^-, p;.], for example, to- 
tally characterize the space of the states of a particle without internal variables 
(spin, electric charge, etc.). 

Postulate No. 3. The measurement of a physical property A can only yield 
one of the eigenvalues of the corresponding observable A. 

If I n) is the non-degenerate eigenstate of a Hermitian operator A associ- 
ated with the observable A, the observable eigenvalue a^ will be determined 
by the characteristic equation: 

A\n) = a„ I n) . 
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Postulate No. 4. If we measure the physical property .4 of a system in 
a normalized quantum state | ^), the probability P (a„) of obtaining the 
eigenvalue a„ of the observable A associated with A for a non-degenerate 
eigenstate | n) of ^4 will be equal to; 

Pt K) = I ( n 1 V>) P • 



2. Dirac Formalism 

2.1 Ket Vectors 

To every dynamic state is associated a contra- vector or ket vector (or, simply, 
ket) written | ). This is Dirac’s notation. 

The labels (continuous or discrete) characterizing the dynamical states 
are inserted in the ket. 

Kets combine to form a vector space written 

I Ui) e i and I ^ 2 ) 6 C 

Every linear combination of these kets also belongs to the vector space 

Ai I u^) -f A 2 I U 2 ) G i (4.1) 

We can thus define a ket dependent on a continuous index in some domain 
(x^, X 2 ) by writing the integral 

nXi 

\w)= A (x) I x)d X. (4.2) 

Jx2 

It is further postulated that the space Os a Hermitian positive (see Sect. 
2.3) and separable or, rather, decomposable Hilbert space, that is a complex 
space with the following characteristics: 

- vectorial ifaG^ b e ^ a-\-b e ^ 0 + x = x lx = x 

- unitary it is possible to define an inner product in ^ 

- normalized the scalar product of an element with itself is positive 

- complete any normal Cauchy series converges in ^ 

- separable there is a denumerable orthonormal base in ^ 

Care should be taken not to give separability the same meaning in physics 
as in mathematics. Separability in physics has to do with the independence 
of an object with respect to its components. The motion of a system is said to 
be separable into its variables if the equation corresponding to each of these 
variables (e.g. the motion of the center of mass and relative motion) can be 
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made uncoupled. In mathematics, on the other hand, a space is considered 
separable if it can be decomposed into direct sums of the subspaces ^ = 
Cl 0^2 ® 

Thus, to every pure quantum state will be associated a corresponding ket 
I u) belonging to the Hilbert space, with a denumerable (finite or infinite) set 
of linearly independent base vectors spanning such a state. 



2.2 Bra Covectors 

To every vector space C can be associated a dual covector space C* such that 
the product of any element of the vector space with any element of its dual 
space is an scalar quantity. 

Covectors (or bras) are written as (x |, and are vectors of the dual space 
C*. To every vector | u) of C can be associated (x | such that (x | u) is a 
scalar product. Thus, we will say that a covector is zero: 

(0 I = 0 if V I u) {6 \u) =0 (4.3) 

and that two covectors are equal: 

(01 1 = (02 I if V I u) (01 I u) = (02 I u) . (4.4) 

The space ^ and its dual, are of the same dimension, that is, they have 
the same number of linearly independent bra vectors (or covectors). 

We show that there is a one-to-one correspondence between the vectors 
of ^ and the vectors of Such vectors are said to be mutually conjugate 
and {u I, the conjugate of | u), will be written: 

1 u) G ^ is the conjugate of (u [ G . 

The correspondence between the ket vectors and the bra covectors is antilin- 
ear, that is, if 

\u) = Ai I Ui) + A 2 I W 2 ) in ^ > (4-5) 

(u I = Ai(ui I + A 2 (u 2 I in C, (4.6) 

where and A 2 are complex conjugates of A^ and A 2 . 

2.3 Inner Product 

An inner, or scalar, product on a complex vector space ^ (that is, one based 
on the complex munbers C) is a definite positive Hermitian form. 

By Hermitian form, we mean a mapping of the set ^ (g) ^ into the set C 
of complex numbers which, to every vector pair (xy), associates a complex 
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number written {x | y) such that the following conditions are satisfied: 
{x\ay + 13 z) = a{x \ y) + 0{x \ ^ C 



{x I y)* = (y I a:) . (4.7) 

A Hermitian form is said to be positive if the norm (x | x) > 0 V x G 
On the other hand, it will be said to be positive definite if (x | x) =0 implies 
I x) =0. 

We obtain from properties (4.6) and (4.7) the relation 

{ay+(3z\x) = a*{y \ x) + p*{z | x) . (4.8) 

Two vectors | x) and | y) are said to be orthogonal if {x \ y) = 0. More 
generally speaking, two sub-sets, F and G, contained in ^ are orthogonal if 
X _L 2 / for any x e F and y e G. We therefore note that F ± G implies: 



(x I 2 /) = 0 V I x) G F and \ y) e G . (4.9) 



It should be noted that two orthogonal subspaces cannot have non-zero vec- 
tors in common because their norm as well as the vector itself would be 
zero. 

The orthogonal subspace is termed the complementary subspace of 
It can be shown (see (4.60) below) that any vector of ^ can be described 
in one and only one way, as the sum of a vector | U]*-) G and a vector 
I Ui) G orthogonal to | u^): 



I u) = I Ui) + I , 

(til I Wi”) =0 with ^1 ± . 



(4.10) 



2.4 Schwartz’ Inequality 

On a complex vector space a positive Hermitian form satisfies Schwartz’ ine- 
quality 

I (a; I y) p < (x I x) (y I t/) V I x) and | y) . (4.11) 

The definition of a positive Hermitian form (Sect. (2.3). above) can, in fact, 
be used to set 

(A X + 2 / I A X -h 2 /) > 0 I x) and \ y) ^ ^ and A G C. (4.12) 
Using (4.5) and (4.6), this will be written as 

AA* (x|x)+A* (x|2/)-fA(x|2/)* + (2/|2/) > 0. (4.13) 
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We introduce the following form of the parameter A: 

I y) 



X = t 



where t G 



I y) I 

to transform Eq. (4.13) into 

{x \ x) + 2t {x \ y) + {y \ y) > 0 V t € 



(4.14) 



(4.15) 



This inequality is satisfied if the reduced discriminant of the second-order 
equation in t is negative, that is, if 



\ {x\y) f - {x\x) {y\y) < 0 . 
This leads to Schwartz’ inequality: 



{x I y) < {x\ x) {y I y) 



(4.16) 



(4.17) 



The equality can only hold if the vectors | x) and | y) are proportional: 

\x) =X\y). (4.18) 



2.5 Operators 

If to every | u) G ^ can be associated | ^;) G then we say | v) is obtained 
by the action of the operator A on \ u): 

\v) =A\u). (4.19) 

If the vectors of ^ are normalized, then the operator A can be formally written 
as: 

A=\v){u\ (4.20) 

as can be seen with definition (4.19). 

Because the space ^ is a linear vector space, A is linear and, therefore, 
has the following properties: 

i) Nullity 

A = 0 if V I u) I i;} = A I u) = 0 
This can also take the following form: 

{u\A\u)=0 V I u) G ^ (4.21) 



ii) Equality 
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iii) Sum 

commutative A + B = B -{■ A (4.23) 

associative A + B + C = A + {B + C) (4.24) 



iv) Product 



associative 
distributive with 
respect to the sum 
non-commutative 



ABCD = A{BC)D (4.25) 

A{B-\-C) = AB-\-AC (4.26) 

AB ^ BA and [A, B] = AB-BA^0 (4.27) 



Let us note some useful relations involving the commutator of operators A 
and B : 

[XA,B]= X[A,B] 

[A,B] = ~[B,A] 

[A,BC] = [A,B]C + B[A,C] 

n—l 

[A”, 5] = [A,B]A^-^-^ 



v) Inverse 

l{\ v) = A \ u) and \ u) = B \ v) 'i \ u) and | i;) G ^ operators A and 
B are mutually inverse: AB = BA = 1. We will therefore write B = A~^ 
and then observe that 

\ v) = A \ u) and | u) = A~^ \ v ) . (4.29) 

It should be noted that the inverse of a product is equal to the product of 
the inverses: 

(PQ)-I = p-i (4.30) 

given that {PQ){PQ)~^ = 1 and by left-multiplying by we obtain 

with (4.26), relation (4.30). 



2.6 Example of Application 

Show that two operators A and B which do not commute with each other but 
conunute with their commutator [A, B] verify the Baker-Campbell relation. 

exp(A) exp(B) = exp + S + ^ [A (4.28) 

Hint: Start with the function f{x) = exp(xA) exp(xB) and determine the 
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first derivative df/dx in the form 

^ = {A B) exp(xA) exp{xB) + [exp(xA), J5] exp(xB) 

and show that [exp{xA)^B] = x [A^B] exp{xA) leads to the first-order dif- 
ferential equation 

^^{A + B + x[A,B]) fix) 
giving after integration the Baker-Campbell relation. 

2.7 Adjoint Operators 

Assuming that the operator A acts in the space what is its action in the 
dual space ^*? 

Consider the bra (x | of the dual space and the ket A \ u) of the space 
This defines the inner product {x \ {A \ u)). We can operate in the same 
manner for every vector | u), that is, in the final analysis, define some bra {rj \ 
which, multiplied by | u), leads us once more to the inner product (x | {A\u)): 

{il\u) = {x\iA\ u)) . (4.31) 

We can therefore associate a bra {rj | to every bra (x | through the action of 
an operator B by noting: 

{rj\ = ix\B and (x I ^ T • (4.32) 



& 



Thus, by knowing the action of A in we also know the action of B in 
If we set 

(4-33) 

I T]) will be antilineaxly dependent on (x |, hence, linearly dependent on | x)- 
Operator the transpose of B, will be defined by the relation 

I r?> = I x) • (4-34) 

It goes without saying that if B = 0 B~^ = 0 and vice versa. 
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Now, let us use (4.7) in Sect. 2.3 above to write 

{t\v) = {v \ t)* . (4.35) 

Using relations (4.33) and (4.34): 

I i;) = \ u) and (i; | = {u \ (4.36) 

the first term of (4.35) reduces to 

{t \ v) = {t \ A~^ \ u) , 

and the second to 

{v\ty = {v\A \ ty . 

This gives the defining relation for the operator A'^ acting in the space if 
A is acting in the dual space 



{t \ A~^ \ u) = {u \ A \ ty V I u) and | t) G ^ 



(4.37) 



The operators A and A~^ are said to be mutual transposes or adjoints and 
the following fundamental properties should be noted 





(4.38) 


(c A)^ = c* , 


(4.39) 


{A + 5)+ = A+ + B+, 


(4.40) 


= B+ A+ , 


(4.41) 


II 


(4.42) 


( 1 = (« 1 • 





Note, in particular with (4.41), that the transposition of an operator product 
reverses the order of the operators. 

Thus, to transpose any expression whatsoever, the order of notation of 
the different symbols needs to be reversed and then replaced as follows: 



i) numbers with their complex conjugates 

ii) kets with bras and vice versa 

iii) operators with their transposes 

Thus, for example, the adjoint (or transpose) of the following expression will 
be written: 

{Ab \ c) {w \ k)'^ = k* \ w) {c \ b* A~^ 

An operator is said to be Hermitian if it is equal to its adjoint: 

H = H^. (4.43) 

An operator is said to be unitary if its adjoint is equal to its inverse: 



u^ = u-\ 



(4.44) 
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2.8 Eigenvalues and Eigenvectors of Hermit ian Operators 
a) Definitions 

The complex number a is said to be the eigenvalue of the operator A corre- 
sponding to the eigenvector (or eigenket) | u) if 

A \ u) = a \ u) , (4.45) 

Eq. (4.45) is termed the eigenvalue equation of the operator A. It is easily 
noticed that if | u) is the eigenvector of A, then any ket A | u) is also an 
eigenvector of A^ since 

A {X \ u) \ = X A \ u) = X a\ u) = a (A | u)) . (4.46) 



b) Degeneracy 

If there are several linearly independent eigenvectors corresponding to the 
same eigenvalue a of an operator A, then any combination of these eigenvec- 
tors is also an eigenvector of A corresponding to the same eigenvalue a. This 
is easily demonstrated, for if by hypothesis 



A\Ui) a \Ui) 'ii, 


(4.47) 


and we set up the linear combination 




II 

M 


(4.48) 



i 



the following result is easily obtained: 

A\u) = \ A I Ui) = Ai a I Ui) 

i i 

= a 5]^ Ai I Ui) =a\u) 

i 

which yields the following eigenvalue equation: 

A \ u) = a \ u) . (4.49) 

Thus, the set of eigenvectors of A constitutes an A^-dimensional vector space 
(considering that there are N linearly independent vectors | u^) in ^^). 

If AT = 1 the eigenvalue is not degenerate. There is only one eigenvector cor- 
responding to the eigenvalue a. 

If N ^ 1 the eigenvalue is degenerate and N is the order of degeneracy of 
the eigenvalue a. This then means that there are N eigenvectors 
corresponding to the eigenvalue a. 
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c) Reality 

If the operator A is Hermitian, then its eigenvalue a is necessarily real. This 
can be demonstrated by using definition (4.49) as departure point and by 
multiplying the two terms of the bra {u |, leading to the eigenvalue: 



{u \ A \ u) 
{u I u) 



(4.50) 



Operator A is Hermitian, A~^ = A, and by transposing (4.49), 



{u \ A = {u \ a* ^ 



we obtain, by multiplying the eigenvalue a* by the ket | u): 

* (u \ A \ u) 

a = - ^ . 

\u I u) 



(4.51) 



If we compare (4.51) and (4.50), we naturally obtain the condition 



a = a* , 



(4.52) 



demonstrating that the eigenvalue of a Hermitian operator is a real. 



2.9 Orthogonality 



To any two different eigenvalues of a Hermitian operator correspond two 
orthogonal eigenvectors. In effect: 

A \ u) = a \ u) and {v \ A \u) = a{v \ u) 

A \ v) = b \ v) and {v \ A= {v \ b 

and, following multiplication by | u) of the last of these equations, 

{v \ A \ u) —b{v\u). (4.54) 

The term-by-term difference between (4.53) and (4.54) thus leaves us with: 

{a — b){v\u) = 0 . (4.55) 

U a ^ b, {v \ u) =0 and thus | v) and | u) are orthogonal. This proves the 
theorem. 
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2.10 Projectors 
a) Definition 

Consider an operator A with an eigenvector | a) corresponding to the non- 
degenerate eigenvalue a and the operator = | a) (a | termed the projector 
onto the subspace of the eigenvalue. 

Let us assume that the vector | a) is normalized, that is, 

(a I a) = 1 . (4.56) 

The projector has two characteristic properties: 



i) P^ is Hermitian P^ : 


II 






II 


and P+ = (| 


11 


(4.57) 


II 


II 


1 a) (a 1 a) {a | 


II 

II 


(4.58) 



Generally speaking: 

The only necessary and sufficient condition for a Hermitian operator P to be 
a projector is that it satisfies the condition = P. 



b) Eigenvalues 

What are the possible eigenvalues p of a projector P? 

p\p) =p\p). 

If the operator P is applied again, we obtain 

p^\p) 



and by calculating the term-by-term difference of the foregoing equations: 
(p2-p) Ip) =(p2-p) Ip) =p(p-i)|p). 

However, P^ - P = 0 and | p) 7^ 0 by definition, implying 



p(p-l) = 0 . 



(4.59) 



an equation with 0 and 1 as roots. 

The only possible eigenvalues of a projector are, therefore, the real num- 
bers 0 and 1. 
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c) Projection Space 

It is easily noted that any vector whatsoever in the Hilbert space can be 
decomposed as 

I li) = P \ u) + {1 - P) \ u) , (4.60) 

and the vectors P | u) and {1 — P) \ u) are orthogonal since 

{u \ P {1 - P) \ u) = {u \ P‘^ — P \ u) = 0 . (4.61) 

i) The ket P | is the eigenvector of P corresponding to the eigenvalue 1, 
since we can write 

P {P\u)) = P‘^ \u) = P\u) = 1 (P I u )) . (4.62) 

ii) The ket (1 -P) | u) is the eigenvector of P corresponding to the eigenvalue 
0 , since 

P ((1 - P) I u) ) = (P - p2) I u) ^ 0 = 0(1 -P)\u). (4.63) 

Now, if we return to the projector P^ on the subspace we notice that 
Pa — I I is projector onto the (one-dimensional) space whereas 
1 — P^ = 1 — I a) (a I is the projector onto the space orthogonal to 
The projection of | u) onto will hence be noted: 

I “a ) =Pa\u) = I a) (a I u) . (4.64) 

Since (a | u) represents a number c= {a \ u), we arrive again at the fact that 
I u^) = c I a), i.e., that the projection of any vector | u) whatsoever onto 
the one-dimensional subspace implied by the base vector | a) is necessarily 
proportional to this vector. 



d) Projector onto an iV-Dimensional Space 

Consider a set of N orthonormal vectors | e^) | 62 ) . . . | e^) spanning an 
AT-dimensional space 

(e^ I Cj) = orthonormality. (4.65) 

The projector of the space will be 

N 

Pn = Y.\ ei) (e, I . (4.66) 

i=l 

It is easily demonstrated that relations (4.57) and (4.58) make Pn a projector 
since Pjsf — Pn ~ 
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e) Three-Dimensional Space 

The projector onto a three-dimensional space is written 

3 

Pz = J2 |e,)(e,|. (4.67) 

i=l 

The imit vectors 62 ? ^3 along the coordinate axes are easily identified 

with the basis vector | e^), | 62 ), and | 63 ) by setting 

(i = 1,2,3 =^x,j/,2). (4.68) 

Orthonormality relations (4.65) therefore show that the axes Ox^ axe orthog- 
onal and that the basis vectors are unit vectors: 

\^j) = e - = ^ij J = 1, 2, 3 . (4.69) 

The projector P 3 onto the three-dimensional space will determine the compo- 
nents of any vector whatsoever on each of the coordinates axes. If the vector 
V is decomposed into its components, we have 

[ 616363 ] X 2 . (4.70) 

i L^3. 

It is clear that the orthonormality of the base vectors will yield an expres- 
sion for the components of the form 

X, = V-e,. (4.71) 

Now, let us use the Dirac notation for the Hilbert space vector | V) and set 

V = P3lV) =E |e*)(e,|V) (4.72) 

i i 

By comparing expressions (4.70) and (4.72), we arrive once more at the 
components of the vector: 

X^^e,-V = {e,\V). (4.73) 

We further notice that the base vector line constitutes the base S: 



S — [e^ 62 63 ] — [ I ^ 1 ) I ^2) I ^3) 1 ’ (4.74) 

whereas the elements of the projection colrnnn are the components along the 
coordinates axes: 



r^i 

^2 

L^3 



e,.V 

€o-V 

e,-V 



(ex I 

(^2 I V) 



(ea I 



(4.75) 
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The projection of the vector V onto the base S will yield the column X, that 
is, 

V = SX, (4.76) 

The vector | V) is said to be projected in the space ^ 3 , that is the ket | V) 
has been represented in the base {ej. The above results can naturally be 
generalized to an AT-dimensional space. 



3. Observables 

During an observation, the observer measures the value of a dynamic variable 
at a given instant. The ensuing result is necessarily a real number. It will 
therefore be assumed that the result of a measurement is none other than 
the eigenvalue (real value) of a Hermitian operator representing the dynamic 
variable in question. 

If the dynamical system is associated with an eigenstate | a) of a dynamic 
variable A (represented by a Hermitian operator) corresponding to the eigen- 
value a, then the measurement of A will necessarily result in the number a 
and vice versa. 

In other words, if A\ a) = a | a) is a pure state (that is, a non-degenerate 
state), the eigenvalue a will be obtained in the form 

(^) = a = / I • 4.77 

\a \ a) 

This represents the measurement of the dynamic variable A. This is the mean 
value of the Hermitian operator A with only one associated eigenvector | a). 
If there are several eigenvectors | n) corresponding to different eigenvalues 
and any state whatsoever can be expressed with respect to the states 
I n), then the vector series | n) constitutes a complete basis if all projection 
subspaces taken together cover the Hilbert space of the states: 

A = A'^ and A \ n) = \ n) . (4.78) 

The orthonormal and linearly independent vectors | n) will be mathematically 
said to form a complete orthonormal basis if they obey the following two 
fundamental relations: 



orthonormality 


(n 1 n') = 


closure 


II 



(4.79) 



The identity operator has been noted 1 . This is because, when applied to 
I u), it returns us to | u). 




120 Chapter 4 Dirac Formalism 



The completeness relation (4.79) shows that any vector | u) can be written 
as a linear combination of the base vectors | n) since 

I u) = 1 1 u) =Y, \n) {n\u) = J]] c„ I n) , (4.80) 

n n 

with c^ = {n \ u)^ the projection of | u) onto | n). 

With the fourth postulate of quantum mechanics, the probability of ob- 
taining the eigenvalue will be 

Pn= I I W> 1^ = I P , 

and the expectation value of an operator A will b 

(^> Pn {n \ A\n) = ^ I (n I u) |2 (n I ^ I n) . (4.81) 

n n 

This can be written by expanding the square modulus and using the eigen- 
value Eq. (4.78) and the completeness relation (4.79): 

{A) ={u\A\u). (4.82) 

The expectation value of the observable A is independent of the basis used. 
It depends solely on the current quantum state | u) of the observable. 

By observable, we mean any physical quantity that can be represented by 
a Hermitian operator whose projection subspaces yield a sum that covers the 
entire Hilbert state space. The set of eigenvectors of this Hermitian operator 
therefore constitutes a complete system. 

If the operator A, which is Hermitian {A = ^“^), has the series 
of discrete eigenvalues (this reasoning is also tenable if these eigenvalues are 
continuous), will be termed subspaces relative to these eigenvalues and 

the projectors onto the subspaces. 

If the eigenvalues are not degenerate, each subspace will be a one- 
dimensional subspace and the projector P^ of the form \ n) (n |. If the eigen- 
values are r-fold degenerate, 

A\nr) = I n r) , (4.83) 

the subspaces will be r-dimensional and the projectors P^ of the form 

= I ^ i • (4-84) 

r 

The dynamic variable represented by the operator A is an observable if the 
following conditions are fulfilled by its eigenvectors: 



(n r I n' r') = 6„„, 6^^, 
\ n r) {n r \ =1 

nr 



orthonormality 

closure 



(4.85) 
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The operator A can be expressed in terms of its eigenvectors | n r) and the 
corresponding eigenvalues since definition (4.83): 

A\nr) = a^\ n r) 

multiplied by the conjugate bra gives 

A\nr){nr\ = a^\ n r) {n r \ , 

and summing over the subscripts n and r yields 

A \ n r) {n r \ = ^ | n r) (n r | . 

nr nr 

The completeness relation (4.85) thus defines the expression for the operator: 

A = ^ I n r) a„ (n r I . (4.86) 

nr 

This form readily leads to the expectation value (4.81): 

(.4) = (u I ^ I ti) = (u I n r) a„ (n r I u) (4.87) 

nr n 

with the probability taking the value 

Pn^Y^ \{nr\u)\^. (4.88) 

r 

Hermitian operators with a continuous spectrum of eigenvalues play an im- 
portant role in the projection of the Hilbert space onto continuous space, the 
configuration space or phase space. We will return to this in greater detail in 
the next chapter. In the meantime, let us simply add that the orthonormality 
relations (4.85) replace the Kronecker symbol with a Dirac delta function* 
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and that the summation over the quantum numbers n is replaced with an 
integration: 

X = and X \ x) = x \x) ^ 

{x\x') = 6 {x-x'), 

x) dx {x \ = 1 . 

If the variable x defines the position of an A^-dimensional space, the Dirac 
function (5^^^ {x—x') will also be defined in the same space, and the integration 
will involve an element of this space with volume d^x. 




4. Complete Set of Compatible Observables 

If two observables, A and J5, commute, they are said to be compatible ob- 
servables 

[AB]=0, (4.90) 

and if | a) is the eigenvector of A corresponding to the eigenvalue a, then 
5 I a) is also the eigenvector A corresponding to the same eigenvalue a. It 
should in fact be possible to write 

0 = {AB- BA) \ a) =AB\a)-BA\a) 

= AB \ a) - aB \ a) 

which corresponds exactly to the eigenvalue equation 

A {B \ a) ) = a {B \ a) ) . (4.91a) 

Similarly we can write 

B{A\b)) = b{A\b)), (4.91b) 

that is, we can construct a vector | ab) which is an eigenvector common to 
the conunuting operators A and B: 

A \ ab) = a \ ab) and B \ ab) = b \ ab) , (4.92) 

and by applying operators A or B, we obtain 

AB I ab) = ab \ ab) and BA \ ab) = ba \ ab) . (4.93) 

Because the eigenvalues are real numbers (for Hermitian operators) in the 
commutation relation, we infer that 

[A,B] \ab) =0. (4.94) 

More generally speaking: 

A series A, B, C of observables constitutes a complete set of compatible 
observables if the observables commute two by two. Such a series has one, 
and only one, conunon base system. The determination of the Hilbert space 
is therefore conditioned by the knowledge of the complete set of compatible 
observables acting in this space. 
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5. Heisenberg’s Uncertainty Relations 

Heisenberg’s uncertainty relations derive directly from the correspondence 
principle, that is, the commutation relations between two canonically conju- 
gate variables A and B, and from Schwartz’ inequality inherent in the Hilbert 
state space in which these operators are defined. 

Consider two canonically conjugate operators A and B, i.e., variables 
satisfying the commutation relation 

[A,B] = ih. (4.95) 

Let us introduce the standard deviation into the measurement of these ob- 
servables: 

A = A-(A) and B = B-{B) (4.96) 

which yields the same commutation relation between A and B since (A) and 
(B) are expectation values and, hence, scalar quantities commuting with the 
operators A and B: 

[A,B] = ih. (4.97) 

The mean square deviations are the expectation values of the squares of the 
standard deviations and, hence, will be written as follows: 

{A^) = ~{A)\ 

{ABf= 0^) = {B^) -{Bf. 

Now, let us apply Schwartz’ inequality (4.17) to the vectors | x) 
and I = B \ u) of the Hilbert space: 

\ {u \ A B \ u) < {u \ A^ \ u) {u \ B'^ \ u) , 

or, by introducing the expectation values with relation (4.82), 

I (i B) p < (i^) (^2) . 

Let us separate the product A B into a Hermitian part ^{A B B A) and 
an anti- Hermitian part ^{A B — B A) = h and then expand its square 
modulus: 



(4.98) 

= A \ u) 

(4.99) 
(4.100) 



A B B A i Ti 
2 T 



{AB + B A) 



+ T- 



(4.101) 



Using (4.98) and (4.101), Schwartz’ inequality (4.100) then reduces to 



{A B + B A) 



+ \ < {A Af {A Bf , 



2 



(4.102) 
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and because the sum of the two positive terms is necessarily greater than 
each of them, we obtain the following inequality: 

1 2 

{AAf {ABf > — . (4.103) 

This leads to Heisenberg’s uncertainty relation: 



AA AB > ^ 
- 2 



(4.104) 



which is simply the mathematical formulation of Schwartz’ inequality, as 
obeyed by two canonically conjugate operators, A and B. 

This is the case, for example, of the position operator and the mo- 
mentum operator Pj associated with the position and momentum observ- 
ables. They satisfy the commutation relation [x^, p^] =ih 6^^. This leads to 
Heisenberg’ uncertainty relations of the following type: 



Ax Ap^ > 



h 
2 ■ 



(4.105) 



Now, let us return briefly to a point made in Chap. 1, i.e., that the time and 
energy variables, t and E respectively, which are not Hermit ian operators 
and, hence not observables, satisfy the commutation relation [t,E] = i h. 
The energy E is the eigenvalue of the Hermitian operator ff, whereas time is 
a parameter introduced a priori to describe the evolution of the system. Is this 
time the proper time of the reference frame associated with the observer or 
the proper time associated with the reference frame of the particle in motion? 
Yet, reference is constantly made to the uncertainty relation (see Chap. 2) 



A E At ^ h 



linking the width of a wave packet with an energy uncertainty A E to its 
mean lifetime A t. We will return to this point in the discussion on time- 
dependent perturbations and give the answer to the above question in the 
next chapter, in connection with the correspondence principle. 

In conclusion then, the Dirac formalism of quantum mechanics assumes 
that a quantum state, an abstract mathematical entity or a basic physical en- 
tity, is a vector of a state space, namely, the Hilbert space, whereas a physical 
measurement is associated with the eigenvalue of a Hermitian operator act- 
ing in this space. To obtain these special operators, we use a correspondence 
principle between the Poisson’ brackets of the classical dynamic variables 
and the commutator of their associated operators. Does the quantum state 
change with time or is it immutable? Is there just one quantum state, de- 
composable into quantum sub-systems or is every classical physical system 
(arbitrarily delimited by the observer) associated with a special quantum 
state of the Hilbert space? Are the operators acting in the Hilbert space 
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immutable in time or do they evolve with time? The correspondence prin- 
ciple might provide an answer to this question since the Poisson dynamical 
law allows direct description of the evolution in time of operators associated 
with classical dynamic variables even if it says nothing about the evolution 
of quantum states. These questions no doubt raise the issue of the interpre- 
tation of quantum mechanics in its different representations as well as that 
of (classical) measurements of the observables of a quantum system. These 
issues will be examined in Chaps. 6 and 7, which are devoted to quantum 
dynamics and path integrals, respectively. 
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6. Dirac Formalism - Schematic Summary 






Chapter 5 
Representations 



The space of quantum states, Hilbert space, is an abstract physical space. 
The observer and the measuring apparatus are defined in a concrete geo- 
metrical space. Hence it is necessary to give a concrete representation of the 
quantum states and the operators acting on these states in order to obtain un- 
ambiguous interpretable measurement results. The possible formulations are 
termed Representations of Quantum Mechanics. Two of them stem directly 
from Dirac formalism: Wave mechanics, first introduced by de Broglie and 
Schrodinger, and matrix mechanics called as such by Heisenberg and Jordan. 
These two representations lead to completely different interpretations of the 
actual process of physical measurement and of the transition from quantum 
to classical mechanics. 



1. Wave Mechanics 

1.1 {X} Representation (Configuration Space) 

To simplify the problem at hand, let us consider the case of a particle with 
mass m moving in the direction Ox. 

The position x of the particle will be the eigenvalue of the Hermitian 
position operator X (we will use the upper case to distinguish the operator 
from its eigenvalue). The spectrum of the eigenvalues of X is therefore real 
and continuous and extends from — oc to +oo. The eigenvectors \ x) oi X will 
be orthonormalized and, because the operator X is an observable, they will 
form a complete system and thus define the {X} representation of quantum 
mechanics: 



{X} representation 



< 






X I x) 



{x' I x) 




= X \ x) 

= 8 {x' - x) 

= 1 . 



(5.1) 

(5.2) 

(5.3) 
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A quantum state | a) can be expanded within this representation by projec- 
tion onto the {X} representation, the configuration space: 

a> . (5.4) 

The projection will be written as follows: 

(x I a) = !?„ (x) (5.5) 

emphasizing the fact that {x \ a) does not represent an inner product since 
{x I and I a) do not belong to dual spaces. It is rather the projection of the 
quantum state | a) onto the one-dimensional configuration space. A quantum 
state I a) will be expressed in the basis {X} by an integral: 

I a) = y \x) dx^^{x). (5.6) 

Using definition (5.5) of the function (x), the Dirac formalism brings us 
back to the notation of the wave mechanical function space. 

Thus, the inner product of two states will be 

{b \ a) = j {h\ x) dx {x \ a) = J (a;) 1?^ (x) dx . (5.7) 

The norm of a function (x) will, in turn, be written 

(a I a) = J (a I x) d X (x I a) = j (x) {x) dx. (5.8) 

By multiplying definition (5.1) by the bra (x' | and using orthonormality 

(5.2), we obtain 



/ 



x) dx {x 



(x' I X I x) = (x' I X |x) = X (x' I x) 

= X 6 (x' — x) . (5.9) 

This relation holds for every function of the position operator. 

Every operator function is diagonal in its eigenrepresentation. 



{x' I f{X) I x) = 6{x' -x) f (x) 



(5.10) 



The result of a measurement i.e., the expectation value of the Hermitian 
operator A, can therefore be expressed with the normalized functions (x): 
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and by using relation (5.10) for the observable A expressed with only opera- 
tors of the configuration space X: 

{x\ A\x') = 6 {x' - x) A (a:) . (5-11) 

With the characteristic property of a delta function: 

j 8{x' -x) f {x') dx' ^ f (x), (5.12) 

we obtain the following well-known result of wave mechanics, with the oper- 
ator A (a;) acting on the function (x): 

a= M) = j K (^) ^ (^) K {x)dx. (5.13) 

We draw attention here to the problem (Chap. 2, Sect. 3) involved in writing 
(A) in the function space by assigning the meaning of a probability density 
to the square modulus of the wave function: 

g {x) = I (x) p and J g {x) dx = 1 . (5.14) 

This problem is resolved since relation (5.13) shows that (A) cannot be writ- 
ten as follows: 

j g {x) A {x) d X (5.15) 

but must be written as in (5.13). 

It is, however, necessary that the function thus introduced be the 
wave function ^cl(x) of wave mechanics, that is, it will have to be shown that 
the function If'a(x) satisfies the Schrodinger equation. 

1.2 Translation Operator 

Consider the operator translating the coordinate x into x -h 

(5.16) 

It is easily shown, by applying this operator to the state | x) , that 

D^D^ = D^D^ = D^^^, (5.17) 

and, by carrying out n successive translations, that 

{D^r = D„^. (5.18) 

The operator should conserve the orthonormality and closure relations 
and, hence, be a unitary operator. This operator can be written with the 
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Hermitian operator A+ (^) = A (^): 






(5.19) 


Relation (5.18) leads us to set 




II 


(5.20) 



showing in this way that the function A (^) is a first-order homogenous 
function. 

The Hermitian operator RT, generator of the infinitesimal translations 
satisfying relation (5.18), is defined through 

— that is, e~'^^^\x)= + (5.21) 

We will then note that the Hermitian operator K makes a unitary operator 

and 

D+ = z= D_^ , (5.22) 

such that by transposing definition (5.16): 

(x|Z)+= (x + ei, (5.23) 

or by replacing with T)_^, we obtain 

{x I D_^ = (^ + C I • 

We only have to change ^ into — ^ to obtain the action of on the bra {x |: 

(5.24) 

The action of on the quantum state | a) will be obtained by projecting this 
quantum state onto the space {X}, since acts on the variable x simply to 
translate it by the real quantity 

e“^ ^ ^ I a) ~ ^ j I I 

x' + dx' {x' I a) . (5.25) 

By changing variables with x' + ^ = x, the foregoing equation becomes 

e~^ ^ ^ \ a) = j \ x) dx {x — ^ \ a) 

^ j \ x) dx {x - . 





(5.26) 
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Let us make a series expansion of the exponential function as well as the 
function ipg^{x - around the value x: 



E 



i-iKQ" 

n\ 





(5.27) 



By equating similar powers of we obtain the fundamental relation: 




(5.28) 

It then becomes easy to determine the commutator of the Hermitian operators 
X and K. We first observe that 

XK\a) =X j \ x') dx' \ ^,{x') 

- y x' I x') dx' (5-29) 

On the other hand, the action of X X on the ket | a) is calculated using 
(5.11), thus yielding: 

K X\a) - j K\x) dx {x\X\x') dx' {x' \ a) 

— J K \ x) dx X ^^{x) . (5.30) 

By applying fundamental relation (5.28), we obtain for a = x and n = 1: 

K \ x) = J \ x') dx' ^ 6 {x' - x) (5.31) 

and by inserting this result into the preceding relation: 

K X \ a) f \x) dx - X ^Jx) 

J I a X 

= j \x) dx^ ^^{x) + j x\x) dx^ ^ W^{x) . (5.32) 

The term-by-term difference between eqs. (5.32) and (5.29) thus gives the 
commutator [X^K] applied to the quantum state | a): 
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Because the relation must be valid irrespective of the quantum state | a), we 
infer from it the value of the commutator: 

(5.34) 

If we compare this value with the conunutator resulting from the correspon- 
dence principle [X,p^] = i h, we notice that the generator of infinitesimal 
translations is, to within /i, the particle’s momentum: 

(5.35) 

We notice that = —i h implies that K = —i and the translation 
operator will take the following form in the one-dimensional space: 

(5.36) 

By applying this result to a wave function = (a: | a), we obtain 

= e-« ^,{x) = ^1 - ^ A + L 1^^) + . . . j 

= Ki^-0 (5.37) 

The series expansion of the exponential function in fact yields a Taylor ex- 
pansion of the function — 0 around the point x. In other words, we can 
write 

{x \ a) = {x \ \ a) = (x — ^ | a) . (5.38) 

Because this relation must hold irrespective of | a), we are left with the result 
(5.24): 

(x I = (x - ^ 1 . (5.39) 

1.3 Time- Independent Schrodinger Equation 

Let us use as departure point the eigenvalue equation of the Hamiltonian: 

H\a) =E\a), (5.40) 

in which the operator H is the classical Hamiltonian 

Now, let iis project (5.40) onto the configuration space: 

{x\H\a) = E (x I o) =E fl^„(x) . 






(5.42) 
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By using form (5.41) of the Hamiltonian, this yields: 

*2 

{x \ H \ a) = — {x \ K'^ \ a) + (a: | V | a) . (5.43) 

ZiTTv 

The form (5.40) presupposes that we are in a stationary energy state for a 
time-independent potential that depends only on the position variable x: 

(x|V|«) = /(X I V (X) I X') cix' (X' 1 «) 

= J V{x') 6 {x' - x) dx' 

= V{x) ^^{x). (5.44) 

Let us further calculate the term in {x \ \ a) of (5.43) using the funda- 

mental relation (5.28) for n = 2: 

{x\K‘^ \a) = j (x I x') dx' (j ^) <I'^{x') 

= j 8{x-x') dx' (-^) Kix') 

= -^^a(a;)- (5.45) 

By inserting (5.44) and (5.45) into the projection of the vector H | a) onto 
the configuration space: 

(x|H|a) =(-|^^ + V(x)) fjx), (M6) 



and by equating this with (5.42), we regain the time- independent Schrddinger 
equation 



2m d x‘^ 



+ V{x) 



^,{x) = E^^{x). 



(5.47) 



The Schrodinger equation is the expression of the projection of the quantum 
state (or quantum field) in the configuration space at a given point and at a 
particular instant. It corresponds to the projection of the quantum state | a) 
onto the observer space | f} at the instant t. 



1.4 The {P} Representation 

The wave functions can also be defined in the {P} representation, that is, in 
phase space. 

The definition of the {P} representation is analogous to that of the {X} 
representation and, considering that the Hermitian operator P = h the 
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definition of the {P} representation will take the form 

K\k) =k\k) 

{P} representation < {k \ k) — 6 {k k) ( 5 . 48 ) 

J \k)dk{k\ =1. 

If we place ourselves in a one-dimensional phase space as we should, the 
projection of the quantum state | a) on this space will define the wave function 

(f>a{k) = {k\ a). (5.49) 

We must now seek the relation between the wave functions of the 

configuration space and of the phase space. 

If we set a = k' in the fundamental relation (5.28), we obtain 

K \ k') = k' \ k^) = ^ j I x') dx' (x' | k!) . (5.50) 

By multiplying the second and third expressions by the bra (x" |: 

k! (x" \ k') [ {x" I x') dx' {x' I k') , (5.51) 

i J ox' 

and because of the orthonormality of the position vectors, we are left with 

k' {x' \ k') = T {x' I k') . (5.52) 

i dx' 

This first-order differential equation with separate variables has the following 
solution: 

{x' I k') = g{k') . (5.53) 

The normalization of the vectors | k) determines that the function g{k') can 
be defined thus: 

{k" I k') = 6{k" -k') = j {k" | x') dx' {x' | k') 

= J g*{k") e-* dx' g{k') P 
= g*{k")g{k') j dx'. (5.54) 

Hence, the relation: 

6{k" - k') = g*{k") g{k') J P dx ' . 



(5.55) 
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The integral is the unit Fourier transform and, therefore, the Dirac delta 
function: 

j exp [i{k' - k") x'\ dx' = 2-x 6 {k! - k”) . (5.56) 

This determines the function g{k') to be 

V27r 

although, for the sake of simplicity, we choose the zero phase and thus obtain 



(5.58) 



It is easy then to obtain the relation between and t>y simply 

projecting one space onto the other, for example 




= {k\ a) -- 



(fc I x) dx {x I a) 

dx. 



(5.59) 



The wave function of the phase space is therefore the Fourier transform of the 
wave function in the configuration space. It is a result we have already alluded 
to in the course of discussing the interpretation of Heisenberg’s uncertainty 
relation which assigns to a particle the meaning of a wave packet. 

If we term Q the Hermitian operator defining the eigenvalue g as a position 
variable, then Qu{q, ^) = Q is solved for any arbitrary real value of q 

if the corresponding eigenfunction is 

u {q, x) = 6 {x - q) . (5.60) 

If P = —i h then the eigenvalue equation 

P v{p, x) =p v{p, x) (5.61) 

is solved for any arbitrary real value of p if the eigenfunction is the plane 



V (p, x) = exp l-pxj . 



This gives an indefinite position for a fixed momentum or, conversely, a fixed 
momentum for an indefinite position. 
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The Schrodinger equation may be easily written in phase space by projec- 
ting the energy eigenvalue equation onto k , instead of x: 

{k\H\a) =E {k\a) = E (l)^{k) 

= {k\^K^\a) + {k\V\a). (5.63) 

But {k I = {k \ and the first term of the preceding equation immedi- 
ately yields 

(5.64) 

Because the potential V is diagonal in the {X} representation, the last term 
in (5.63) will have to be modified as follows: 

{k \V \ a) = J {^ \ x)dx{x \ V | x')dx’ {x' \ k')dk^{k' \ a) 

= t j j (5.65) 

If we introduce the Fourier transform of the potential V{x): 

v{k'-k) = -^ [ V(x) * dx , (5.66) 

y2n J 

we obtain the projection of the vector V | a) onto the phase space: 

{k \V \ a) =-^ f v{k'-k) (j>^{k') dk ' . (5.67) 

v2'k J 

In the {P} representation, the Schrodinger equation is no longer a differential 
equation but rather an integral equation: 

^ k'^ (p^{k) + -^ J V (k' - k) (p^{k') dk' = E 4>^{k) . (5.68) 



1.5 The Klein-Gordon Equation 

The projection of the quantum state [ a) onto the “observer’s quantum state” , 
determined by the latter’s position at instant t in the vector of the observer’s 
state I X, t) determines the system’s wave function, accessible to the observer 
through its square modulus, that is, the probability density of the presence 
of the quantum state ] a) at the point (x, t). The time entering the wave 
function t) = {x t \ a) is therefore the proper time for the observer- 

related reference frame. 

Let us use the position x^ (defined in c = 1 natural units, that, is with 
the coordinates x^ = (x^, x^) = (t, x^)), to introduce the space-time relating 
to the observer’s eigenvalues of the observer’s Hermitian position operator 
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in the four-dimensional Minkowski space- time with metric = (- + ++). 
The configuration space-time will be defined by the usual relations: 





1 rc^) = x^ 1 x>^] 


) M = 0,1,2,3 


{x^ 


=6^{x>^ 




h 


x'^) X {x^ 1 


= 1. 



(5.69) 



The observer’s proper time is now an observable and the correspondence 
principle associates it with an energy conjugate variable, the eigenvalue of 
the operator canonically conjugate to X^: 

I p^) = p^ I p^) with p^ = p^) = (jB, p^) . (5.70) 



The correspondence principle next associates the configuration space operator 
with the energy-momentum operator P^: 

p^^ = -i 7]^'' -i V) , (5.71) 

whereas the conjugate Hermitian will yield 

P^ = -idf.= {-id„-iv) , (5.72) 

thus generalizing the commutation relations and legitimizing the relation 
between conjugate variables and p^, i.e., t and E: 

= (5.73) 

while noting that = t, Xq = — t, p^ = E and Pq = —E whereas p^ = Pi- 

Because the second postulate of quantum mechanics associates the opera- 
tor —id^ with the energy-momentum four- vector the eigenvalue equation 

can, for a spinless particle, be written 

I a) = —m? I a ) , (5-74) 

where —w? is a real constant, an eigenvalue of the operator P^ = This 

is an eigenvalue equation corresponding to the following classical relation in 
relativistic mechanics: 



0 = P'* + m2 = Pq po + p. P* + m2 = -p2 + ^2 ^ ,^2 ^ (5 75 ) 

that is, the well-known Einstein equation 

P 2 ^ P 2 ^2 

For a spinless particle in an electromagnetic field, this equation is written 
with the kinematic momentum tt = p — e A and the scalar potential 

{E — e ^)^ = 7 T^ + . 



(5.77) 
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For nonrelativistic particles, the energy E comprises the kinetic energy and 
the mass energy since 



E — m ( — 2 “h 1 
V 



Using the correspondence principle, the projection of the eigenvalue equation 
onto the configuration space will give 

{x>^ \P^\a) - (x^ \p^pi^\a) = (-i d^) i-i d>^) {x>^ I a) . (5.79) 

And if we use the d’Alembertian expression of the Minkowski space: 

s, a- = □ = i-df + df) “ (-|^) + (v“) . (5.80) 

the projection onto the configuration space of the quantum state associated 
with a spinless particle will lead to the Klein-Gordon propagation equation: 

(□ -m^) »f'„(x^) = 0. (5.81) 

This is the propagation equation of a free scalar field with mass m. 

An interaction with an external potential V boils down to adding the 
term V to the classical definition (5.75): 

V = P^P>^ + m^ (5.82) 

and allowing the associated operators to act on the quantum state | a) of the 
particle: 

(P^ P^ + m^) I a) = V\a). (5.83) 

This leads to the Klein-Gordon equation with interaction: 

(□ - m2) ir^ix^ = V{xn ^,{xn , (5.84) 

which introduces the current 



J(x^) = V^(x^) ^,{xn 



(5.85) 



in the second term. In this way, a particle with mass m and zero spin is 
described exclusively by the scalar field satisfying the Klein-Gordon 

propagation equation. 

The non-relativistic approximation defines the total energy of a free par- 
ticle via relation (5.78) and the application of the operators associated with 
the quantum state | a) will lead to the equation 

1 2 

Notice that the constant term m does not feature in the probability 

current J defined in (2.29). 
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The wave function ^nierges then as a scalar field associated with 

the observation in of the quantum state | a) of a particle (or a set of 
particles). This scalar field uses the fourth postulate of quantum mechanics 
to define the probability of existence in of the quantum state | a): 

( I a) at x^) = I I a) p = | P • (5.87) 



The wave aspect of the quantum state is therefore linked to the probability 
of observation of this state and not intrinsically to the particle with mass m. 

It should be noted that the choice of correspondence principle depends 
on the metric rj^ ^ of the Minkowski space-time used. 

If we use form (1.242) of the correspondence principle {E^p) {ihd^, -iW) 
to write the correspondence principle in space-time, 



^ -in and P^ ^ ihd^, 

the metric will have to be = (- + -h+) since, 

P^ = -i h = —i h = i h = -\-i h 

pk = -ind^ = -ih dj rf ^ = -ihd^. 



(5.88) 



(5.89) 



For this particular metric, 

p2 _^2 ^5 gQ) 

If we prefer the metric = {~\ ) as is the case in field theory (see 

Chap. 16), the correspondence principle reduces to 

P^ ihd^ and P^ in d^. (5.91) 

It then becomes easy to expand the components of the momentum four- 
vector: 

P^ = i n = i n = i n d+ 

. . ( 5 - 92 ) 

= i h d'^ = i h dj rf ^ -i h dk- 

In such a metric P^ = rrP and the correspondence principle (5.91) will yield 

+ {x^) = 0 (5.93) 



for the Klein-Gordon propagation equation for a spinless particle with mass 
m. If we set B = - V^, eqs. (5.81) and (5.93) become identical. 



2. Matrix Mechanics 

The term matrix mechanics has often been used to describe the matrix for- 
malism of quantum mechanics introduced by Heisenberg and Jordan. 
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2.1 Matrix Representations 



Now, let us choose a basis {N} in which the basis vectors | 0) | 1) . . . |n) are 
dependent on the discrete index n and are eigenvectors of a given Hermitian 
operator N. The {N} representation will be defined by the following relations: 



{N} representation 



I =Qn\n)^ 

, (n I m) = , 

1 I = 1 • 

. n 



(5.94) 



We assumed, for the sake of simplicity, that the states were not degener- 
ate and, hence, that the basis vectors depended exclusively on the quantum 
number n == 0, 1, 2, . . . . 

Any ket | u) of the (separable) Hilbert space associated with a quantum 
state can be expressed as a linear combination of the basis vectors of {AT}: 



«) = XI I 1 = X I ’ 

n n 



(5.95) 



where x'^ represents the projection of the state | u) onto the space {AT}: 



x'^ = {n \ u) . 



(5.96) 



As already noted in relation to the three-dimensional space, the basis S can 
be defined as the row of the basis vectors | 1) . . . | n): 

5=[|0)|1)...] (5.97) 



and the column X by the following elements: 







X 



n 



(5.98) 



The vector | u) will then be the product SX of the colunrn multiplied by the 
basis: 



u) ^SX = [\0)... In)] 




= X ^"1^)- 

n 



(5.99) 



In addition, it should be noted that the relation V = SX is a general one and 
states that a column (belonging to the column space) is linked to a vector 
(belonging to the vector space) via an operator S termed basis which is the 
row of the basis vectors. 



The relation among the three commonly used vector spaces (number 
space, vector space, and column space) can be represented diagramatically. 
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Scalars 




We notice then that the vectors, covectors, columns, and rows can be ex- 
pressed as operators making the transition from one space to another (Fig. 1). 
By inserting (5.96) into (5.99), we notice that the vector | u) is represented 
in the space {N} by the column 






(0|w) 



(n I u) 



(5.100) 



The superscript nin = (n | u) therefore represents the row index. 

We can similarly represent a bra {v | in base {AT}, bearing in mind that 
{v \ n) = {n \ v)*. We thus write 



I \n) {^11 = ^^ y„ {n\. (5.101) 

n n 



The bra {v \ is therefore represented in the space {N} by the row L: 



L = [(u I 0) ... (w I n) ] . 



(5.102) 



The index n in therefore represents the colunrn index. 

The inner product {v \ u) is easily expressed in the space {N} with the 
closure relation 



(w I u) = (t; I n) (n I u) = ^ x" = J]] 2 /"* x” . (5.103) 

n n n 



The inner product {v | u) is, in fact, represented by the product LX in the 
matrix space: 



LX = [yo-2/nl 




(5.104) 



A linear operator will, in turn, be represented in the space {AT} by a 
matrix, since, by using the completeness relation, we obtain 



^ = X X I I ^ I I = X I 

m n 



mn 



(5.105) 
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and the matrix element A” = (m | A | n) is the product of the column 
A 1 n) multiplied by the row (m |. In A^, the superscript n (contravariant 
index) defines the column and the subscript m (covariant index), the row: 



|0)|1) ... |n) ... ■] 

( 0 | 

( 1 | 



(m I (m I A I n) 



(5.106) 



Let us illustrate this with the example of the operator a"*" defined by the 
relation 

a+ I n) = (n + 1)^^^ | n + 1) , (5.107) 

with the matrix element 

(a“^)^ = (m I I n) = (n + 1)^^^ (m | n + 1) 

= (n + l)'/2C'- (5.108) 



The only non-zero elements are those for which the row index m is equal to 
the column index n -h 1. 

The operator will then be represented by the matrix 



■ 0 0 0 .. 

0 0 .. 
0 \/2 0 

0 



(5.109) 



It should be noted that, in its eigenrepresentation, the operator N is repre- 
sented by a diagonal matrix 

(m I iV I n) =q„{m\n) =q„6^, (5.110) 

and that the same is true of every function of this operator: 

(m I f{N) I n) = / {qj {m\n) = f {qj . (5.111) 

Any operator X commuting with the operator N is also represented by di- 
agonal matrices in {AT} since 

(m|XiV-iVX|n) =0={q^-qj (m | X 1 n) (5.112) 
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and for any ^ 

{m \ X \ n) =0. (5.113) 

Let us add that relation (5.94) shows that the eigenvalues of the operator N 
are diagonal elements of the matrix N representing it in the matrix space. In 
other words, the search for the eigenvalues of any given operator is equivalent 
to the diagonalization of the matrix representing the operator. 



2.2 Bell’s Correlation Function 



Mention has already been made of the correlation functions between the po- 
larization of the photons emitted by the calcium atoms in Alain Aspect’s 
experiment to test Bell’s inequalities (See Sect. 5.9 of Chap. 2). The compu- 
tation of these functions is a direct application of the matrix representation 
of the Dirac formalism. 

Consider the polarization states | e^) and | e^) of a photon along the Ox 
and Oy axes. These states form an orthonormal system: 

(e* I e,) = Sij ■ (5.114) 

With the preceding polarization states this gives 

(ex 1 e^) = {Cy \ey) =1 and (e^ | e^) =0. (5.115) 

The system will be considered complete when the closure relation is obeyed: 

I (e» I = 1 or I e^) (e^ | + | ey) {ey\ = 1 . (5.116) 



Let us decompose a polarization state | (j)) in the plane Oxy in terms of the 
linearly polarized states | e^) and | c^): 



\<t>) = ("i I 

i 



gives 

U) = I «x) I 0) + I ey) {ty 



4 >). 



(5.117) 



The projections of | (f>) onto the axes Ox and Oy can be expressed with the 
angle 9 (Fig. 2): 



(Ox U) = COS 9, 

{Cy 10) = sin . 



(5.118) 
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Representations 




Figure 2 



Now let us introduce a polarization state | iP^), perpendicular to | 0). By 
decomposing along the basis vectors | e^) | e^), we obtain a similar result as 
in (5.118): 

(e^ I S') = cos (0 + ^) = - sin 0 , 

/ (5-119) 

{Cy I If') = sin + - j = cos 6 . 



The polarization states | 0) and | are therefore expressed with the rec- 
tilinear polarizations | e^) and | e^) as in (5.117), using projections (5.118) 
and (5.119), that is. 



4>) = cos 0 I e^) + sin 0 I e^) , 
!f) = - sin 0 I e^) + cos 6 \ Sy) . 



(5.120) 



It is easily verified that the states | 0) and | form another complete or- 
thonormal system, since 



((/> I (/,) = {^\^) =1 and (0 I = 0 

0) (01 + I -1. 



(5.121) 



We can, on the other hand, use the above relations to express the polarizations 
I e^) and \ty) with | 0) and | If): 



I ej = I 0) (0 I ej + I !f) (!f I ej , 

Is) = |0)(0|e^) + |!f) (!f|e,). 

Projections (5.118) and (5.119) therefore lead us to write 

I Cj.) == cos 0 I 0) - sin 0 I !f) , 

I By) = sin 0 I 0) + cos 9 \^) . 

Hence, there exists a 2 x 2 matrix for making the transition from the column 



(5.122) 



(5.123) 






U) 

I If) 



to the column 




(5.124) 
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Relations (5.120) then read 



^ = R X with 



R = 



cos 6 sin 6 
-sin 9 cos 9 ^ 



whereas relations (5.123) yield the inverse matrix: 



with R-^ 



COS 9 —sin 9 
sin 9 cos 9 



(5.125) 



(5.126) 



The matrix i? is, in fact, the rotation matrix of the physical system in the 
two-dimensional space. 

Let us now consider a two-photon state | $) polarized in a similar manner: 
I ( I ef) + I ef) ) . (5.127) 

This state is normalized to unity: 



I =1. (5.128) 

By using the polarization states of each of the photons, we can calculate | $) 
as a function of 0^, 0^, 0^, and 9^. For example, 

I I (I>a) + cos 0^ I (sin Og \ (f>s) + cos 9^ \ ’^b) ) 

(5.129) 

By introducing the relative angle 0 of the directions of the 

detectors A and 5, we obtain the two-photon polarization state 

1 [ Ua <^b) cos 6> - ( I (As) + I 4>a '^b)) sin 9 

+ I cos 0] . (5.130) 

The probabilities of detecting the polarizations are therefore: 

P++ = I I 0A 4>b) 1^=5 cos^ 0 , 

p__ = \{^\^A ^b) f = \ cos2 0 - P++ , (5.131) 

P+_= \{^\4>a^b) \" = lsm^e^P_+. 

The correlation coefficient E (a, b) is the expectation value of the polariza- 
tions in the directions a or 6 of the detectors: 

E {a, b) = {A{3) B{b)) = Pab Ma) B{b ) . 



(5.132) 
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If (+1) and (-1) are the upward and downward orientations respectively of 
the detector A, we easily obtain: 

E {a, b) = P++(+l)(+l) + P_+(-l)(+l) + P+_(+l)(-l) + P__(-l)(-l) 

-P++-P-+-P+-+P- 

= 2(P++-P+_). (5.133) 

This, with (5.131), will lead to the correlation coefficient 

E (a, b) = cos 2 0 (5.134) . 




In the experiment by Aspect and Granger, the relative position of detectors 
A and B gives the correlation coefficients (Fig. 3) 

E (ai,6i) = cos 2 0 E (01,62) = cos 2 0 

E (tt2, 6^) = cos 2 0 E (tt2, ^2) = cos 6 0 

leading to the Bell parameter 

S = E (a^,6j) + E (a2,&i) + E {a-^^b2) - E {a2,b<2) 

= 3 cos 2 0 — cos 6 0. 

We have already seen that Bell’s inequality — 2 < S' < +2 was decisively 
violated, obliging us to abandon the hypothesis of hidden variables. 

2.3 Density Matrix 

The dynamical state of a quantum system will be fully known if we can 
determine precisely the parameters of one of the complete sets of compatible 
variables attached to it. It can then be represented by a normalized vector 
I u) and the expectation value of an observable will be 

{A) = {u\A\u). (5.136) 

If the information we have is incomplete, we will be content to say that the 
system has the probability Pi of being in the state | 1), P2 of being in the | 2), 
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etc., the states being the eigenvectors of a Hermitian operator N constituting 
a complete orthonormalized basis. The expectation value of the observable A 
will therefore have the probability of being evaluated from the state | 1), 
the probability P 2 from the state | 2), etc., and we can then proceed to write 

{A)^ = {m\A\m). (5.137) 

The result of the actual measurement of the observable A is therefore the 
statistical sum of the expectation values (A)^, weighted with their existence 
probabilities: 

M) = I] Pm (^)m Pm i'rn \ A \ m) . (5.138) 

m m 

The values of the weighting coefficients p^ satisfy the axioms of the proba- 
bilities: 

< 1 and (5.139) 

m 

If we assume that the actual quantum state of the system | u) is not known, 
the projection of the state | u) onto the complete basis {N} will give 

(A) = {u \ A \ u) = ^ {u \ m) {m \ A \ n) {n \ u) . (5.140) 

mn 

If the operator A is written in its eigenrepresentation, only the diagonal 
elements of the matrix representing A in basis {N} will be called into play 
and we obtain 

=E \ {m \ u) f {m \ A \ m) , (5.141) 

m 

which is consistent with the fourth postulate of quantum mechanics, given 
that 

Pm= I ("1 I “) 1^- (5.142) 

Let us introduce an operator q of the density of states | m): 

\'^)Pm{^\- (5.143) 

m 

If the state is a pure one, capable of confirming that the quantum state is 
really in the state | m), then p^ = 1 and g = | m) (m | =1, then the 

density operator will be the identity operator. 

Let us introduce another system with a complete orthonormalized basis 
[states denoted |n) to distinguish them from the states | m)] defining the 
mixture of states constituting the unknown quantum state and the eigenrep- 
resentation of the operator A: 

I (n I n') = (5„„, 

I I ^)(n 1 = 1. 



n 



(5.144) 




148 Chapter 5 Representations 



Let us evaluate the trace of the density operator in the basis {n}: 

Tr p = ^ (n I p I n) = ^ (n I m) (m I n) = ^ (m I n){n | m) p„ . 

n n m n m 

By summing over n with (5.144), we obtain the following result: 



^ = 53 Pm = 1 

m 



(5.145) 



We thus obtain the following necessary and sufficient condition: the her- 
mitian operator g = Ylm I Pm I represents the density of states | m) 
if and only if its trace is equal to 1. 

The expectation value of any observable whatsoever can be expressed 
in the form of a trace with definition (5.138) as departure point and by 
projecting onto the basis {| n)}: 



(• 4 ) Pm ^ \ '^) 

m 

= Y^Pm{'^\ I ^ I I rn) . 

mnn' 



(5.146) 



By commuting the projection matrix elements of basis | n) with those of basis 
|m), we obtain: 



(A) = ^ (n' I m) (m |n)(n \ A \ n') . (5.147) 

mnn^ 

By sununing over n and using (5.143) to introduce the density we obtain 
the following important result: 



(^) = (n' I p A I n') = TV (p A) 

n' 



(5.148) 



The projection of the density of states operator | m) onto a complete basis 
{ I n)} leads to the diagonal matrix elements: 

Qnn = (« I P K) = 53 I Pm I 

m 

= Pm \ = PmPn^Pn- ( 5 - 149 ) 

m m 



The diagonal elements of the density matrix define the population of quantum 
states I n). They represent the probability that a quantum system will be in 
the state | n). 
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If the basis { | n)} is constructed from the eigenstates of the Hamiltonian 
H \ n) = \ n), then the evolution equation of the density operator, ob- 

tained from the Poisson Eq. (1.116) and the correspondence principle (1.142) 
will take the form 

ih^ = [H,g]. (5.150) 

For the diagonal matrix elements this gives 

= ^1 I «) = iK -EJ i^\ = (5-151) 

The populations of the quantum states | n) will therefore be constants. 

The non-diagonal elements can also be evaluated: 

Qnk = i^\ Q\f^)^'Ein\m) {m\k). (5.152) 

771 

They reflect the coherences of the quantum states. By using the eigenstates 
of the Hamiltonian, we obtain 

i^J^Qnk = {E„-Eu)Qnk■ (5-153) 

This showes that the coherences oscillate at the Bohr frequency of the system: 
En-Ek = h{v^ - t'fc) = (W„ ~^k) = ^ ^nk - (5-154) 



The differential Eq. (5.153) will then have the solution 

QnkiP) = exp {i Wfc„ t) P„fc(0) - (5-155) 

Generally speaking, if the states are macroscopically defined, the density ma- 
trix will make it possible to represent the state of a statistical mixture of N 
systems of which are in state ri 2 in E 2 , in with a p x p-matrix 
whose diagonal elements are np/N and the off-diagonal ones zero. In quan- 
tum mechanics, the off-diagonal terms are non-zero; they represent the 
correlations between the | n) states and the | k) states, which cannot be 
interpreted macroscopically. After a measurement, the N states will be well 
defined and lead to a statistical mixture described by a diagonal matrix. The 
problem is therefore that of explaining the disappearance of the off-diagonal 
elements of the density matrix during measurement. W. Zurek (1981, 1982) 
has termed this phenomenon coherence but I will continue to use the term 
decoherence, borrowing from J.B. Hartle’s terminology (see end of following 
chapter). Quantum mechanics calls into play off-diagonal and, hence, coher- 
ent elements whereas classical mechanics avoids them: it decoheres quantum 
states. It should be emphasized that the measurement of a physical quantity 
presupposes that the corresponding density matrix is diagonal. This means 
that as long as the basis in which the density g can be diagonalized is not 
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defined, the quantum formalism cannot give the physical quantity measured 
with the classical apparatus. 

Zurek’s works have clearly underscored the primordial role played by the 
medium in the measurement process. The interaction with the medium is 
responsible for the diagonalization of the density matrix. Diagonal elements 
are never zero but are simply sufficiently small for their effects to be unob- 
servable, with a decoherence time depending on the type of interaction. Zurek 
therefore proposes to consider as quantum systems only those systems that 
are isolated while classical systems should be considered as open systems. 
This means that reality is always quantum even if, on the surface, it appears 
to be classical because the off-diagonal elements are too small for their effects 
to be observable for all practical purposes. 

In the Copenhagen interpretation (see Chap. 2), if there is a quantum 
state I a) of the Universe (matter, radiation, measurement apparatus and 
observers) and quantum states | h) linked to the observer, such states can 
never form a complete system because they are already contained in | a). 
This means that, strictly speaking, we cannot write 

b 

I a) 



= 1 



= J2ib\a)\b). 



(5.156) 



The overlap {b | a) of the quantum state of the Universe with that of the 
observer represents what the observer can measure in the state of the Universe 
(with its square modulus). If the observer were not part of the Universe, 
then he would be in a position to determine the wave function | a) (which 
is independent of x and t) by measuring all possible observations and then 
reconstituting the quantum state | a) with (5.156). But because he is part and 
parcel of the Universe, such a reconstitution is impossible. This goes to show 
that there is a principle of incompleteness of our knowledge of the Universe 
that is in some way in agreement with Godel’s theorem (Godel, 1931) which 
states that the consistency of a formal mathematical system cannot be proved 
within that system; in other words, there exists an unprovable statement 
within every sufficiently complicated formal system. 

We would like to close the discussion in this chapter with two quota- 
tions on the relationship between Man and Nature. The first is taken from 
M. Felden (1992): “Science is made by man for man. It is the scientist who 
decides and chooses what goes into the system under study; in other words, 
he fixes the limits and possibilities of formalization, that is the hypotheses 
with which he works.” . The second is taken from N. Bohr and goes even fur- 
ther: “It is not correct to say that the object of Physics is to discover what 
constitutes Nature. Physics is rather concerned with what we can say about 
Nature” . 
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3. Wave Mechanics - Schematic Summeiry 



Observables 



X = X+ 

X \ x) = x \ x) 



K\k) = k\k) 



Representation 



{X} {P} 

{x I x') = 8{x - x') {k I k') = 6{k - k') 

j I x) dx{x 1=1 J \ k) dk {k \ = 1 



Quantum state 



a) M {x\a) = ^^{x) {k\a) = ip^{k) 



Translation 



\x) = \ x + 0 



\a) = j i a:) dx{-i ^^{x) 



Correspondence 



[X,K]=i 
P = hK^-ihX 



{x\k) 









H \ a) = E\ a) 



Schrodinger 
differential equation 



integral equation 
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4. Matrix Mechanics - Schematic Summary 





Chapter 6 
Quantum Dynamics 



As we have already seen in the Dirac formulation of quantum mechanics, 
dynamics is an essential characteristic of the formalism. It determines the 
time evolution of quantum states and, hence, of the Hilbert space of states 
or operators acting in this space. The evolution is considered to be causal, 
that is, if a quantum state | a) is determined at instant to, it will evolve in a 
predictable manner toward another quantum state at instant t\ 

I « (^o)) ^ I «W) • (6-1) 

Any linear combination of quantum states at instant remains the same 
combination at instant t given that quantum states are linear space vectors: 

Ai I a(io)) + A 2 I 6(io)) ^ | a{t)) + \ b{t)) . (6.2) 

This is on the assumption that there is an evolution operator U{t, t^) modi- 
fying the quantum states between instants and t: 

I a(<)) =U{t, io) I a(to)). (6.3) 

We will therefore examine the properties of this operator before going on to 
determine its general form. 



1. Time- Evolution Operator 

1.1 Definition 

Because time is not an observable to which can be associated an eigenvalue (in 
non-relativistic quantum mechanics), it is not strictly correct to write | a, t) 
even though we will continue to use this form for the sake of convenience. 
Relation (6.3) then becomes 

\a,t) = U{t, t^) I a, to). (6.4) 

It should be noted that instants t and are written on the same side in the 
operator U and in the kets introduced to ease comprehension. For t = tQ^ we 
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can easily conclude that 

U{t,t) = U{to,tQ) = l. (6.5) 

We can also introduce the intermediate time, between to and t and thus 
obtain, through the application of definition (6.4), 

I a, t) = ?7(t, t^) I a, t^) and | a, t^) = to) \ tt,to) . 

Following substitution, this will give the equality: 

I a, t) =U{t,ti) U{ti,to) I a, to) = [/(t,to) I a, to) ■ 

This results in the relation of inclusion of an intermediate time: 



U {t, to) = U{t,t^)U (ti ,to). (6.6) 

The inversion of the time corresponds to the inversion of the evolution oper- 
ator itself since, by using relations (6.5) and (6.6), we obtain 

U{t,t) = l = U{t,to)U{to,t), (6.7) 



and by multiplying the two terms by the inverse operator, we have 

U{t,to) = U-\to,t). ( 6 . 8 ) 

If the vectors [ a^, t) satisfying at any instant the orthonormalization and 
completeness relations span the Hilbert space of the states: 



{CLnt I t) — (^n,^0 I “ ^nn' ’ 

i K,t I = XI I Kto 1=1. 

n n 



(6.9) 



then the evolution operator is formally written in the form of a discrete sum: 



U{t, ^o) = X I ^n,t) {an to I . (6-10) 

n 



whereas for a quantum state related to the position (of the observer, for 
example) 



(x, t I x\ t) = (x, to I ^o) — ^ (^ ” ^0 ? 





a:, to) to \ =1. 



This will define the evolution operator in the integral form: 



(6.11) 



t^{ti to) — / I X, t) dx {x, to I . (fi-12) 

Expressions (6.10) and (6.12), applied to the vectors | a^, to) or | x', t^) 
respectively, will lead to the vectors | a^ t) or | x',t). 
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1.2 Unitarity 

The form (6.10) or (6.12) of the evolution operator shows that we are dealing 
with a unitary operator: 

U+ U = 1 and 17 + = . (6.13) 

For example, this appears very clearly in form (6.10): 

17+ (t, to) U{t, to) = 52 I *o) * I «n'> *) k I 

nn' 

= 52 I *o) <0 I = 1 • (6-14) 

n 

Furthermore, unitarity property is indispensable if we want to conserve the 
norm of the Hilbert space vectors: 

(a, to I 17+ (t, to) 17 (t, to) I a, to) = (a,t | a,t) = (a, to 1 a, to) =1. (6.15) 



1.3 The Fundamental Equation 



If the time is incremented by infinitesimal amounts e from a given time t, we 
obtain: 



U{t, t) = l, 

U(t — I “h £ • 



(6.16) 



Let us introduce the time t as an intermediate time between t + £ and t^: 



C7(t + £, to) = [/(t + £, t) U (t, to) = (1 -f £ B{t)) U (t, to) . (6-17) 



Following expansion and transition to the limit £ -^ 0, this will yield: 



lim 
£— >0 






(6.18) 



The first term defines the time derivative of the evolution operator (partial 
derivative if the function U depends on variables other than t): 

U{t, to) = B{t) U{t, to) . (6.19) 

By applying this relation to the ket | a, t) = [7(t, t^) | a, to)? we easily 
obtain the evolution of the ket itself: 



d \ a, t) 
d t 



= B{t) I a, t) 



and by considering the Hermitian conjugate of each term: 



(6.20) 
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We will have to force the norm of the vector to remain constant (equal to 
one) during the time evolution, that is, 

d 

{a, t |a, t) = 1 => — {a, t \ a, t) = 0 . (6.22) 

This leads, with the previous relations, to the constraint 

{a,t I 5+ + 5 I a, t) =0. (6.23) 

The operator B{t) should therefore be anti-Hermitian (with imaginary eigen- 
values). We regain a Hermitian operator denoted H by setting 






(6.24) 



such that the evolution operator obeys the first-order differential equation 
d U{t, to) 



d t 



± - H{t) U{t, io) 



(6.25) 



U{to, to) = U{t, t) = l. 



We can also give the integral form of the operator which includes the initial 
condition: 

U{t, to) - 1 ± ^ f H{t') U{t', to) dt' . (6.26) 

^ Jto 

The choice of the sign (+) or (-) is arbitrary, because it is linked to the 
correspondence principle, so that we will use the choice immediately to remain 
consistent with the solution adopted: 



p^-ihV, (6.27) 

that is, the sign (— ), which gives the fundamental equation 



i Tidt U{t, t^) = H{t) U{t, to) 



(6.28) 



For the time being, H[t) is a Hermitian operator, not yet identified with the 
system’s Hamiltonian. The integral form of the fundamental Eq. (6.28) of 
quantum dynamics is written as in (6.26): 



U{t, to) = 1 - ^ H{t') U{t', to) dt' 



(6.29) 
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By iterating the solution of this integral equation, we obtain 




U2(t, H{t^) to) dt^ 

= 1 - i H{t,) |l - i I'" H{t2) dt2^ dt, 

= 1-- / / H{t,) / H{t^) 

^ d to \ ^/ JtQ Jto 



dt-^ dt>t2 • 
(6.30) 



An n-fold iteration will thus lead to the Dyson series as the expression for 
the evolution operator: 



/ i\ ft / 7^1 

C/(i,to) = 1+ f-r / H{t-^)dt^ + [--] / H{t-^)dt^ H{t2)dt2 

\ "/ Jto \ Jto Jto 

-h . . . 

+ (~w) / dtJ dt2...r~\t^H{t,)H{t2)...H{tJ, 

V n,/ jt^ Jt^ 

(6.31) 



withij < < ig... < i„_i- 

Two points need special emphasis here. The first is that differential 
Eq. (6.28) between operators does not permit us to simply write 



d U {t, tp) 
U{t, tp) 



-I H(t) dt 

Ti 



and following integration over time: 



U {t, tp) = exp 




Equation (6.28) should, in fact, take the form 



(6.32) 



(6.33) 



[d U{t, to)] U~\t, tp) = H{t) dt (6.34) 

and there is no way of directly integrating the first term of this equation. 
The second important remark concerns the iteration series (6.31). It looks 
like the series expansion of the exponential (6.33) except that the coefficient 
1/n! is missing. This is because [i?(ti), -^ 1 (^ 2 )] 7 ^ 0 and, therefore, we cannot 
interchange the terms of the series expansion and weight the rank n term with 
1/n!. This results from the fact that in expansion (6.30), the intermediate 
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times are chronologically ordered. The introduction of a chronology (time- 
ordering) operator, r, responsible for ordering the intermediate times and, as 
a result, for multiplying the rank n term by n! enables us then to write the 
evolution operator, in its series development, in the following correct form: 



(6.35) 



which is strictly equivalent to (6.31). 

When we refer to a conservative system, we will mean a system in which 
the Hermitian operator H (which will be subsequently identified with the 
Hamiltonian) is time independent. The integration over time can then be 
performed and the evolution operator will assume the following simpler form: 



C/(t, to) - exp to) Hj . (6.36) 

The chronology operator is no longer necessary since there are no more in- 
termediate times to order. 

Equation (6.4), in conjunction with (6.28), therefore makes it possible to 
also write the time evolution of a quantum state thus: 



ihdiU {t, to) = H{t) U {t, to) 
z h df I a, t) = H{t) I a, t) 
with [/(to, to) = 1 



(6.37) 



2. Two Different Descriptions of Quantum Dynamics 

Realations (6.37) show that the evolution of the quantum state of a system 
or, put differently, of the operator [/(t, to), at a given point depends on 
the knowledge of the Hermitian operator H{t). It is therefore necessary to 
link this operator to data accessible by observation, that is, to the result of 
measurements that can be made by any observer whatsoever. 

Let us therefore consider a physical quantity that can be measured by 
an observer. The postulates of quantum mechanics state that a Hermitian 
operator A acting in the vector space of the quantum states can be associated 
to such a quantity and that the result of the measurement will yield either the 
eigenvalue a of the operator if the quantum state is unique (the pure case), 
or the eigenvalue weighted with the probability of existence of a quantum 
state pj^ if there are several eigenvalues of A. 
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In a pure case, we will therefore write 

{A) = a— (a I A I a) , 



(6.38) 



and in the general case 

Pfc ^ Pfc (“fc I ^ I ®A;) • (6.39) 

k k 

The measurement of the observable can change with time, that is, we will, 
in fact, obtain {A{t)). For ease of comprehension, let us imagine that we are 
dealing with a pure case so we can use relation (6.38). Which will evolve 
with time: the quantum state or the operator or both of them simultane- 
ously? These different points of view lead to entirely different descriptions of 
quantum dynamics. 



2.1 Schrodinger’s Description 



Schrodinger’s point of view is that the state of the Hilbert space evolves with 
time whereas the operators acting in it remain fixed, and are time indepen- 
dent except explicitly. This is expressed as: 



dt dt 

I o, Q =U {t, to) I a, to) , 
i h ^^ \ a, t) = H{t) \ a, t) . 



(6.40) 

(6.41) 

(6.42) 



This means that the observer is linked to the a state | x), which is constant 
in the configuration space, and 



{x I a,t) = (6.43) 

By substituting (6.41) into the mean value (6.38) of the observable ^4, we 
obtain 



d {A{t)) 
dt 



i {[A, H]) + {d, A) 



The measurement of the velocity of a particle will thus yield 



d {X{t)) 
dt 



dx{t) 

dt 



= X (f) = 



iilX.H])- 



(6.44) 



(6.45) 



It should be noted that the mean value of A (its eigenvalue) will obey the 
evolution equation of a classical dynamic variable (see (1.166)) if we use the 
correspondence principle (1.243) and if the operator H defining the evolu- 
tion of the system is the classical Hamiltonian, expressed in the configuration 
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space. If the observable is in fact the energy, i.e., the eigenvalue of the Hamil- 

tonian, then relation (6.44) will give 



d {H) _ dJl 
dt dt 



(6.46) 



In a conservative system, {d H/dt = 0)^ the energy is conserved over time. 
The projection on the configuration space of relation (6.42) will yield 



* ^ dt t)^H {x) ^^{x, t) , (6.47) 

which corresponds to the fundamental Schrodinger Eq. (2.3) in wave mechan- 
ics. 




2.2 Heisenberg’s Description 

We can also assume that the quantum state \a) is unchanging and that it is 
the operator A that changes with time. This is Heisenberg’s point of view 
which expresses Eq. (6.38) thus: 

(A) = {a^ t \ A \ a, t) = (a | A{t) \ d) . (6.48) 

Assuming that the quantum state is unchanging, it can be fixed at its value 
at the initial instant and relation (6.41) used to express A{t) with respect 
to A (independent of except explicitly): 

la) = |a, to) =U(to, t) I a, i) = {t,to) |a,t). (6.49) 

By carrying this over into (6.48), we obtain the equality 

(A) = {d\ A(t) \d) = {d\ [/+(t, to) A U{t, to) \d) . (6.50) 

The operators in Heisenberg’s description are linked to the operators in 
Schrodinger ’s description by the relation 

A{t) = U+{t, to)AU{t, to), 



(6.51) 
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and by using Eq. (6.40) and the fundamental relation (6.28), we have 



(6.52) 



The Hermitian operator H defining the evolution of the system evolution (see 
relation (6.28)) conunutes with itself, thus showing, with definition (6.51), 
that it does not vary with the description adopted: 

H = H, 

(6-53) 

dt dt dt 

The Hamiltonian is a time-independent (except explicitly) operator and a 
conservative system {d H/dt = 0) leads to an energy that is conserved over 
time. 

By taking the mean value of (6.52) between time-independent states | a), 
we quite naturally arrive back at the relation (6.44) concerning the observable 
mean values. 





Heisenberg’s description 




Heisenberg’s position operator: 

X(t) = C7+(t, to)XU{t, g (6.54) 

will have time-dependent eigenvalues identical to the eigenvalues of the 
Schrodinger position operator X. We can, in fact, write 

X{t) I x) = to) X U{t, to) I X, to) 

= to) X \ X, t) — X |a:,to) . (6.55) 

By multiplying by from the left, we easily obtain: 

X \ x^t) = X \ x^t ) . (6.56) 

This is the eigenvalue equation of X and, hence, x = x^ which simply repeats 
definition (6.48) of (X). 
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The position operator X and momentum operator P are not explicitly time 
dependent: 

They satisfy evolution Eq. (6.52): 

It goes without saying that the central operator of quantum theory is the 
Hermit ian operator which is unchanging both in Schrodinger’s and in 

Heisenberg’s description. All operators that commute with H are, following 
(6.52), constants of motion and make it possible to construct a common 
representational basis with this operator. 



3. The Correspondence Principle 



3.1 Classical Systems 



In Chap. 1 (see (1.166)), we showed that a mechanical system represented 
by a function A of the position operator q- and the momentum operator p- 
(conjugate momentum of the system’s Lagrangian function) obeys the law of 
classical dynamics: 



d A r . rrl ^ ^ 



(6.59) 



where [A, H] represents the Poisson bracket of the function A and the clas- 
sical Hamiltonian function: 



H Piii-L {Qi, Qi, t) . (6.60) 

i 



In a conservative system, relation (6.59) will thus yield 

^-0 ^ = 0 ^ = 0 => H = const^E. (6.61) 

dt dt dt ^ ' 

The position variables and the conjugate momenta p^ obey, in particular, 
the dynamical Eq. (6.59) leading to the Hamiltonian equations of classical 
mechanics: 

d Qi 



dH 
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3.2 Quantum Systems 

In Heisenberg’s description, a quantum system is associated with an unknown 
time-independent quantum state represented by an unchanging vector | a) 
of the Hilbert space of the states. In this space, linear operators will act on 
I a) to modify the eigenvalue, that is, a measurement is made of the observ- 
able associated with the operator A whose | a) is an eigenstate. With the 
exception of if, these operators may change with time. It is H that permits 
the construction of a time-dependent unitary operator rendering every other 
operator, with the exception of H itself and the identity 1, time dependent. 



3.3 Correspondence Principle 

By comparing the classical dynamical law (6.59) and the quantum law (6.52), 
we can establish a correspondence principle leading to the following quanti- 
zation: 



dynamic variable 


Heisenberg’s operator 


^(Pi. ii) 


Qi) 


Poisson bracket [ ] 


1 r 1 

— commutator 

i h 



We obtain, in particular, the commutation relations 



(6.63) 



[X„ X,.] = 0 [P„ Pj] = 0 [X„ PJ = h 6 ,^ , (6.64) 

which are valid in Heisenberg’s description in keeping with the principle pro- 
pounded. Using Poisson brackets, relations (6.58) also lead to the commuta- 
tion relations 

= and [p.,H]=^-ih^, (6.65) 

^ Pi ^ 

where x and are the eigenvalues of the operators and P-. We have, in 
addition, shown in the preceding chapters that the correspondence princi- 
ple (6.63) can be obtained in an equivalent manner in non-relativistic wave 
mechanics with 



P 



—ifiV. 



( 6 . 66 ) 
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3.4 Ehrenfest’s Theorem 



By using (6.44) or (6.52) to expand the mean values of the operators X^ or 
P^, we obtain with commutation relations (6.65) 



djXi] 

dt dt 

d{Pj) dp^ 

dt dt 






(— ) 

^ dxj 



(6.67) 



If we suppose that the measurable objects and are classical quanti- 
ties obeying Hamiltonian equations of classical dynamics (6.62), we obtain 
Ehrenfest’s theorem, which reads: 



dH^ 



classical 



dPi 



dH. 



classical 



d X: 



dH 

9 Pi 



dH 

dXi 



quantum 



quantum 



(6.68) 



The measurements made by the classical observer lead to the mean values 
of the Hermitian operators associated with the corresponding dynamic vari- 
ables. 

Let us emphasize here the fact that Ehrenfest’s theorem, which replaces 
the mean value {—dV/dx) with —dV{{x))/dx^ is only valid for particular 
quantum states: namely, those that can be described by a narrow wave packet. 
For such states, successive observations of the position over time will show 
the classical correlations predicted by the equations of motion, provided that 
these observations are rough enough such that the replacement of the mean 
value of the potential with the potential of the mean position does not affect 
the observations themselves. A precise determination of the position, for ex- 
ample, will produce a completely delocalized wave packet at a given future 
instant and Ehrenfest’s substitution will cease to be a good approximation. 



4. Intermediate Description 

It is sometimes convenient to cause the quantum states and operators to 
evolve if the Hamiltonian of the quantum system can be separated into a 
known part Hq and a perturbation V. This is the basis of the theory of time- 
dependent perturbations and Feynman diagrams to which we will return in 
Chaps. 14 and 15. 

Let us imagine that the Hamiltonian can be separated thus: 



H = Hq + V 



(6.69) 
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and then associate with the unperturbed Hamiltonian Hq an evolution oper- 
ator Uq obeying the usual conditions 



^o(^’ “ ^o(^0’ ^o) — ^ ’ 

^ n ^ Uoit, g. 

We can associate the total Hamiltonian H with another evolution operator 
C/(t, tg) l^hat will obey analogous relations: 




U{t, t) = U{to, to) = 



(6.71) 



Let us further determine the evolution operator Uj{t, tg) associated with the 
perturbation by setting 



U{t, to) - t/o(t, to) Uj{t, to) . (6.72) 



Inserting this into relation (6.71), we obtain, with (6.69), 

i h {d, t/o) Uj + ih Uo d, Uj = {H^ + v) u, Uj 

multiplying from the left by Uq and then using relation (6.70), we obtain 

ihdtUi = VUqUj. (6.73) 



We further introduce the operator Hj{t, tg), the transform oiV{t, tg) in the 
transformation J7g(t, tg), that is, 

Hj{t, to) = U^{t, to) V (t, to) Uoit, to) (6.74) 

The evolution operator associated with the perturbation V obeys the evolu- 
tion Eq. (6.73) which will now take the following form: 



i Tl Uj{t, tg) — Hj{t, tg) Uj{t, tg) 

Uj{t, t) = Uj{to, to) = 1 



The description is said to be intermediate because the operators expressed 
with respect to time according to form (6.74): 



Ai(t, to) = U^{t, to) A t7o(t, to) 



(6.76) 
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evolve just like in Heisenberg’s picture, since 

i h ^ = {ihdt t/o+) AUo + inU^ {dt A) Uo + ih A dt Uo 
will yield, with relations (6.70) and (6.76), 



r1 A 

[A„ Hf] + ih {d,A)j 



(6.77) 



The ket vectors of the intermediate representation evolve, for their part, just 
like in Schrodinger’s picture. 

To define the intermediate states, we introduce (6.72): 



\ I, t) = U+ \ a, t) = Uo Uj I a, to) = Uj \ a, to) (6.78) 



and determine the time evolution of these vectors: 

ih ^^\ I, t) =i h Uj{t, to) I a, to) 

= Hi{t, to) Uj{t, to) I a, to) . (6.79) 



We then obtain a Schrodinger-type evolution: 



(6.80) 



Let us assume that the intermediate states constitute a complete discrete 
orthonormal system at a given instant: 



ihd^\I,t) =Hj{t, to) I I,t) 



{I,t I I' , t) — 6jj/ 

E i^’<) 



(6.81) 



This amounts to the assumption that the operator Uj{t, to) is unitary and 
that the states | a, t) also constitute a complete orthonormal system. 

The evolution operator of the intermediate representation can therefore 
be written as in (6.10), that is 



Uj{t,to) = Y,\I,t) {I,to\, (6.82) 

/ 

and the matrix element of the operator, considered between two quantum 
states at instant tg, will yield with (6.78) 

(/', to I Uj{t, to) I I, to) = {I’,to \I,t). (6.83) 

The fourth postulate of quantum mechanics defines the transition probability 
from the state /'(to) to the state I{t) as the square modulus of the above 
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matrix element: 

p, ( 1 %) -> /(()) = I (/'. t„ I /. () 1^ 

= \{r,t„\U,{t,t„)\I,t„)f. (6.84) 

If we write the states | /, t^) and | t^) as |a) and | f3): 

1 I, to) = \ a, to) = \ a{to )) , 

\I', to) = I a', to) - \(3{t)), ^ ■ ’ 

we obtain the transition probability 

P,(a -./?)= \{l3\Uj{t,to)\a)\\ (6.86) 

This is a very important result to which we will return when discussing time 
dependent perturbations and Feynman diagrams (Chap. 14). 



5, Interpretation of Decoherence 
in Quantum Mechanics 

The interpretation of quantum mechanics adopted by the Copenhagen School 
(see Chap. 2) is based on the separation of a system into a first part gov- 
erned by classical mechanics (the observer and his measuring apparatus) and 
a second (the physical system being observed) governed, through essential 
hypothesis, by quantum mechanics. To date, no experiment or observation 
has suggested that this procedure and the interpretation of wave function 
in terms of the probability amplitude are wrong. Everett (1957) was the 
first to propose that quantum mechanics be considered not as a model but 
rather as a theoretical expression in mathematical terms for describing the 
Universe and, therefore, to apply the theory to the Universe considered as a 
whole, as a closed system. This raises the problem of the observer and his 
role in choosing the observation and the measurement. Numerous subsequent 
authors have taken up the problem of “quantum cosmology” and, more gen- 
erally speaking, the interpretation of the quantum mechanics of an overall 
system in which the observer and the object being observed are analogous 
and equivalent parts of the system. We will introduce the main foundational 
aspects of this study using J.B. Hartle’s excellent paper (Hartle, 1993) as a 
departure point. 

First, let us consider again Young’s fundamental two-slit experiment in- 
volving particles (see Chap. 2) and its interpretation by the Copenhagen 
School. The wave functions {y) and ^2 iv) represent the probability am- 
plitude that a particle detected at point y on the screen has passed through 
slit 1 or slit 2 respectively. The measurement in y of the number of particles 
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collected is related to the square modulus of the total probability amplitude: 

I iy) + {y) ? iv) 1^ + I ^2 iv) ? ■ (6-87) 



The interferential aspect of the measurement is correctly given by the miss- 
ing term. If we could have measured through which slit the electron had 
passed, then one of the probability amplitudes would have been zero and the 
interferential aspect destroyed. In the Copenhagen interpretation, the prob- 
abilities are not assigned in a general manner but, rather, to the different 
histories of a sub-system measured by an observer. This would then mean 
that quantum mechanics is impossible without the presence of an observer. 
This cannot be the case in quantum cosmology since the Universe exists prior 
to any measurement by an observer. It is therefore necessary to define a rule 
for assigning measurement-independent probabilities to the different possible 
histories of a closed system. 

Let Pi be the projector of the Hilbert space associated with the proba- 
bility that a particle will pass through slit 1. The eigenvalues of are 0 or 
1, indicating that the particle either does not pass or passes through slit 1. If 
I f , s) is a localized quantum state in x with the internal quantum numbers 
s, (spin, isospin, etc.), then the projector P^ will take the following form: 




X, s) (f X (x, s 



( 6 . 88 ) 



The integral extends over a (small) volume surrounding slit 1. The probability 
of passing through slit 2 will be denoted P 2 and the fact that P^ and P 2 are 
mutually exclusive expressed by their complementarity: 

Pi=Pi Pi = P^ PiP2 = 0 Pi+P2 = l. (6.89) 

The probabilities of the particle reaching different y points on the screen 
are also linked to the projectors Py. Using (6.51), Heisenberg’s description 
enables us to define the projector P at instant t or the time-probability P {t) 
from what we know about the (time-independent) Hamiltonian H of the 
quantum sub-system consisting of the particle under observation and which 
is in interaction with the measurement apparatus, i.e., slits 1 and 2 and the 
observation screen: 



P {t) = exp UhA P exp H tj . (6.90) 



What is the probability that a particle in an initial normalized quantum state 
I ^ (^q)) has passed through slit 1 at instant ti (for example) and reached 
point y at instant ^ 2 ? 
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The evolution from instant to instant of the quantum state is given 
by relation (6.36) applied to the initial state | ^ (tg)): 



^ ih)) = exp f H - tg) j I ^ (tg)) . (6.91) 



The probability that the result of the measurement at instant will show 
the particle passing through slit 1 will then be 

(slit 1)= I Pj 1 !?- (ii)) |2. (6.92) 



After the measurement (assumed not to perturb the particle), the quantum 
state (still normalized to unity) at instant will be 



Pi I ^ ih)) 
Pi I 'p [ti)) 



(6.93) 



The evolution from instant to the arrival instant ^2 on the screen will give 
the quantum state 



I <1 (t,)) = exp (-i H fe - (.)) I j I ^ (6^94) 

The probability of detecting the particle at y at instant ^ 2 ? conditioned in the 
meantime by the passage through slit 1, will therefore be 



P, (j// slit 1) = \Py\^{t^))\\ (6.95) 

The probability that a particle passes through slit 1 and is detected at point 
y is the product of (6.92) and (6.95), that is. 



{y and slit 1) = {y/ slit 1) x P^ (slit 1) 

= I Py exp (-^ H (<2 -ti) 

X \P,\^{t,)) |2. 



Pi I P itl)) 
Pi I P ih)) 



(6.96) 



The denominator is eliminated and | ^ (tj) expressed with (6.91), thus 
leading to the joint probability 

P^ (y and slit 1) = \PyU t^) Pj U (t^, tg) I P {to)) f ■ (6.97) 

By introducing time-probabilities (6.90), this reduces to 



P^ {y and slit 1) = \ Py (tg) Pi ih)\^ (to)) 1^ 



(6.98) 



Everything in this expression (projector, state vector, Hamiltonian) refers 
to the Hilbert space of a sub-system, the sub-system of the particle being 
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measured. In the Copenhagen interpretation, it is the measurement that de- 
termines the sub-system history to which can be attributed a probability such 
as (6.98). For a closed system, such as the Universe considered in its entirety, 
there is no separation between measured and measurable sub-systems so that 
the foregoing interpretation will have to be revised. 

Everett’s theory (Everett, 1957) takes into account all simultaneously 
possible histories. It is not because the observer decides to measure only 
those particles passing through slit 1 that there will be no particles passing 
through slit 2 or elsewhere. The observer and the object being measured are 
on the same evolution branch of the Universe, a fact that in no way excludes 
the possibility of the existence of other parallel worlds resulting from different 
evolutions. 

For a closed system, a set of possible histories will have to be envisaged. 
For example, in Young’s two-slit experiment, we could envisage: 

1 the possibility of measuring or not measuring the slit through which the 
particle passes, 

2 the possibility that the particle will pass through slit 1 or slit 2, 

3 the possibility that the particle will reach one of the positions 

Vi ^2 •••%••• 2/iv preceding eventualities. 

These different possible histories are represented by different branches of 
the following diagram: 




Everett’s diagram of the branches of possible histories 



Different alternatives at a given instant are represented by orthogonal 
projection operators which are time-probabilities in Heisenberg’s picture 
(t^), where is the time in question, k the set of possible alternatives 
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at instant (for example, the positions 2/i . . . on the screen) and a 
path corresponding to a particular scenario leading, for example, to position 
2 /g on the screen. The time-probabilities satisfy the following axioms: 

E «*) = >. 

“> (6.99) 

An individual history in a given whole corresponds to the sequence 
(of^ . . . a^) = a and there is a chain of projection operators for each par- 
ticular history: 

ih). (6.100) 

This corresponds to the chain of operators related to any branch in the above 
Everett’s diagram for example: 

^position?/ (^3) ^sUtl (^2) ^measured (^l) • ( 6 . 101 ) 

If the initial state is a pure one represented by | iP"), then the chain of operators 
(6.100) and the completeness relation (6.99) can be applied to it: 

I = E I ^) = E (tn) ■■■Pi, ih) I ■ (6.102) 

a Qn-'Ctl 

The Hilbert space vector \ ^) describes the branch corresponding to the 
history a and (6.102) is none other than the mathematical description of the 
diagram indicating the different possible branches resulting from the initial 
state \ ^). 

There is decoherence for a set of a and a' histories when 

a, (6.103) 

indicating that branches a and a' are almost orthogonal and are mutually 
exclusive or, to be more precise, that interference between histories a and 
a' is small enough for us to be able to attribute a probability to each of the 
branches a and a'. 

The probability of emergence in a future measurement of a history a is 
given by 

p (a) = I CJ (6.104) 

and the decoherence implies the sum rule of the probabilities: 

E P (Q!3,Q:2>«i) =P (c^3-«l)- (6.105) 

a2 

This is easily noticed by expanding the first term of the equation: 

E P (« 3 ,« 2 .«i) = E I Pli PI 2 PI. PL pL pL I • 

OC2 OC2 



( 6 . 106 ) 
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The decoherence (6.103) permits us to introduce the history with a neg- 
ligible error margin and relation (6.99) to extract the sum over Q 2 : 

2] p {a„a„a,) c. \ ^4 ^4 ^4 Pa, ^4 I 

«2 «2 Oi2 

= (S' I \ 

/ j \ I ai «2 CKl ' ' 

a, a '2 

= /jf- I pi p3 p2 p3 pi I 

\ ai as a2 as ai I ^ / 

Q!2 

= (l/’ I ^4 p's p's Pa, I 

= P(«3>^i)- (6.107) 

Decoherent histories of the Universe can therefore be used in prediction pro- 
cesses in quantum mechanics because they can be assigned probabilities. 
Thus, decoherence generalizes and replaces the notion of measurement in the 
Copenhagen interpretation predicting the probabilities of sub-systems under 
measurement. The measured quantities are linked to decoherent histories. In 
Young’s two-slit experiment, when a particle interacts with an apparatus that 
determines the slit through which the particle has passed, it is the decoher- 
ence of the different configurations of the apparatus that enables us to assign 
the existence (or passage) probabilities to the particle. The Copenhagen in- 
terpretation is an approximation of a more general framework related to mea- 
surement situations in which the decoherence of the different configurations 
of the apparatus can be idealized as if it were complete and instantaneous. 
Although measurement processes imply decoherence, they are only special 
cases of decoherent histories. Probabilities can be assigned to the different 
alternative decoherences of a system whether or not there is an observer to 
record the values. This brings a different light to bear on Schrodinger’s cat 
paradox which led Everett to propound the theory of parallel worlds. Perhaps 
we should briefly recall the paradox here. A cat is locked up in an enclosure 
in which a random system sets off the discharge of a deadly gas. As long as 
the observer does not look into the enclosure, there is a 50% chance that the 
cat is dead and a 50% chance that it is alive. The Copenhagen interpretation 
asserts that it is the observation that determines the wave function of the 
cat and the probability that it will be alive at the time of the observation. 
Everett’s interpretation is that there is a branch of the Universe in which the 
cat is living and another in which it is dead and the observer exists in one 
or the other of these parallel universes at a time. Decoherence presupposes 
that the two histories have been decohered and that we can assign a proba- 
bility (50 %) to each of the histories even if we do not observe the inside of 
the enclosure. This interpretation is more in tune with what seems logical to 
the human mind and does not give rise to the inevitable speculations associ- 
ated with “parallel worlds” or with speculations resulting from the presence 
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of man in the Universe as an indispensable element of every measurement 
process and, hence, of the existence of the world as such. 



6. Quantum Dynamics - Schematic Summary 






Chapter 7 
Path Integrals 



The results obtained with quantum dynamics make it possible to give a dif- 
ferent description of quantum mechanics and to introduce the more general 
notion of path integrals. This formulation, introduced by R.P. Feynman in 
1965, may be considered as another quantization method. It is today the 
method of choice in those areas, such as Cosmology, in which other methods 
are difficult to apply. In the path integral formulation of quantum mechanics 
a phase is generally attributed to each trajectory. The value of such a phase 
is determined by classical mechanics. The amplitude for going from point 
X{t-^) to point X{t 2 ) is given by exp [{i/h)S], where S is the classical action 
S = f Ldt. Because this action is not unambiguously determined, the am- 
plitude may contain a phase factor which may be considered as unobservable 
and hence arbitrary. This point is much more crucial than one might think. 
Because the amplitude of the wave function is the sum of all the amplitudes 
resulting from all possible paths, the result thus obtained is in every respect 
analogous to the Huygens’ principle of wave optics. 

The classical action becomes the equivalent of the optical path and h 
the equivalent of the wavelength. This result is the same as that obtained in 
Chap. 1 by extending classical mechanics. A quantum process can therefore be 
described as an optical event, not in ordinary space but rather in configuration 
space. The phase is then linked to certain properties of integral paths in 
configuration space. 



1. Evolution of the Wave Function 



1.1 The Quantum State and the Observer 

Configuration space is the space of classical variables permitting the descrip- 
tion of the instantaneous state of the system. The wave function is a projec- 
tion onto configuration space chosen by the observer and hence is linked to 
the observer. The quantum system will be described in Schrodinger’s picture 
whereas the observer will be in Heisenberg’s picture using a fixed ket | x) and 
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observer-linked and time-dependent operators. 



quantum system 


i h ^^\ a,t) = H{t) 1 a, t) 




{ 1 x) fixed 


observer 


i 1 




\x^u+ XU 


wave function 


= (x 1 a,t) 



The wave function of the system is therefore the solution of the time- 
dependent Schrodinger equation 

i ^ dt = H{t) . (7.2) 

We may also assume that the quantum state is described in Heisenberg’s 
picture (it is fixed) and the operators evolve with time whereas the observer 
state is written in Schrodinger’s picture and evolves with time. 



quantum system 

observer 
wave function 



{ I a) fixed 

A = U^AU 

= {x,t\ a) 



(7.3) 



The evolution of the wave function is therefore described by the Schrodinger 
equation 

(7.4) 



We notice that solutions (7.2) and (7.4) are obtained by replacing t with -t: 



{x I a (t)) — ( x{—t) I a) (7.5) 

or, put differently, 

ip^{x,t) = ^^{x,-t). (7.6) 

This is a general property which will come under discussion in the next chap- 
ter in connection with time-reversal transformation. An analogous result can 
be obtained with the relativity principle in classical mechanics: the observer 
is considered stationary and an object in motion is traveling at the speed v 
or the observer travels at the speed -v when the object is considered to be 
stationary. 
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1.2 Propagator of the Wave Function 

Let us place ourselves within the framework of (7.3) of an observer in motion 
for a stationary quantum state. At the initial instant 

= (^0.^0 I «) (7-7) 

and at instant t the wave function becomes 

(7.8) 

For the sake of simplicity, we may assume that the quantum state | a) is 
unique and normalized to unity: 



a) (o I = 1 , 
(a I a) = 1 . 



(7.9) 



Or we may even introduce a series of quantum states without this modifying 
the problem at hand in any way. 

There is an operator termed Green’s function which propagates the 
wave function from (xo,to) {x,t) and this propagator will be denoted 
G{x,t;xQ,to): 

G{x,t-,XQ,tQ) = {x,t\ a) {a | Xq,^) 

^ ^ (7-10) 

or, by using the closure on the quantum system 

G{x, t; Xq, <o) = {x,t\ Xq, to) . (7.11) 

It should be noted that the form obtained in this way looks more like an 
inner product than an operator but because the vectors are defined at dif- 
ferent instants, they are not in dual spaces. Conversely, if t = to 5 
actually obtain dual vectors and their inner product will define the boundary 
conditions: 

G(x, t; XQ,t) = G{x, to, Xq, to) = 6{x - Xq) . (7.12) 

Let us determine the wave function at (x, t) by projecting i'^{x,t) onto the 
observer quantum state | Xo,to)- 

= {x,t\a) = j (x,t I Xo,to) dxo(xo,to | a) 

= j G{x, t; Xq, to) ^aix^o^ io) ■ (7-13) 

The wave function at (x, t) is determined by the knowledge of the wave func- 
tions at an earlier instant on every point in space. We see here at work 
the fundamental property of non-separability in quantum mechanics. This 
expression of the wave function reminds one of Huygens’ principle of optics 
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which states that the optical state at a given point is obtained by the inte- 
gration of the optical state at an earlier instant (wave front) over the entire 
space. 

In a conservative system, the integration of (7.2) will give the evolution 
at point x: 

t) exp -^H {t- to) to) . (7.14) 

This can be expressed completely independently of the observed quantum 
state I a) representing the observer quantum state in Schrodinger’s picture: 

{x,t \= {x,tQ I exp H (7.15) 

n 

or in the equivalent but simplified (from the notational point of view) form 
(x,« I = ( X I exp (-^ (^ - *o) ^ (<)) • (7-16) 

The propagator (7.11) of the wave function will then take the form: 



(7.17) 



whereas, with (7.13), the wave function becomes 



(7.18) 

It is therefore necessary to know the propagator G(x't'; x, t) and an initial 
state 0 (determined by solving the Schrodinger equation or by any other 
means) to be able to determine the observed wave function corresponding to 
a quantum state | a) of the physical system. And this is precisely what the 
path integral method seeks to calculate. 

1.3 Examples of Propagators 

Consider now the simplest example imaginable, that of the propagation of a 
particle with mass m. The Hamiltonian H = p^f2m has the eigenvectors | p) 
forming a complete orthonormal system. Projected onto the eigenstates, the 
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propagator (7.17) becomes 

G{x', t'] x,t)^ j {x' \p)dp{jp \ exp (-^ {t' - t)H^ \ p')dp' {p' \ x) . (7.19) 

By using the projection of phase space onto configuration space (5.57), that 
is, the overlap 

we obtain the integral form of the preceding propagator: 

G{x',t'\x,t) = j dp exp p{x’ ^ I • (7-21) 

The evaluation of this integral uses the following standard result: 




We infer from this the integrated form of the propagator of a free particle 
wave function when setting At = \t' — t\: 



(7.22) 



It is also possible to analytically determine the propagator of a harmonic 
oscillator wave function. The result is naturally not as simple as (7.22) and 
is only introduced here as a reminder: 



(7.23) 



It is interesting to note that for an increase Ax of the position and At of 
the time and by replacing sin lu A t with u)At and cos u At with 1 we obtain 
exactly the same propagator as for a free particle: 
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If we replace Ax/ At by the velocity x, we obtain the following expression 
for the propagator: 



/ 772 \ 

G(x + Zlx,t + /l(;x,t) = ( 2 -^) exp 



i 1 '0 A 

- - m X At 
Tt 2 



. (7.25) 



We may therefore assume that we are dealing with the propagator of a wave 
function for an infinitesimal movement in space and in time. 



2. Path Integrals 



2.1 Feynman’s Conjecture 



The form of the propagator (7.11) shows that it is possible to include as many 
intermediate states as one wishes: 

(x',<'|x,«) =/(x',<'|x”,t")dx"(x”.nx,l) 

= dx" . (7.26) 

A finite time lapse {t' — t) can therefore be split into n e parts and the 
corresponding propagator written 

I a;,t) {x',t' 1 | . . . 

. . .dxj {xi^ti I x,t) (7.27) 

and we only need to know the propagator for the transitions from one point 
(x^, t^) to the next infinitely near point (x^^^, By setting e = 

we obtain 

I = (a^i+i I exp (-^ eif) | x^) . (7.28) 



By projecting onto the phase space, we obtain, as for the free particle. 












^i±l 



-X, 









(7.29) 



The path integrals leading to the propagator of a wave function are there- 
fore obtained by the discretization of the quantum system. This means that 
the continuous paths will be replaced with infinitesimal rectilinear paths. 
Consider the example of a free particle. The propagator G(x', t'; x, t) can be 
discretized by introducing n time intervals s such that at the limit n oo 
e 0 ne t' — t. 
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By using form (7.27) of the propagator, we will write 



= [ G (/; n - 1) G (n - 1; n - 2) . . . G (1; i) dx^_i^ . . . dx^ , 

In — ► cx) 



£->0 



with the expression of propagator (7.22) for the free particle: 



m \ 1/2 






exp 



im 
2h e 



(Xi-Xi_if 



(7.30) 

(7.31) 



Now, let us evaluate G(2;i) by integrating over the intermediate variable 
alone: 



G (2;i) = J G (2;1) G (l;i) dx^ 






^m 



2 h s 



[{x^-x^f + {x^-Xif] 



dxj . (7.32) 



Next, we use the value of the integral over a: of a Gaussian function: 

1/2 



J exp [a{x - Xj)^ + b{x - ^ 2 )^ 



dx 



— 7T 

a + 6 



exp 



ab 

d b 



(xi - x^y 



which leads to the integrated expression of the propagator G (2; i): 

\ 1/2 



G(2;z)- 



m 



27t i h [2e) ^ 



exp 



im 



[2% {2e) 



(X2 -xj 



(7.33) 

(7.34) 



This is precisely the propagator G (l;i) when x^ is replaced with X 2 and e 
with 2e. This calculation can be continued by integrating over X 2 , and then 
over X3... and so on down to x^_^ to finally obtain 



G (/; i) = lim 

’ / n-*oo 
£—*^0 



m 

27t i h {ne) 



1/2 

exp 



im 

2Ti {ne) 






(7.35) 



The passage to the limit is self-evident and consists in replacing ne with t’ —t. 
By replacing / with (x', t') and i by (x, ^), we thus obtain 



G (x',^';x,t) = 



27t ih{t'-t)) 



im (x' — x)^ 
2^ V -t 



(7.36) 



This is precisely the propagator of a free particle (7.22) although it is for the 
finite space interval (x' — x) and the finite time interval (^' - 1). Similarly, we 
obtain the propagator G (x', t'; x, t) for a particle subjected to an interaction 
V by substituting (7.29) into (7.27), that is by discretizing the integral and 
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then causing e to tend toward zero and sununing over all the infinitesimal 
intervals, that is by integrating over a variable t: 




(7.37) 

By expanding the kinetic energy term p?/2m and the potential term 
+ xJ/2] of the Hamiltonian, the integration over leads to prop- 
agator (7.24) of a free particle. The remaining term corresponds to the dis- 
cretized classical Lagrangian and the replacing the integral over t by a discrete 
sum introduces the action of the classical Hamiltonian S{x{t)). 

To simplify the notation we introduce the formal differential element 



lim n 

n—*oo X X 
e-^0 i=o 



= Vx , 



(7.38) 



where is a coefficient yet to be determined. This leads to the propagator 
of wave function (7.30) written as follows: 



G{Xf, ti) 



It is easy to recognize in this integral the Lagrangian of classical mechanics 
but the preceding Feynman integral concerns operators acting on a wave 
function at (x^^t-) to carry it to (Xf^tj). 

Feynman’s conjecture consists in introducing the classical Lagrangian in 
the integral and in identifying the normalization coefficient with the co- 
efficient of the propagator of a free particle by setting: 




(7.40) 
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In classical mechanics, the motion of a particle can be determined from the 
Hamiltonian action and the principle of least action: 



6 S = 6 f L^{x, x) dt = 0 

Jti 

or by considering a discretized and small time interval 

0 = 6 S {n,n — 1) = 6 / L^{x, x) dt . 

For a particle with mass m in an interaction potential V, 



5(n 



, n — 1)= f ^mx'^ — V{x) 
Jtn-i 1-2 



dt 



= At -V ( 

^ 2 V ) V 2 



(7.41) 



(7.42) 



(7.43) 



Feynman’s conjecture identifies the classical form with the quantum-mechani- 
cal form: 



I ^n— I’^n— l) 



1 



exp 



W{At) 

and for a free particle V = 0 we obtain by setting 



- 5(n,n- 1) 



(7.44) 



- ^n-1 = and = At 

the result already expressed in (7.25), that is, 

1 



G{x A x^t + At; X, t) = 



W{At) 



exp 



i 1 fAxY , 
--ml I At 
h 2 \At I 



(7.45) 



By comparing with the propagator (7.25) for a free particle, it becomes natu- 
ral to identify l/W{At) with the value [m/(27r i ft AtY^^ and to replace the 
product of the infinitesimal propagators with the Feynman integral (7.40). 



2.2 Example: The Quantum-Mechanical Effect of Gravitation 

Because the equivalence principle identifies inertial mass with gravitational 
mass, the equations of the classical motion of a particle with mass m in a 
gravitational field are independent of the mass: 

m X = —m V 0 X = —V 0 . 



(7.46) 
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In quantum mechanics, Feynman path integrals lead to a mass-dependent 
propagation since (7.44) will yield the propagator between instants and 




(7.47) 



This phase shift resulting from gravitational force was first brought to 
light using a source of thermal neutrons and a device for separating the 
neutrons along two different paths meeting at a given point D where the 
neutrons are detected (Fig. 1). 

Reflector Detector 




source Reflector 

Figure 1 

If points A and B are in the same horizontal plane, the gravitational effect 
is zero and there is no interference phenomenon indicating the existence of 
a phase shift 6 between the wave function of particles that have traveled 
different paths. Conversely, if A and B are in the same vertical plane, the 
quantum mechanical phase shift produced will be 

<t>SAD - <t>SBD = ^ 1^2 A sin ^ sin 6 , (7.48) 

where \ = v)\s the de Broglie wavelength of neutrons with mass m and 
velocity v and ^ 1,^2 length of the horizontal and vertical paths (Fig. 1). 
The interference between wave functions ^{SAD) and ^{SBD) will take 
place at D 

^{SBD) = ^{SAD) exp [i{(t>sAD ~ ^sbd)\ ? (7.49) 

since the resulting quantum state: 

^{SAD) + ^{SBD) = ^{SAD) (l + exp (-^ m g ^ sin (?) (7.50) 

will, through its square modulus, yield an interference pattern (Fig. 2). 
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If » 0, which simply amovmts to assuming a classical mechanical stance, 
the interference patterns become so tightly bunched that the phenomenon 
ceases to be observable. 
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Feynman’s conjecture concerning path integrals may turn out to be another 
quantization method provided we can show that there is complete equivalence 
between it and other methods and, in particular, that it is equivalent to wave 
mechanics. 

Let us assume that the wave function at (x,t) is known. Relation (7.18) 
will then yield, by the evaluation of Feynman’s integral, the wave function at 
x' and at t')t: 



t') = j G{x' , t'\x^ t) l?(x, t) dx (7.51) 

and at an instant = t + £, we will write 

^{x\ t + 6:) = J G{x', t + t) ^{x, t) dx , (7.52) 

with propagator (7.43) for the wave function: 

G(x', t + e;x, 0 = [h ' 

( 7 . 53 ) 

If we set X = x' — ^ and expand the exponential of the potential, we obtain 
the wave function 



a x' 2d x'^ 



i e 



d(. 



X 



(7.54) 
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The expansion to first order in e of t + e) in fact yields 



^{x', t + e) = ^{x', t) + • (7-55) 

The integrals in ^ that make a non-zero contribution to the second term of 
(7.54) are even in powers of 






2h e 
2 



1/2 

m ) 

3/2 



(7.56) 



By integrating (7.54) over ^ and then equating to (7.55) we obtain the 
Schrodinger equation 






(7.58) 



The above is proof of the equivalence between path integrals and wave me- 
chanics although the Schrodinger equation is only a first-order approximation 
of the actual result obtained from Eqs. (7.51) and (7.53). 



4. Action in Quantum Physics 

In classical mechanics, the Hamiltonian action 

S' = y* L(x, X, t) dt (7.59) 

leads to the Euler-Lagrange equations of motion through the principle of 
least action. 

In quantum mechanics, Young’s two-slit experiment shows, for example, 
that the particles traveling from the source Xq to the detector x^ may follow 
any path whatsoever (not determined by Euler-Lagrange equations) and that 
the probability amplitude that a particle will go from (xq, t^) to (x^, t-^) is, 
for example following definition (7.10), simply 

A{xq, to xj, = G(xi, ti,Xo, to) = ^ A{x{t)) , (7.60) 

paths 

where A{x{t)) is the probability amplitude corresponding to a particular path 
obeying the boundary conditions 



x(to) = ^0 ^(^i) = ^1 • 




5. Quantum Paths and Fractals 187 



In fact, quantum mechanics only gives a probabilistic interpretation to the 
square modulus of the probability amplitude. We can therefore write: 

A{x{t)) = N exp [i 0{x{t))] , (7.61) 



where N is independent of the path chosen. This amounts to writing 

G{xy, to) = N exp [i e{x{t))] . (7.62) 

paths 

The classical limit h 0 should be able to pick out from all the possible 
paths that which corresponds to the principle of least action. 

This boils down to writing the propagator in the form 



G{xy, t^,XQ, to) = N exp 

paths 






(7.63) 



When — > 0, the phase function S/h becomes too large and the probability 
amplitude oscillates too fast, wiping out the contributions of most of the 
integral paths. Only contributions by paths for which S is invariant, even 
when there is a change in path, will remain: 



When ?i 0, only paths corresponding to a stationary action 
contribute to the probability amplitude G, which 
corresponds to the classical limit 



5. Quantum Paths and Fractals 



In Nelson’s stochastic interpretation of wave mechanics, the trajectory x{t) 
of a particle with mass m is a non-differentiable continuous function. The 
path integrals defining the propagator of a wave function from one point in 
space-time to another are equally non-differentiable continuous functions and 
this was pointed out by Feynman as early as 1965. Of course Feynman did 
not use the term fractal, introduced in 1975 by Mandelbrot but we shall be 
using the approach of Abbot and Wise (1981) to show that quantum paths 
are two-dimensional fractals. 

A fractal curve is a continuous and non-differentiable curve, produced by 
an infinite series of operations which increase the length by a given factor. 
The Koch curve, for example (Fig. 3), increases the length of a straight-line 
segment in each operation by a factor of | when Ax becomes | Ax so that the 
final curve obtained after an infinite series of operations has infinite length. 
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1 




Hausdorff has defined a fractal length L associated with a resolution Ax 
and a fractal dimension coefficient D 1) by setting: 

L = i{A xf-'^ . (7.64) 

The coefficient D is determined by the fact that L must be independent of 
the resolution Ax, at least in the limit Ax 0. 

By a D-dimensional fractal curve, we will be referring to a non-differentiable 
continuous curve satisfying the Haudsdorff condition for D 7^ 1. 

The discretization of a quantum path into n elements At will yield a mean 
quantum path length 



{£) = n (Ai) with — t^ = n At. (7.65) 

The element with the mean length covered by a quantum particle is deter- 
mined with Heisenberg’s uncertainty relation 



{Ap) m \A X / mn {Ax) 



(7.66) 



This will yield the mean fractal length (L) with (7.64) and (7.66) 

(L) = {£) {Ax)^-^ = A {Ax )^-^ . (7.67) 

For a Hausdorff length to be independent of Ax, it is necessary and sufficient 
to have D = 2, which shows that the quantum path is a fractal curve (that 
is continuous but non-differentiable) of fractal dimension 2. 
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6. Path Integrals - Schematic Summary 




Chapter 8 

Symmetries and Invariances 



It was shown in Chap. 1 that the conservation laws of classical physics derive 
from the properties of invariance of the interaction potential with respect to 
continuous transformations, the translation of space or time coordinates, or 
the rotation of space coordinates. 

Similarly, in quantum physics, the general properties of the wave function 
describing a particle or a set of particles also derive from the invariance with 
respect to the continuous or discrete transformations of the Hamiltonian. 
We will not be describing these translations of the system of coordinates 
(both space and time) in detail here since that we have already had occasion 
to reflect upon them in Chaps. 5 and 6. Rotations will be taken up after 
the introduction of the standard representation base of angular momentum 
(Chap. 9). We shall be describing two transformations which also play a 
very important role in quantum physics: the reversal of space coordinates (or 
parity P) or of time coordinates (reversal of the direction of time T). Charge 
conjugation (operator C) will be studied in Chap. 17 which is dedicated to 
quantum electrodynamics. Mention will also be made of the CPT invariance, 
a fundamental issue in the quantum description of elementary particles. 

Electromagnetic field gauge invariance is an essential factor in classical 
physics. And we shall be looking into how the gauge transformation of the 
vector potential introduces a phase function in the wave function of a charged 
particle in interaction with the electromagnetic field. This will lead us to the 
notion of Abelian and non- Abelian gauge fields and to the generalization of 
Maxwell’s electromagnetic field equations to all gauge fields, that is to the 
Yang-Mills equations. We shall return to this point in quantum electrody- 
namics and to its extension to quantum chromodynamics, which is the most 
advanced of all theories of strong interactions. 
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1. Unitary Transformations 

Consider a transformation Q which transforms the quantum state | a) into 

|d): 



I d) = ^ I a) , 

(d I = (a I . (8.1) 

If, to conserve the norm, we impose on the transformation: 

(d|/3) - (a|/?), (8.2) 

this will lead, with relation (8.1), to the following equality: 

(a I 0+ a I /3) = (a I /?) and G = l. (8.3) 

The operator G must be a unitary operator. This is the case for the continuous 
transformations we have already met, such as space or time translations; it 
is also the case for the rotations we will be looking into a little later. 

The transformation of an operator A is obtained from the conservation 
of the mean value of such an operator, since the mean value is a number 
resulting from the measurement associated with A. This value is therefore 
independent of the representation adopted: 

{A) — (a I A I q;) = (d I I d) . (8.4) 

This gives, with relation (8.1), 

{a \ A \ a) = {a \ G~^ A G \ <y) ^ (8.5) 

and we can infer from this the transformation of the operator A: 

A = G^ AG, ( 8 . 6 ) 

or, by using the unitarity property, 

A = G A G~^. (8.7) 

In summary then, the unitary transformation U which conserves the norm 
leads to the following transformations of vectors and operators: 



a) I d) = U \ a) 

A A = U AU^ = U AU~^ 



( 8 . 8 ) 
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1.1 The Transformation Generator 



Let us assume that the unitary transformation is infinitesimally different from 
the identity transformation and then set, for the sake of convenience, 

= (8.9) 

The unitarity condition will be written to first order as follows: 

1 = f/+ [/ = (^1 + y (^1 - y G^ = 1 - y (G - G+) , (8.10) 

thus forcing the generator G of the symmetry G described by the unitary 
operator U into being a Hermitian operator G = G^. 

The transformation of operator A will then give to first order 

A = U AU+ ^ g\ a Tl + y G^ [G,A]. (8.11) 



Any operator that is invariant under symmetry G should commute with the 
generator of the corresponding infinitesimal transformation: 

A = A [G, A] = 0 . (8.12) 

In particular, if the Hamiltonian H is invariant under symmetry G (transla- 
tion, rotation), it should commute with the generator of the corresponding 
infinitesimal transformation: 



[G,H] = 0 or [U,H] = 0, (8.13) 



and Heisenberg equation of motion will imply 



d{G) 

dt 



- 0 , 



(8.14) 



that is, the Hermitian operator G is a constant of the motion and its eigen- 
values are not time dependent. 



1.2 Symmetry and Degeneracy 

Let I n) be the eigenstates of the Hamiltonian corresponding to the eigenvalue 
En- 

H\n) = I n) . (8.15) 

The operator U commuting with H will transform them (by rotation, transla- 
tion, or any other continuous transformation capable of conserving the norm) 
into the form 



n) = U\n). 



(8.16) 
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These vectors | n) are also eigenvectors of H corresponding to the same 
eigenvalue since, using (8.13), we can write 

H\n) =HU\n) = U H\n) =U E^\n) =E^U\n) 

= E„\h) (8.17) 

Because the eigenvectors | n) and | h) correspond to the same eigenvalue E^^ 
we infer that the eigenvalue E^ is degenerate. 

1.3 Examples of Unitary Continuous Transformations 

The exponential of an operator A is defined by its series expansion, that is, 
exp(A) = ^ = + + (8.18) 

n 

An operator U acts on the vector | a) of a vector space, such as the Hilbert 
space. The parameter a may represent the time or the position or the angle 
of observation of a quantum state, and we set by definition 

I «i+ao) =U(ai) I ao). (8.19) 

This describes the increase in parameter Oq by due to the application of 
a unitary operator U obeying the following condition: 

(7+(ai) = U~\ai) = U{&i) . (8.20) 

By the repeated application of the operator [/, it is possible to obtain the 
relations 

I ai + «2 + Oq) = ^ (<^i + <^ 2 ) I <^o) 

= U{a,) U{a^) I ao) 

3 . U{a^) U(a,) I ao) (8.21) 

leading to an additional condition satisfied by U : 

U{a^ + a^) = U{a^) U{a^) = U{a^) U{a ^) . (8.22) 

It goes without saying that this condition is satisfied by an operator U (a) in 
the form of an exponential: 

U{a) = C exp(/3 a ) . (8.23) 

The unitarity condition (8.20) then reduces to 

U~^{a) = C~^ exp{-/3 a) = U'^{a) = C* exp(/?‘^ a ) , (8.24) 
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thus imposing the following constraints on the parameters C and /3: 

C* = C-^ and /3+ = -/3. (8.25) 

For the sake of simplicity and to remain consistent with the correspondence 
principle, we set 

C = I and (3 = A with = A. (8.26) 

The unitary transformation U (a) is therefore of the form 

(8.27) 

This leads to the transformation of vector | Qq) by the incrementation of the 
value a, yielding 

a a) I ao) (8.28) 

and by differentiating each member with respect to the evolution parameter 
a: 



(8.29) 



i) Generator of Time Translations 

If the parameter a is the time, 

— I to + 1) = -- H \ tQ + t) . (8.30) 

The (time-independent) Hamiltonian operator is the generator of time trans- 
lations in a quantum system. 
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ii) Generator of Space Translations 

If a = a:, then the Taylor expansion of a function: 

+ a) = {x -}-a \ a) 

= ^ + • • • = I + « ^ I + • • •) I «> 

+ . . .^ I a) (8.31) 

will transform, with the correspondence principle = — ^ (d/dx) (with 

this operator acting on {x |), the generator of space translations as follows: 

+ a) = (x I exp a \ a) , (8.32) 

implying the transformation of the coordinates: 

(x + a I = (x I U~^{a) = (x | exp . (8.33) 

The operator generating the translations of the coordinates of a ket vector is 
therefore 



- (x 



1 + a — 
dx 



U (a) = exp 
p = —i h 




(8.34) 



The operator p is the generator of the translations of the space coordinates 
of a quantum system. 



iii) Generator of Rotations 

Consider a scalar field (p(x, p, z) and an infinitesimal rotation da around 
the axis Oz. Now, let us use the general form (8.9) to set 

U(da) = l-^daJ^. (8.35) 

The operator is the generator of the infinitesimal rotations of a scalar field 
around the axis Oz. 

The application of U to the scalar field (p(x, y, z) will transform the 
coordinates (x, p, z) into (x', y', z'): 



(fix', y', z') = U{da) (p{x, y, z) 



(8.36) 
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with the transformed coordinates: 

x' = X + y da^ 

y' = -xda + y, (8.37) 

z' = z , 

Inserting these into the scalar field ^{x\ y\ z') and using a Taylor expansion 
around (x, y, z), we obtain 

ip{x', y\ z') - ^{x -f y da, -x da + y, z) 

= 1 + da (y ^ - a:^) + . . . ip{x, y, z) . (8.38) 

By comparing statement (8.36) with form (8.35) of the operator U, we obtain 

The generator of infinitesimal rotations around an axis Ou for a scalar field 
is the projection of the orbital momentum L • u onto the axis in question. 
Now let us examine the case of the vector field (p{x, y, z). Each component 
(fy or will undergo the same transformation as the corresponding 
coordinates, that is, in a form analogous to (8.37), 

y ~ + y^^'> y ~ ^ 

iPy = -da (f^{x + yda, y - xda, z) ipy{x yda, y - xda, z) , (8.40) 

+ y^^^ y “ • 

We further introduce the column of the components of vector fields 0 and 
f^x\ l^x\ 

and transformation law (8.35), that is, 

= (l - ^ da J^) (p. (8.42) 

The Taylor series for the components of (p and the introduction of the fol- 
lowing 3x3 matrices: 
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will then yield, by comparing with (8.40) and (8.42), the generator of in- 
finitesimal rotations around the Oz axis of a vector field: 

Jz = + (8.44) 

The generator of infinitesimal rotations of a vector field around the Ou axis 
is the projection onto this axis of the total angular momentum J • u with 
orbital momentum L • u and spin 1: 

j = L+r. 



1.4 The Parity Operator 

Consider the unitary operator which changes the sign of a position operator 
(space inversion): 

la) ^ Id) = P \ a) , 

' . I / I /’ (3 45) 

X = P X P^ = -X. 

This can also be written by multiplying from the right by P since P^P = 1: 

XP + PX = {X,P} = 0. (8.46) 

The position operator anticommutes with the parity operator. 

Let us determine the eigenvalues of the Hermitian unitary operator P: 

X{P \ x)) = -P X \ x) =-Px\x) = i-x) {P I x )) . (8.47) 

The vector P | x) is an eigenvector of X corresponding to the eigenvalue 
(— x). Since the eigenvalue equation for X associated with the eigenvector 
I — x) can also be written as 



II 

1 


-x), 


(8.48) 


we obtain by comparing (8.47) with (8.48) 

1 x) = P 1 x) = 


1 -^) 


(8.49) 



to within a phase coeSicient arbitrarily chosen equal to unity. By applying 
the parity operator P twice to the vector | x), we obtain 

P^\x) = P{P I x) ) = P(| - x) ) = I x) , (8.50) 



which simply shows that 

= 1 . 

The eigenvalues of the unitary and Hermitian operator P are ±1. 
If I a) is an eigenstate of P, then we will write 



(8.51) 
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The parity transformation of a wave function = {x \ a) is easily ob- 
tained: 

^ai^) I <5) = {x \ P \ a) . (8.53) 

It is written with relation (8.52) as 

^^{x) ^^{x) ± ^^{x) . (8.54) 

By using the conjugate Hermitian of (8.49), we obtain 

^ai^) = ■ ( 8 - 55 ) 

By comparing the above results, we further find 



^ai-x) = ± ^aix) 



-1- even parity = symmetric 
- odd parity = antisymmetric . 



(8.56) 



Expressed in spherical coordinates, the space inversion x —x corresponds 
to the variable change (r, 0, (p) (r, tt— 0, (p-\-Tr) and the spherical harmonic 

functions will be parity-transformed according to the following law: 

- PY,^{e,^) = Y,Jn-e, ^ + n) = {-Y Y,^{6, ^) . (8.57) 

In such a case we say that the parity of the spherical harmonics is (-)^. 

If we evaluate the matrix element of the position operator between two 
parity states and relations (8.45) and (8.52) make it possible to write 

if3\X\a) = {(3\P^ P X P\ a) =- 0 \X \ a) 

= -e^e^0\X\a). (8.58) 

The matrix element is therefore zero for identical parities and 

The projection onto the configuration space will lead to the selection rule 

J ^^{x) X ^^{x) dx = 0 if = (8.59) 



2. Anti-unitary Transformations 



2.1 Definition 

Consider the transformation Q conserving only the norm modulus, that is, 

\ a) = Q \ a) 



0\a)= 0\a)\ 
This boils down to assuming that 

I (a I d) I = I (a I a) I . 



(8.60) 



(8.61) 
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We will show that Q is an anti-unitary operator, the product of a unitary 
operator U and a complex conjugation operator K: 

K (c I a)) = c* {K I a)). (8.62) 



(8.63) 



To prove this result it is sufficient to expand the foregoing relations: 

g\u) = U K{a\ a) + h\ (3)) = U K\ a) + 6* if | /?) ) 

= a*U K\a) + 6* C7 if I /?) = a* | d) + 6* | ^) . (8.64) 

To prove (8.60) we begin by projecting the state | a) onto a complete basis 
I n) since we will use (8.62) to cause if to act on (n \o^)\n): 

\ a) =g\ a) = U K\ a) 

= UY, K\n) {n\a) 

n 

— I I <^)* = Y/ I I • (8.65) 

n n 

The Hermitian conjugate of this result will yield the transformation of the 
bra 

(^1 = E I I 

n' 

and by computing the inner product 0 \ a) we obtain (n' | n) = 6 ^^/ , which 
finally leaves us with 

0\a) ^Y ^nn> in' I /?) \ n) = (a | /3) - (/? | a)* , (8.67) 

nn' 

thus proving proposition (8.60). 

2.2 The Time-Reversal Operator 

The time evolution of a quantum state | a) is given by (8.9), with the Hamil- 
tonian acting as generator of the time translation: 

I a) = U{e) I a) = (l - y r) | a) . 




( 8 . 68 ) 
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If we apply the time-reversal operator T before evolution: 

I a) -> T I a) , (8.69) 

we obtain for the time £ (after evolution in time) 

(l-^)r|a). (8.70) 

It is the quantum state at instant {—e) that will evolve and we can thus 
proceed to write: 

(l - y f) T\a) = T (l - h\ I a) . (8.71) 



This yields the equality between operators: 

-iHT = iT H. (8.72) 

If, as has already been alluded to in Sect. 1.2 of this chapter, the operator T is 
unitary, then the vector T | n) should be an eigenvector of the Hamiltonian 
corresponding to the eigenvalue —E^. This is clearly impossible since the 
energy spectrum of a free particle will range from zero to infinity. If the 
operator T is anti-unitary, relation (8.63) will lead us to write (8.72) as 
follows: 

T(iH\a)) = -i{T H\a)) V | a) , (8.73) 

thus enabling us to eliminate the scalar i and write the equality between 
T = UK and H operators in (8.72): 

T H = HT (8.74) 

with the anti-unitary time-reversal operator. 

The transformation involving the time-reversal of the operators will then 
be written as follows: 

il3\A\a) = 0\T AT-'^ \ a). (8.75) 

The observable A is either even or odd under the reversal of the direction of 
time if 

1 I -h even 

T A T~^ = ± A { 8.76 

- odd . 



Inserting this result into (8.75), we obtain for a = /? the time-reversal trans- 
formation of the mean values. If, for example, 

{a \ p\ a) = -{a \ p \ a) , (8.77) 

this implies the time-reversal transformation of the operator p : 

TpT~^ = - 



V 



(8.78) 
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and the eigenvalue equation for p reduces, under time-reversal, to 

pT\p) ^-TpT-^T\p) 

= -p{T\p)). (8.79) 

The vector | ^ is an eigenstate of p corresponding to the eigenvalue p al- 
though under time-reversal T | ^ it is the eigenstate of p corresponding to 
the eigenvalue (-p). If we apply a similar reasoning to other operators of 
quantum mechanics, we are led to the following transformations: 

T XT~^ = X and T \ x) = \ x) . (8.80) 



By combining (8.78) with (8.80) we can infer that 



T[X„ PJ T-^ = -ih6,j, 



(8.81) 



whereas L = f A p will yield, by the reversal of the direction of time, 

T LT~^ = -L . (8.82) 

To extend these results to particles with angular momentum J, we will use 
the more general transformation 



T JT~^ = -J. 



(8.83) 



It should be noted here that the Dirac formalism of quantum mechanics 
implies linear operators whereas the time-reversal transformation leads to 
antilinear operators. This accounts for the delicate problems raised by this 
transformation. 

The projection of a quantum state onto the configuration space: 

\ a) = J \ x) dx {x \ a) , (8.84) 

will yield, under time-reversal, 

a ) . (8.85) 

We then apply the anti-unitarity condition (8.63) for T to obtain 

T\a) = J T \x) dx {x\a)* , (8.86) 



|d) = T \ a) 



- 



T \ x) dx {x 



and, if we use relation (8.80), 
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By projecting onto configuration space, we infer the time-reversal trans- 
formation of the wave function: 

^^{x) = (x I a) = (a; I a)* = ^^{x) . (8.88) 

If, in the Schrodinger equation 

in = H ^ , (8.89) 

we change the direction of time, the left-hand side becomes 

i h d_^ ^ = -i h . (8.90) 

This function is no longer a solution of the Schrodinger equation, whereas by 
changing t into —t and ^ into we obtain the Hermitian conjugate of the 
Schrodinger Eq. (8.89) and, hence, a satisfactory solution: 






(8.91) 



This amounts to writing 



i’Ax,t)= {x\a{t)) = {x\a{-t)y = ip*^{x,-t), ^ 

^^{x,t)= {x{t)\a) (x(-i)|a)* = ^*{x,-t). 

In a time-reversal transformation of the wave function, we need to change t 
to -t and go from the space S to its dual £*. 

It was shown in the last chapter that 

{x, t) = {x, -t) , (8.93) 

which yields, by using the complex conjugates, 

< = K (8-94) 

An invariant Hamiltonian under time-reversal with a system of non-degener- 
ate eigenvectors possesses real eigenfunctions since 

H{T\n)) = T H\n) = {T \ n) ) (8.95) 

and if is not degenerate, then the eigenstates | n) and T \ n) are identical. 
By projecting the states | n) and T | n) onto configuration space, we easily 
obtain: 



I ”) = I I = (a: I n)* = ^*{x) . (8.96) 



The eigenfunctions of H are therefore real functions. 
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3. Gauge Transformations 



3.1 A Particle in an Electromagnetic Field 



It was shown in Chap. 1 that a particle with inass m and electric charge e 
placed in an electromagnetic field {E, B) = (— V0, V A A) exhibits a motion 
that can be described by the Hamiltonian: 

H=^ + e4>, (8.97) 

2m 

with the classical kinematic momentum (with c = 1) 

7? = p — e A. (8.98) 

The application of the correspondence principle will associate the operator 

jf=-ihV-eA (8.99) 



with the kinematic momentum. The eigenvalue equation in Schrodinger’s 
picture, 

H \ a, t) =ihdt\a, t), (8.100) 

projected onto the configuration space defines the wave function 'tpa{x,t) 
associated with the motion of a particle in an electromagnetic field: 



J_ 

2m 




'tpjx,t) ^ihdt 'tpa{x,t). 



( 8 . 101 ) 



3.2 Gauge Transformation of the Electromagnetic Field 



When we add the gradient of a scalar function x(a:) to the vector potential 
A, we normally say that we are making a gauge transformation of the vector 
potential: 

A^1=A + Vx(x). (8.102) 

This transformation does not modify the electromagnetic field, since 



E 

B 



E = -W^ = -V(j) = E 

B — V A A = {V A (A + V x(3;)) = V A A = B . 



(8.103) 



The electromagnetic field is thus gauge-invariant. 

How does gauge transformation (8.99) affect the wave function ip^{x,t)l 
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3.3 The Gauge- Transformation Operator 

Let us determine the operator G transforming | a, t) into | d, t) in the gauge 
transformation (8.102) by setting 

I d, t) =g \a, t). (8.104) 

Because the norm of the quantum state is conserved, the operator Q must be 
unitary: 

(a, t \ a, t) = (d, t I d, t) = {a, t \ Q \ a, t ) . (8.105) 

This implies the unitarity relation 

g+g = 1 and g+ ::.g-'^. (s.ioe) 

The gauge transformation of the kinematic momentum operator is obtained 
from its mean value which is invariant: 

(tt) = (d, t I 7T I d, t) = {a, t \ G'^ n G \ a, t) = (a, 1 1 tt | a, t) . (8.107) 

By identifying the operators, we obtain the following relation: 

G^ jf G = tt or TT = ^ 7T , (8.108) 

and, similarly, the gauge transformation of the Hamiltonian is written 

H = G HG^- (8.109) 

The position of a particle, mean value of the position operator X, must be 
independent of the gauge transformation and depend solely on the electro- 
magnetic field itself: 

(X) = (d, t I X I d, t) = {a, t \ G~^ X G \ t) . (8.110) 

This implies gauge invariance: 

[X,G]=0, (8.111) 

The operator G is therefore diagonal in configuration space and should be 
solely dependent on the variable x, that is, 

{x' \ G \ x) — G{x) 6^{x' - x ) . (8.112) 

Now, let us choose the operator G in its exponential form: 




(8.113) 
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and then determine the transformation of the vector p by applying it to any 
function ^{x) whatsoever: 



p ^{x) = G p ^ = G {-i hV)G^^ 

= -ihGG'^V^-ihG^VG'^ 



- - e V x(^)) V ^{x ) . 


(8.114) 


This defines the transformation of the vector p: 

p = p-eV x{x). 


(8.115) 



We next infer the transformation of the kinematic momentum tt: 

n = G G~^ = G (^p — e G~^ 

— GpG^-eA = p- e V x(^) - e A 
= p- ^ (^+ V x) = V- e A. ( 8 . 116 ) 



= p^ - i h ^{x) exp 



i e 



i e ^ 



exp 



Form (8.113) of the gauge transformation operator is quite compatible with 
the gauge transformation (8.99) of the potential vector. 

The gauge transformation of the wave function is obtained by projecting 
definition (8.101) onto configuration space: 



'0^(x,t) = G{x) = exp 









(8.117) 



The gauge transformation introduces a phase function in the wave function 
whereas the probability density 

g{x,t) = I 'ipa{x,t) f = I i!a{x,t) f (8.118) 



is gauge-invariant. 

This again underscores the primordial role of the phase function in wave 
mechanics as was experimentally demonstrated by Aharonov and Bohm (see 
Chap. 2). 

The gauge transformation G{x) of the electromagnetic field depends on 
the position x of the charged particle. It is a local gauge transformation. It 
depends solely on the parameter e (electric charge). The gauge group of the 
electromagnetic field is the group U{1), a group of one-dimensional unitary 
transformations. 

Gauge invariance has become a central issue in quantum physics in con- 
nection with the description of fundamental interactions and has been ex- 
tended to transformation groups that are larger than U{1), in particular 
for describing weak interactions (group SU{2)) or strong interactions (group 

sum 
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3.4 Non-Abelian Gauge Fields 

Let (j){x) be a matter field and a gauge field, the set of vector fields W“(x) 
with /X = 0, 1, 2, 3 and a = 1, 2, 3 . . . dimf7 where U is the continuous unitary 
group specifying the gauge transformation of the matter field: 

(j){x) ^{x) = U {x) (t>{x) , (8.119) 

dim U . 

U{x)^l- (8.120) 

a=l 

Let £a(x) be the coordinates for the group and T“ the infinitesimal generators 
of the gauge group U satisfying the following commutation relations: 

K,T,] = zC^,T,. (8.121) 

The structure constants of the group are antisynunetrical coefficients: 

C:t = -CL, (8.122) 

satisfying the Jacobi relation 

^MN ^AP + ^NP ^AM + ^PM ^AN ~ ^ . (8.123) 

The integrated form of the gauge-transformation operator (8.120) can be 
written as 

[/(a:) = exp 

where 0{x) are arbitrary functions of x and g is the coupling constant between 
the gauge field and the matter field. 

In the case of the electromagnetic field, the gauge group is 17(1) and the 
group generators the mutually conunuting scalar functions. The group is said 
to be Abelian. The coupling constant of the gauge field (x) and the matter 
field -0^(x,t) is the electric charge — e. If the generators of the gauge group 
obey a commutation relation such as (8.121), the group is said to be non- 
Abelian and the vectors of the gauge field are brought together in one 
vector field, the Yang-Mills field, by setting 

W^ = W^T^ = W^^f with a = 1, 2 . . . dim [/ . (8.125) 

The derivative operator d^ = d/d x^ remains the same in the gauge transfor- 
mation. Now, let us introduce a covariant derivative operator undergoing 
a transformation just like the matter field: 

Dj = UD^,l>. (8.126) 

By using transformation (8.119) of the matter field, we further obtain 

D^U cf> = U D^(l> V<^(x). (8.127) 



6{x)- T] , 



(8.124) 




208 Chapter 8 Symmetries and Invariances 



By multiplying from the left by C/ \ we easily obtain the expected result: 
The operator is transformed like all other operators, that is, 



U-^D^U = D^ or D^ = UD^U-^ 



(8.128) 



Let us use the Yang-Mills field to define the covariant derivative operator: 



and then determine the gauge transformation of the operator using 
(8.128): 

U -^ . (8.130) 

By applying this to an arbitrary function ^{x), we obtain 



^ = U-'-f 



= u (a^ u~^) w+u u~^ u w^u~^ ^ . (8.131) 

n n 

Because this relation is valid for any function ^{x), we infer the gauge trans- 
formation of the gauge field itself: 

^ % = UW^U-^-^U U -^ . (8.132) 

Because in electromagnetism the coupling constant is ^ = -e, the gauge 
transformation operator is written 



U (x) = exp 




(8.133) 



It commutes with the vector potential A^{x). The term U A^U ^ is therefore 
equal to A^ whereas the second term in (8.132) is easily evaluated as follows: 



U d^U ^ = exp xj 9^ exp xj 

= ~Y^X, (8.134) 

which gives, by inserting the expected gauge transformation into (8.128): 

^ A^^A^ + d^xix). (8.135) 



The covariant derivative operator (8.130) becomes, for its part, with g — -e. 
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and by using the correspondence principle (5.91) in a (H ) signature, 

(8.137) 

The covariant derivative operator in the electromagnetic field is the operator 
associated with the classical kinematic momentum. 

The Faraday-like tensor of a non- Abelian gauge field is written 

= fg w - (g 

[ M h ^ I y^u ^ ’’’'u j 

= W,] . (8.138) 

In the case of the electromagnetic field (Abelian gauge field) the commutator 
is zero and we once more find the form of the Faraday-like tensor. Relation 
(8.138) is termed the Yang-Mills relation of a non- Abelian gauge field. It can 
also be written (with (8.125) and (8.129)) as follows: 

C = 9, - 9. + I K • (8-139) 

By analogy with the electromagnetic field, the Yang-Mills field will be de- 
scribed by a Lagrangian density 

^ = a = l,2...^dimU. (8.140) 

If the gauge group associated with the Yang-Mills field is the group SU (Y), 
which is a sub-group of U {N) of the N x N unitary matrices with determi- 
nant equal to +1, it will cause N‘^ — 1 generators to occur. It is thus that the 
gauge group SU (2) will involve three generators and the group SU (3) eight 
generators (or eight gauge bosons). These results will be taken up again 
in the description of weak interactions (three gauge bosons W~^ W~ and 
Z^) and strong interactions (eight gauge bosons, the eight colored gluons 

i = 1,2,3 ^j)- 

The Euler-Lagrange equations leading to the Maxwell equations 
^ — 0 of the electromagnetic field generalize into Yang-Mills equa- 
tions 

9,F>^^-'-^ [W^,F^'']=0, (8.141) 

and we arrive back at the usual form of the Maxwell equations by introducing 
the Yang-Mills derivative operator 




1 = V, 



(8.142) 
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which transforms the equations of the gauge field as follows: 



^ - 0 
H' 



The second group of Maxwell equations, 

9t u + ^u K n + 9^ r = ^ 
for the Yang-Mills field is thus written 

Ft Fij^^, + D^F^^ + D^F^^ = 0, 
or, by using the fact that, 



(8.143) 



(8.144) 

(8.145) 



f?, , = a, ^ [TY„ F^ ,] (8.146) 

and the Jacobi identity of commutators, we show that the second group of 
Maxwell equations retains the form of (8.142) for the Yang-Mills field. We 
will return to gauge fields in due course after the study of quantum electro- 
dynamics and its extension to quantum chromodynamics, or the Glashow- 
Salam-Weinberg (G.S.W.) standard model of electroweak interactions (see 
Chap. 19). 




Chapter 9 

Angular Momentum 



1. General Definition 



In classical mechanics, a particle with mass m and momentum p possesses 
an angular momentum L — f A p, where f defines the vector position with 
respect to a fixed point 0. The transition to quantum mechanics will be made 
by applying the correspondence principle, that is, by defining an operator L: 



^1 


^2 


^3 




ei 


^2 


63 


X 


y 


2: 


= —i h 


X 


y 




d 


_d_ 


d 




dx 


dy 




d X 


d y 


d z 





or by expanding the determinant: 



L = 



ih 




dy 



+ ^2 






d d\ 
dx ^ dz) 



+63 



dy 



d X 



(9.1) 



(9.2) 



The vector product can also be expressed using the Levi-Civita symbol: 



( 1 if (i j k) = (123) = {x y z) 



j k 



-1 if {i j k) = (213) = {y X z) 
0 otherwise 



(9.3) 



where {i j k) designates the circular permutations of subscripts j and k. 
Then we can write 

L = -in Sijk 4 dj • (9.4) 

The components of this operator in spherical coordinates are obtained by 
changing variables as follows: 

X = r sin 9 cos ip , 
y = r sin 9 sin (f , 
z = r cos 9 . 
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We then obtain the components 



( d d \ 

sin ip — + cotg 6 cos p> — j 

( d d 

- cos ^ 0 sin (p 



and the square modulus of the angular momentum reduces to 

= Ll+Ll+Ll = -n — (^sin 6 — ^ ^ . (9.6) 

The position operator x- of the particle and the momentum operator p- 
(i, j = X, 2 /, z) satisfy the commutation relations 

[Xi, Xj] = 0 [Pi,Pj] = 0 [xi,Pj] = i h ■ (9.7) 

It is easy then to determine the commutation relations between the compo- 
nents Ly^ of the angular momentum. We could, for example, calculate 

[Lx^Ly] = {yp^-z Py) {zp^-x p,) -{zp^-x pj {yp,-z Py) . 

In view of relations (9.7), we obtain = i h and, by proceeding in 

a similar manner: 

^z] ~ ^ ^x\ = 'i ^ Ly. 

All three commutation relations may be written in vector notation as follows: 



L A L — z Tl L 
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We draw attention here to the fact that, in classical mechanics, the preceding 
notation is meaningless since the vector product of two co-linear vectors is 
zero. In quantum mechanics, on the other hand, the components of the vec- 
tor operators do not commute with one another. Notation (9.8) is therefore 
perfectly legitimate in this case and 

^ ^ L — [-^2:5 “I" ^3 • 



It is easily seen here, with the aid of (9.8), that the squared length of the 
angular momentum commutes with each of the components 



of L: 




(9.9) 



Relations (9.8) and (9.9) will be characteristic of an angular momentum in 
quantum mechanics and any vector operator J verifying the commutation 
relations 



J A J = i h J or [J^, J^] = i h e 



k i m 



(9.10) 



(and hence j| = 0) will be termed angular momentum. To simplify the 
notation, we henceforth set == 1 (natural units). 



2. Standard Representation 



2.1 The Operators and J_ 



Let us introduce the mutually conjugate Hermitian operators and J_, 
and then = J_ and = J_^ with Hermitian operators and 



J_^ — Jx + i Jy 

J_ = Jx ~ ^ Jy 



j,=i (J++J-) 

or better still 

•’< = 21 



(9.11) 



It is relatively easy to evaluate the commutation relations between these 
operators themselves and with and J^: 



[J.^A] = J+ 



(9.12) 



By using expression (9.11) for and Jy in terms of and J_, the squared 
length of the angular momentum will be expressed with J_ and as 
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follows: 

J2 = J2 + J2 + j2= 1 {J^J_+J_J^)+JI 



With commutation relation (9.12), we obtain the 
relations: 



j_ - j, (j, + 1) 






following two important 



(9.13) 



2.2 Eigenvalues of and Jz 

Now, let us use as basis of the angular momentum operators the eigenbasis 
common to the commuting operators and J^. We will denote the eigen- 
vectors of these operators by | jm): 

I jm) = aj I jm) and | jm) = m \ jm) . (9-14) 

The operator is a Hermitian operator defined positive since J^, Jy^ are 
Hermit ian operators: 

If we evaluate its norm {jm \ \ jm) = aj on the normalized vectors | jm): 

\Jx + Jy+ Jz I j^) = 0'^ \Jx Jx\ 3^) + {jm I Jy\ jm) 

+ {jm I J+ I jm) , 

we obtain the sum of the norms of the vectors: 

=J^(Jx\ jm)) + N {Jy\ jm)) +N (JJ jm)) . 

This shows that > 0 and if we set = j(j + 1), we obtain the following 
fundamental relation: 



I jm) = j{j + 1) I jm) j>0 . 

An eigenstate | jm) of will then be labeled with the real and positive 
quantum number j, whose corresponding eigenvalue is j(j + 1). We will con- 
versely term m the eigenvalue of corresponding to the same eigenvector 

I jm). 

The ket | jm) will be said to represent an angular momentum state (jm) 
if the following eigenvalue equations are satisfied: 



j2 I jm) = j{j + 1) I jm) j>0 
Jz I jm) = m I jm) 



(9.15) 
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2.3 Relationship Between Quantum Numbers m and j 

By applying the operators J_ and J_ defined by Eq. (9.13) to a vector 
\ jm), we obtain 

J_ J+ I jm) = [J^ - (J^ + 1)] I jm) = \j{j + 1) - m(m + 1)] | jm) , 

J+ I jm) = [J^ - (J^ - 1)] 1 jm) [j{j + 1) - m(m - 1)] | jm) . 

(9.16) 

Now, let us multiply each of these relations by {jm |. Because the operators 
and J_ are Hermitian conjugates of one another and the basis vectors 
I jm) orthonormal, the first relation leads to the norm | jm): 

{jm I J_ J+ I jm) =N (J+ I jm)) = j{j + 1) - m(m + 1) 

= O’ - tn) (i + m + 1) > 0, (9.17) 

whereas the second (9.16) leads to the norm of J_ | jm): 

{jm I J+ J_ I jm) = AT (J_ I jm)) = j{j + 1) - m(m - 1) 

= {j + m) (j - m + 1) > 0 . (9.18) 

The first inequality shows that —j — I < m < j whereas the second imposes 
-j <m<j 1. 

These inequalities are therefore simultaneously obeyed in the domain: 




-j j+i 



where m is between —j and We therefore obtain a first selection rule for 
the magnetic momenta m: 

(9.19) 

2.4 Selection Rule for j 

Let us use the ket | jm) as departure point to describe the state with angular 
momentum \ jm). It is necessary and sufficient for a vector’s norm to be zero 
for the vector itself to be zero (see Chap. 4). With relation (9.17), we thus 
obtain: 

I jm) =0 if ^ I jm)) = {j -m) (j + m + 1) = 0 . (9.20) 
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The value m = j, the maximum compatible with (9.19), provides a solution 
to the problem and 

=0. (9.21) 

This defines the vector with the highest weight | jj). 

If m is different from then it goes without saying that J_^ | jm) is an 
eigenvector of and corresponding to the eigenvalue (m + 1) of J^. In 
effect, following (9.12), [j^, J_^] = 0, making it possible for us to write 

I jm)) = (J2 I jm)) = J+ {j{j + 1) I jm) 

= j{j + 1) {J+ I jm)) . (9.22) 

Let us further use the commutation relation [J^, = J_^ to write J_^ — 

(Jj, + 1). We obtain 

Jz ('^+ I = J+ (Jz + 1) I ji^) = (m + 1) I jm) 

= (m + 1) (J+ I jm)) . (9.23) 

The ket J_^ | jm) therefore describes a state with angular momentum 
(j, m + 1). The following result can therefore be stated: 

• if m = j I jj) = 0 

• \im ^ j relation (9.19) imposes m < j and | jm) is an eigenstate 
with angular momentum (j, m + 1) 

• if m + 1 = j (J^ I jm)) = I jm) = 0, otherwise m 4- 1 < j, 

I jm) is an eigenstate with angular momentum (j, m + 2). 

This reasoning can be pursued down to the pth place and the | jm) will 
be an eigenvector of corresponding to the eigenvalue j{j + 1) and of 
corresponding to the eigenvalue (m + p). 

• If m + p = j, I jm) = 0. 

In other words, p = j — m is a positive integer (it denotes the number of 
times the operator J_^ is applied) and the p vectors | jm), | jm), . . . 

I jm) eigenvector of corresponding to the eigenvalue j{j + 1) and of 
corresponding to the values m + 1, m + 2, . . ., m + p = j. 

The same procedure will yield J_ \ j - j) = 0 and (J_ | jm)) = 
(m — 1) (J_ I jm)). The repeated action of the operator J_ on a vector 
I jm) will yield the eigenvectors of for the eigenvalue j{j + 1) and of 
for the eigenvalues 



m — 1, m — 2, . . . , m — q = —j (^ > 0 integer) . 
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We can therefore note that p and the number of times operators or J 
are applied, are integers: 



p = j - m integer , 
q = j + m integer , 

By considering the member-by-member sum, we obtain p q = integer = 

2j. Hence, j is a positive real integer or half- integer and this result can be 

formulated as a theorem. 

- The only possible eigenvalues of are of the form j{j + 1) where j is a 
positive integer or half- integer: j = 0, 1/2, 1, . . . 

- The only possible values of m are the integers or half-integers m = 

0 , ± 1 / 2 , ± 1 ,... 

- If j{j -h 1) and m are the eigenvalues of and corresponding to a 

state of the angular momentum we necessarily have: m = —j, 

— j -h 1 . . . -h j and there exist 2j -f 1 possible values of m. 



2.5 Construction of Subspaces 

Let us, for each value of j corresponding to the eigenvalue j{j -f- 1) of J^, 
construct a subspace spanned by {2j H- 1) vectors | jm). This subspace will 
therefore be a {2j -f l)-dimensional subspace. 

The vectors | jm), eigenvectors of corresponding to the eigenvalue 
j(j + 1) and of corresponding to the eigenvalue m, are orthonormal, that 
is, 

{jm! I jm) = 6^^, . (9.24) 

The action of the operator on | jm) will yield a vector belonging to the 
subspace since it is an eigenvector of for the same eigenvalue j(j + 1), 
whereas the eigenvalue of has increased by one unit, 

(J+ I jm)) = j{j + 1) (J+ I jm)) 

Jz I j'^)) = {m + l) (J+ I jm)) , 

but we also note that | jm -f 1) = (m + 1) | jm + 1). We can therefore 

conclude that | jm) is co- linear to | jm -j- 1). 

Now, let us determine the proportionality coefficient between these 
vectors: 

J+ I jm) = I jm + 1) (9.25) 

by calculating the norm of the vector 

N (J+ I jm)) = {jm + 1 I x*^x^ \ jm + 1) 

= + 1 I im + 1) = \x^\^ . (9.26) 
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Equation (9.17) will, in addition, yield the value of this norm, thus defining 
the coeSicient x^: 

^ U - m) (j + m + 1) = j{j + 1) - m(m + 1) . (9.27) 

The phase factor of the | jj) vector has been chosen positive and real, so we 
can write: 

J+ I jm) = [{j -m) {j + m + 1)]^^^ | jm + 1) = | jm + 1) (9.28) 

with positive: 

= iU -m) {j+m + l)f = [j{j + 1) - m(m + 1)]^^^ . (9.29) 

We can similarly set 

J_ I jm) = x'^ I jm - 1) , (9.30) 

which, multiplied by the bra {jm - 1 |, yields 

= {jm - 1 I I jm) . (9.31) 

Hermitian conjugation of the ket enables us to write the conjugate bra as 
follows: 

(jm - 1 I J_ = [J+ I jm - 1) | jm) = (jm | 

because the coefficient x^_^ is a real number. 

By inserting this result into (9.31), we obtain 

= {jm I I jm) = . 

We can, in the final analysis then, write the following relations: 



J+l jj) =0 
J-|j-j)=o 
J+ I jm) = x^ I jm + 1) 
J_ I jm) | jm - 1) 



(9.32) 



with the coefficient x^ being given by 

^ \j{j + 1 ) - m{m + 1 )]^/^ = [(j - m) (j + m + 1 )]^''^ . 



Working from any vector | jm) whatsoever of and by the action of the 
operators and J_, it is possible, through the application of relations (9.32), 
to construct a set of (2j + 1) orthonormal vectors \ j j) \ j j — l) ... \ j — j) 
that are the base vectors of . These vectors satisfy eigenvalue Eq. (9.15): 

J^\jm) =j(j + l)|jm) 

Jz I jm) = m I jm) 



and can be inferred from one another with (9.32). It should be borne in mind 
that the operators J^, J^, J^, J_ transform vectors of into other vectors of 
the same subspace. Hence, they leave the subspace invariant. 
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2.6 Standard Representations {J^^Jz} 



Among all the possible representations of states of the angular momentum, 
those in which and are diagonal operators are preferable because the 
manipulation of the angular momentum is especially simple. In these repre- 
sentations, the additional variables corresponding to other characteristics of 
the quantum state, such as energy and electric charge, are represented by op- 
erators which commute with J_^ and J_ (or and Jy) and They are 

called standard representations {J^, J^}. These are representations which, 
because their base vectors correspond to the same value of the quantum num- 
ber j, can be grouped into one or several series of (2j + 1) vectors that can 
be inferred from one another by applying relations (9.32). 

To each series corresponds a subspace and the Hilbert space is formed 
by the sum of all the subspaces of this type. 

Among the eigenvectors of J^and corresponding to the eigenvalue 
j{j -f 1) of J^, let us choose those for which m = j. They constitute a sub- 
space of the Hilbert space spanned by a complete set of orthonormal vectors 
I r jj). The quantum number r is characteristic of operators that commute 
with the angular momentum and form with it a complete set of commuting 
operators. The orthonormalization relation of these vectors reads: 

{t jj I t' jj) = Kr' • (9-33) 



Let US associate to each of the | r jj) vectors the 2j vectors obtained by the 
repeated action of the operator J_. In this way, we constitute a (2j + 1)- 
dimensional subspace spanned by the following basis vectors: 

I -r jj) \t jj -1) ... \ t j -j). 



These vectors satisfy (9.32)-type relations in which the quantum number r 
is simply a spectator: 



\ r j fJ.) ^j{j + l) \ t j n), 

Jz\t IJ) = M I "T , 

J+\t j n) =x^\t j n+1), 
J-\t j n) = \ t j n-l). 



(9.34) 



The subspaces ^ and are orthogonal for r' ^ r by virtue of (9.33) and, 
when brought together, they form the subspace ^ of the eigenvalue j{j + 1) 
of J\ 

By repeating this operation for each of the j possible values such that the 
eigenvalue of is j(ji -f 1), we obtain a standard basis for the whole of the 
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Hilbert space: 



\ t j n) {t j 

Tj M 



In such a representation, the matrices representing the different components 
of the angular momentum operator take a simple form since 



{t j H 


\Jz 


1 r' f n') =6^^, 6jj, /X, 


{t j M 


1 


1 t' f fJ-') = K r> j' ti' 3 {3 + 1) 


{t 3 fJ-\ 




1 t' j' mO = K r' j' ^,'+l , 


{t 3 


J_ 


\ '^ 3 A* ) t' j' ix'—i —1 



(9.35) 



Next, we calculate the matrix elements of the operators and Jy using the 
following relations 



4 = 5 (4 + 4). 



(9.36) 



2.7 Example of a Standard Representation 



Let us apply the preceding relations to the case of a particle with angular mo- 
mentum J = ^. The matrices representing the angular momentum operators 
will be obtained by applying relations (9.35): 



.2_ 3 A 0\ . Wl 0 
4 U li " 2 lo -1 



j+ = 



0 1 
0 0 



J. 



leading to the values 



J. 



1 

2 



0 1 
1 0 




0 -i 

1 0 



0 0 
1 0 



(9.37) 



We will return to this example in the course of the discussion of Pauli matri- 
ces. 



3. Examples of Angular Momenta 

3.1 Orbital Angular Momentum 

Let us return to the special case of a particle with mass m and classical 
angular momentum L. We normally associate with this observable an orbital 
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angular momentum operator L satisfying commutation relations (9.8) and the 
orthonormal kets | ^ m) of the standard basis satisfy the following eigenvalue 
equations: 

\ i m) = i (i + 1) \ i m) , 
with the usual selection rules 



^>0 and -£ < m < i. (9.39) 

Operators and can be defined with (9.5) in a system of spherical 
coordinates. By projecting the angular momentum state (£, m) onto this 
system of coordinates, we obtain functions of the angles 6 and (/?: 

m <^) = K m) (9-40) 

termed spherical harmonics which we will discuss in detail in Chap. 12. 

For the time being, let us note that because the operator is, following 
(9.5), expressed as —i {d/d(p), the first-order differential equation can be 
written 

^ ™ (9-41) 

with the following general solution: 

Y,^{e, = (9.42) 

The function ^ (0, cp) is uniform if it is invariant under a 27r-rotation of 
the angle (p: 

Ye m ^) = Ye m + 27 t ) 

This results in = 1, forcing m to be an integer. Since, in addition, 

{£ + m) and {£ — m) are necessarily integers (see above), £ will be an integer. 

An orbital angular momentum can therefore only take the positive integer 
values = 0, 1, 2, . . . . 



3.2 Spin 

Stern and Gerlach were the first to experimentally provide evidence for the 
existence for an intrinsic angular momentum, or spin. The principle consists 
in using an electromagnet in whose air gap the applied force is proportional 
to the magnetic moment fi of the incident particles: 

F^ = k^l. (9.44) 

On a photographic plate serving as detector, it should thus be possible to 
observe (2j -|- 1) smears corresponding to all the possible values {-j < /i < 
+j) of fi. 
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Stern and Gerlach injected into the air gap of their electromagnet, silver 
atoms known to have a zero orbital angular momentum. The photographic 
plate showed two symmetrical smears with respect to the incident direction, 
thus providing evidence for the existence of an intrinsic angular momentum 
of the electrons of the atom. Spin S is used here to refer to this intrinsic 
angular momentum for which 

25 + 1 = 2, that is ~ ^ • 



The eigenvalue of the operator 5^ will be^ + whereas will have 

the eigenvalues ± The relations defining the state a) will therefore be 
written 



5^ 






3 1 1 \ 

4 I 2^^ 



1 V I 1 X 



with 






(9.45) 



S 



is an angular momentum obeying the general commutation relations 



S A S = ihS. 



If we apply the operator S_^ twice to the ket | | a), we obtain: 

5+ I i ct) = I i a + 1) , 

52 I i a) ^5+ ( 5 + i \ a:, \\a + l) 

, 1 

= ^a+i I 2 ^ + 2) • 

Since the magnetic momentum a can only take the values ib we obtain 

cr + 2 = I or |, both forbidden values. Because 5^ | ^ cr) = 0 V cr, we infer 

that 

Sl = 0, (9.46) 

Using the same method, it can also be shown that 

5^=0. (9.47) 



Let us develop these relations by expanding S_^ and S_ : 

Sl = (S.+iS,f = Sl-Sl + i (S,S, + S,S,) = 0, 

Sl = (S,-iS,f = S^,-Si-i (S,S, + S,S,) = 0. 

The term-by-term sum of these equations shows that — Sy and because 
the eigenvalue of 5^ = | and that of = j, we can infer the value of the 
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operators: 

Sl = Sl = Sl = \l (9.49) 

where 1 represents the identity matrix ^ ~^q Using (9.49) and the 
term-by-term difference of Eq. (9.48), we obtain the relation 



Sx Sy Sy Sx — 0 . 

This is an anticommutation relation. Because the spin operators also satisfy 
the commutation relations S A S = i we obtain, for example. 



S,Sy + SySx=0, 
SxSy-SySx=iS,, 



yielding, after the term-by-term summation. 







(9.50) 



(9.51) 



3.3 Pauli Matrices 

We usually set 5 = ^ a and the matrices 5 representing the spin operators 
in the standard representation (see 9.37) are termed Pauli matrices: 






0 1 
1 0 






(9.52) 



It is easily seen here that the matrices Gy^ cr^, and the identity matrix 

1 =(^ 1 ) ^ complete basis, that is, any 2x2 matrix can be expressed 

as a linear combination of the former. 

Consider, for example, a given 2x2 matrix 



M = 



a b 
c d 



Now, let us determine the elements of this matrix by writing the linear com- 
binations of the identity and Pauli matrices: 



M — Aq 1 + + A,, G^i 4* A^ G. 

1 0 



= An 



0 1 



+ A„ 



^ h+A 
1 0 / ^ 



_ f Ag + \ 



Xx "b ^ A^ 



a b 
c d 



—i 

0 



+ Xy 



(9.53) 
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which yields the following matrix elements: 



a — Aq + , 

b = — i Xy ^ 

c = X^ + iXy, 
d = Xq — Xz . 



from which we can infer the A^ parameters of the linear combination: 



G -j- d 




2 


^ 2 


c-b 


1 

II 


2i 


^ 2 



(9.54) 



This shows that there is a one-to-one relation between the elements of the ma- 
trix M and the parameters A^ of the linear combination of the Pauli matrices 
and the identity matrix. 

Working from definition (9.52), it is easy to show that the Pauli matrices 
satisfy the following relations by setting i = (x, y, z): 

a^ = l 

= ~^j h h k = x, y, z 

(9.55) 

Tra^ = 0 
det cr, = —1 . 



The simultaneously fulfilled commutation and anticommutation relations 
(9.50) can be written as follows: 



[di, e^] = 2i Si j fc CT*. and a^} = 26i ^ 1 . 
This yields after a term-by-term summation, 

By introducing the Pauli matrices 

<^+ = \ K +^) = (o 1 ) = (J 



(9.56) 

(9.57) 



0) 

0 ’ 



we can easily demonstrate the important relations 

{cr+, cr_} = 1 (cr+)^=0 (cr_)^=0. (9.58) 

Finally, two vector operators, A and B, commuting with a but not necessarily 
with one another and which are not acting in the spin space satisfy the 
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relation 

(a • A) (a • B) = A • + i a • (A A jB) , (9.59) 

as is easily seen by using relation (9.56). 

This relation has two important consequences for the angular momentum 
p and the kinematic momentum n = p- e A. In the first case we obtain 

(ct • pf =p‘^, (9.60) 

whereas the kinematic momentum and definition (1.256) yield 

(a- n )‘^ = 7 t‘^ + i a • {t^ A tt ) = tt^ - e a • B. (9.61) 



3.4 Isotopic Spin 



In nuclear physics, neutrons and protons are often considered as one and the 
same entity, simply by introducing isotopic spin (or isobaric spin, or isospin). 

The nucleon is hence defined as a particle with isospin / = The proton 

would then be the isospin state \ \ \) and the neutron the isospin state 

I “ — 

I 2 2/* 

Let us denote the states of the neutron and the proton by | n) and | p) 
respectively and then the operators for making the transition from one state 
to the other: 



I = Ip) 

T_\p) = I n) . 



(9.62) 



Insisting that only these two states exist yields the conditions 



T^_ I p) =0 and T_\n) = 0 . (9.63) 

Now let us look for mutually conjugate operators, that is, ones satisfying the 
additional condition 

r_ = (r+)'^ . (9.64) 

The simplest representation of the operators r_|_ and r_ is obtained with the 
2x2 matrices 




satisfying relations (9.62), (9.63), and (9.64). 

Using (9.65), we can easily calculate the commutator of r_^ and r_ which 
we note as We thus find 




(9.66) 




226 Chapter 9 Angular Momentum 



By causing to act on | p) and | n) defined in (9.65), we obtain 

"^3 I P) == Ip) and T 3 I n) = - | n) . (9.67) 

In other words, | p) and | n) are none other than the eigenstates of with 
the corresponding eigenvalues being +1 and - 1 . 

If we introduce the linear combinations 



Tj = (r_+r+) 
T 2 = i (r_ - r+) 

^3 



0 n 

1 0 i ’ 







1 0\ 

0 -1 i ’ 



(9.68) 



we notice that the matrices r are Pauli matrices T 2 = Ty 

and because spin S is defined by 5 = ^ a, we introduce an isospin I such 
that 



I = ^r 



with I A I = i I 



or better still [ 4 , I^] = i Im ■ (9-69) 



The isospin states ± | therefore represent the two states of the nucleon: 



proton state 
neutron state 



- -) 

2 2^ 

2 2' 



/ = i and /, = i 

2 ^2 

I = - and 7o — 

2 ^ 



1 

2 



(9.70) 



If must be recalled that the electric charges number Q and the isospin are 
linked by the Gell-Mann and Nishijima relation: 

Q=\+h- (9-71) 



The isotopic invariance of the nuclear interaction can be formulated as the 
invariance with respect to rotations in the isospace. The scattering amplitude 
5, for example, is an isoscalar: 

(/'/' I5I//3) 

where Sj is independent of /g, that is, independent of the type of nucleon. 
This mathematically formulates the fact that the nuclear interaction acts in 
the same manner on the proton as on the neutron. 
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3.5 Electroweak Isospin of Leptons and Quarks 

The quark model of particle physics assumes the existence of a common un- 
derlying sub-structure of the neutron and the proton termed “quark” . The 
quark u is considered to be a quantum state with electric charge | e and 
the quark d a quantum state with electric charge — ^ e. Quarks are fermions 
with spin J = ^ that are sensitive to the four basic interactions, gravitation, 
strong nuclear interaction, weak nuclear interaction, and electromagnetic in- 
teraction. The proton is composed of the quarks {u u d) and the neutron of 
the quarks {d d u). The other elementary constituents of matter, or leptons 
(electrons and neutrinos), are also fermions with spin J = ^ that are not 
sensitive to strong nuclear interactions. 

Leptons and quarks constitute isospin doublets whose two constituents 
correspond to states of electric charge, hence to different isospin states: 




We introduce a quantum number L termed lepton number, characteristic of 
leptons, and then set L = +1 for e“ and and another quantum number B, 
termed baryon number, characteristic of baryons and then again set B = ^ 
for u and d (or better still B = 1 iov n = {u d d) and tov p = {u u d)). The 
Gell-Mann-Nishijima formula will then take the form 

Q^h + ^- ( 9 - 73 ) 

Isospin is conserved in electromagnetic and weak interactions, which explains 
why it is termed electroweak isospin, or isospin of leptons and quarks. We can 
introduce a neutral charge (Elbaz et al., 1981) or weak charge N conferring 
symmetry properties to the two members in each of the preceding doublets. 
We will say, for example, that the proton has an electric charge of Q = 1, 
but a weak charge of AT = 0 whereas the neutron has the electric charge 
Q = 0 and a weak charge of AT = 1. It is clear then that the projection of the 
electroweak isospin is linked to the electric and weak charges through 

h = \{Q-N), (9.74) 

and by inserting this value into the Gell-Mann-Nishijima formula, we obtain 

B-L = Q + N = Y, (9.75) 

By hypercharge Y we mean the sum of the electric and weak charges or the 
total charge of a particle. The Gell-Mann-Nishijima formula will then take 
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the following form: 

Q = I 3 + — • (9.76) 

Let us emphasize here that this total charge Y is for the nuclei none other 
than the number of nucleons A = Z + N or atomic number. 



Doublet 




J 


I 


Q 


N 


Y 


B 


L 


h 


leptons 


e 


1 

2 


1 

2 


-1 

0 


0 

-1 


-1 




1 


1 

2 

1 

2 


quarks 


d 

u 


1 

2 


1 

2 


1 

3 

2 

3 


2 

3 

1 

3 


1 

3 


1 

3 




1 

2 

1 

2 


nucleons 


n 

P 


1 

2 


1 

2 


0 

1 


1 

0 


1 


1 




1 

2 

1 

2 



By internal quantum numbers we normally mean the quantum numbers Q, 
AT, y, 5, L and Jg defining the intrinsic properties of particles. Antiparticles 
will have the same mass as particles but internal quantum numbers with 
opposite signs — Q, —N, — F, — J5, —L and — /g. Internal quantum numbers 
are simply additive from the algebraic point of view. 

Mesons comprising a quark q (with baryon number 1/3) and an antiquark 
q (with baryon number -1/3) will then be particles with baryon number 

Baryons comprising three quarks q (each with the baryon number 1/3) 
will, for their part, have the baryon number B = +1. 



4. Magnetic Moments 



An atom with angular momentum {j fi) in a magnetic field will undergo an 
interaction decoupling the energy levels that are dependent on its quantum 
number //, correctly termed magnetic quantum number. We are therefore 
going to study the effects of a magnetic field on an atom by introducing the 
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magnetic moment of such an atom with the intrinsic magnetic moment of its 
electronic components. 



4.1 Magnetic Moment of an Atom 



An atom with Z electrons will be described by a Hamiltonian i?Q, which is 
the sum of the kinetic energies p?/2m of the Z electrons and the Coulomb 
potential energy of the electrons with the nucleus (assumed infinitely heavy) 
and the relative Coulomb interaction between the electrons: 




(9.77) 



If the atom is in a magnetic field S, an interaction between the electrons and 
the field will produce a shift of the energy levels of this atom proportional 
to a moment termed the magnetic moment fl. The Hamiltonian Hq will then 



be replaced by a Hamiltonian H obtained by changing p- into n- = — 

(e/c) A- {A is the vector potential of the electromagnetic field). For a constant 
magnetic field, we can set 

A £emj Be ej . (9.78) 

In effect, the preceding form will yield the curl 

(v A di Aj = Si Jk di r^) . (9.79) 

By using the crossing rule on the Levi-Civita symbols: 

^ijk ^jj' ^kk' ^jk' ^kj' (9.80) 

we obtain the following result: 

(v A dg + ^ . (9.81) 

Because B is constant and '^k ~ ^ik whereas = 3, we obtain the 

desired result: 

For a constant magnetic field, the preceding form of the vector potential is 
therefore compatible with the usual form of the magnetic field 

B = V A A. (9.83) 
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Let us evaluate the square of the kinematic momentum: 

7t2 = (p - f 3 (A-p + p.a) + ^ 

-P^ ~ Yc [(■^ 'P^P' ip ^ A (9.84) 

and introduce r A p = ^, the orbital angular momentum of the electron, and 
further use the crossing rule (9.80) to evaluate the last term: 

(b a = (b A f) • (b A f) = B^ - (5 • = B^ (1 - cos^ 6) 

= B^ sin^ (9 = B^ (9.85) 



by setting rj_ = r sin 6 the projection of the vector r on the plane perpen- 
dicular to the magnetic field. We are thus left with 

= {p- I - I ^ • (9-86) 

The Hamiltonian Hq in which the momentum p has been replaced with kine- 
matic momentum tt then becomes 






e Ze“ 






7*. r- • 

^ i<j '^0 



Combined with the foregoing results, this will be written as follows: 

B - Bo - — ^ B-L + — B^ V rf I . 

° 2m., c 8m.. 



(9.87) 



(9.88) 



To a first approximation, the third term in e^/m^ (? will be negligible com- 
pared to the term m elm c, thus leaving us with 



B = Bn- 



2m„ c 



BL, 



(9.89) 



where L ^ k = Y.% A is the total orbital angular momentum of 
the electrons. It is as if each electron induced a magnetic moment 




(9.90) 



Because the total magnetic moment of the atom is the sum of the Z individual 
magnetic moments: 






^ - XI 



2m^ c 



4- 



2m^ c 



E^ = 



2m^ c 



(9.91) 
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the interaction between the magnetic field B and the electrons of the atom 
is therefore represented by the term -jl- B: 



-* e 

H = Hr. — u • B with jl = L 

0 ^ ^ 2m, c 



(9.92) 



When an atom described by a Hamiltonian Hq with eigenstates | n L M) 
and eigenenergy 



HqItiLM) =E^\nLM) (9.93) 

is placed in a magnetic field B oriented along the quantization axis Oz, we 
obtain a set | n L M) of eigenvectors of H such that 

H\nLM) =(^H,- ^ L, 5.) I n L M) 

= InLM). (9.94) 

The energy levels of the atom with Z electrons in the magnetic field B^ have 
therefore been shifted, since 

EnLM = K-i^%MB, (9.95) 

We set = e hf2m^ c, the electronic Bohr magneton. Its value, calculated 
from the fundamental constants, is = 5.78838263 • 10“^^ MeV T“^. 



Under the infiuence of the magnetic field, each energy level 
E^ will split into (2L + 1) energy levels 
corresponding to the different possible values of M 



4.2 Magnetic Moment of Charged Leptons 

When applied to silver atoms with orbital momentum L = 0, the Stern- 
Gerlach experiment provides experimental evidence for the existence of an in- 
trinsic angular momentum. To account for this fact, Uhlenbeck and Goudsmit 
introduced in 1925 the hypothesis of the electron spin s — (1/2) a. 

To describe the motion of a particle with mass m and spin a in the 
potential U, we can use relation (9.60) and replace /2m with (a • p )^/2m. 
Relation (9.61) shows that (a • tt )^ is different from tt^ if this particle is 
placed in an electromagnetic field. The Hamiltonian of a particle with mass 




232 Chapter 9 Angular Momentum 



m and electric charge (e) should hence be written as follows: 



TT e h ^ 

H = — (a • nf- - — a ■ B + e 4>. 

^Tfl 



2m 



(9.96) 



The Pauli Hamiltonian replaces the Hamiltonian (1.259) in the Schrodinger 
equation and contains the interaction term of the magnetic field B of the elec- 
tron with spin a. The magnetic moment of the resulting electron is therefore 
expressed as 



P = 



e Ti 
2mc 



a 



(9.97) 



Let us emphasize that the Schrodinger-Pauli eigenvalue equation, that is, 
eigenvalue equation = i h ^ in which H is expressed with (9.96), 
leads us to define 1? as a column vector of a two-dimensional space: 



'1' (f, t) = 



{x, t) 

^2 (^. i) 



(9.98) 



where !?j {x, t) is the probability amplitude for observing projected spin | 
along Oz for a particle at position x and instant t, whereas ^2 0 is the 

probability amplitude of a particle with projected spin at (x, t). The 
normalization of the wave function will then be written as follows: 

J (I (x, t) + I ^2 (^. t) n X = l. (9.99) 

The electron is therefore a particle with spin mass* 0.511 MeV/c^, and 
magnetic moment 



Me 



e h 
2m^ c 



with 



= 0.510 999 06 MeV/c^ 
9.109 389 7 • 10“^^ kg 



(9.100) 



In addition, Dirac theory shows that any point fermion with mass m and spin 
and with electric charge of Qe will have an intrinsic magnetic moment 

_ Q € ^ Dirac magnetic moment . 

^ 2m c ^ 

The electron has a magnetic moment that is practically equal to the Dirac 
moment: 



/i, - (1.001 159 652 193 ± 0.000 000 000 010) . (9.101) 



* The equivalence between MeV/c^ and kg was, as of 1988: 1 eV/c^ = 
1.782 662 70 • 10“^^ kg. The speed of light is fixed at c = 299 792 458 m s~^ following 
the 1983 definition of the meter adopted by the general conference on weights and 
measures: the distance covered by light in vacuum in 1/299 792 458 s. These figures 
are taken from the Particle Properties Data Booklet, CERN 1992. 
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We are therefore dealing with an almost point fermion. Experience has shown 
that the muon (a second-generation electron) with mass = 105.658389 
MeV/c^ is also a point particle since: 

= (1.001 165 923 ± 0.000 000 008) . (9.102) 

The measurement of the magnetic moment of r (third-generation electron) 
with mass = 1 777.1 MeV/c^ is still not possible but the chances are 
that, whenever it is, it will yield a value that is very close to that of the Dirac 
momentum = e ti/2m^ c. 



4.3 Magnetic Moment of Nucleons 



4.3.1 Experimental Results 

Experience has shown that nucleons, i.e., protons and neutrons, which are 
particles with spin 1/2, also have an angular momentum. We thus have, 
expressed in e h/{2rrip c) — nuclear magneton units 

Up = (2.792 847 39 ± 0.000 000 063) Mb 
= (-1.913 042 7 ± 0.0 000 000 5) Mb • 

This clearly shows that the nucleon cannot be considered as a point particle. 
And even more interesting is the fact that the neutron, a particle with zero 
electric charge, has a high magnetic moment. This naturally lends support to 
the idea of the existence of a proton and neutron sub-structure. It was working 
from this idea that Gell-Mann and Zweig in 1974 proposed the existence of the 
quark u and d as the underlying sub-structure of the proton and the neutron. 
Results obtained by other researchers have confirmed this prediction which 
is now generally accepted. 

Quarks are fermions with spin 1/2 and electric charge |e or — |e that are 
confined inside the nucleus. They are not observable in their free state and 
may take three different forms (or three colors: r for red, y for yellow or g 
for green). The only observable objects, such as mesons {q^ or baryons 
(^r colorless (white). 

The proton comprising quarks {d u u) has the mass 

rrip = 1.672 623 lO'^^ kg = 938.272 31 MeV/c^ . (9.103) 

The neutron comprising quarks {d d u) has the mass 

m„ = 939.565 63 MeV/c^ . 
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4.3.2 Magnetic Moment of Quarks 



If we concede that the mass of the quarks u and d is roughly a third of the 
mass of the nucleon, that is ~ ~ 336 MeV ~ ^ ~ | then 

we can associate a Dirac momentum to these two fermions considered as 
point-like: 



2 eh 



3 2m, 



e h 



~ 2 



3 2m. 



e h 
2rrip c 
e h 
2rrip c 



— 2/is , 






(9.104) 



4.3.3 Magnetic Moment of Nucleons 

Now, let us work from the magnetic moments of quarks to evaluate the mag- 
netic moment of the proton and the neutron. We will be using for the purpose 
a result that will subsequently be demonstrated (see Chap. 13) with the aid 
of the Wigner-Eckart theorem. 

A nucleus comprising three fermions with spin , ^2 and S3 in a relative 
orbital momentum L = 0 may be considered as comprising a difermion with 
spin §12 and a third fermion with spin S3: 




5 — S;^ -f S 2 + S 3 — 5^2 + ^3 . 

If we consider /X2 and /X3 as the magnetic moments of the three fermions 
constituting the nucleus with spin 5, we obtain two possible values of the 
magnetic moment of the nucleus depending on the value assumed by the 
difermion spin: 

i) if 5 i2 = 0 = /X3 

2 1 (9-105) 

it) if 5 i2 = 1 M = - (Mi + /ia) - 2 /^3 • 

4.3.4 Magnetic Moment of the Proton p = {u u d) 

By using the magnetic moments of the quarks u and d, that is, 

^ h N j 1 e h ^ 



(9.106) 
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it is possible to calculate the magnetic moment of the proton. If the difermion 
is {u d) with a zero spin Si 2 = 0, then 

Mp = = 2 (9.107) 

/Up c 

and if the spin is 5'i2 = 1, then 

Mp"= ^ + ^ /«d = 0. (9.108) 

These two solutions are clearly unacceptable. If the difermion is (u u) with 

spin 5 = 0, 

= = (9.109) 

and with spin 5^2 = 1 

K, = 32^ = 3rf^ (Mil) 

Only the last solution corresponds approximately to the experimental value: 
//p = (2.792 847 386 ± 0.000 000 063) . (9.111) 

We can therefore conclude (Elbaz and Meyer, 1981) that the proton pref- 
erentially comprises a diquark {u u) with spin 1 and a quark d with spin 
1 / 2 . 

4.3.5 Magnetic Moment of the Neutron n = (d d u) 

A similar analysis to the above (Elbaz and Meyer, 1981) will lead to a neutron 
comprising a diquark {d d) with spin 1 and a quark u with spin 1/2. The 
resulting magnetic moment is therefore 

Mn = ^ Md - 5 = -2 = -2 , (9.112) 

a value that is close to the experimental result 

= (-1.913 042 75 ± 0.000 000 45) Mb • (9-H3) 

4.3.6 Quark-Quark and Quark- Antiquark Interactions 

Andre Martin has shown that the interaction between two quarks q could 
be written as = X r whereas the interaction between a quark and an 
antiquark is equal to 

V - = 2 V =2Xr. 

This shows that a diquark behaves in the same way as an antiquark. 

B. Silvestre-Brac (1987) has calculated the probability of the formation 
of a diquark in a baryon comprising three quarks and their results show that 
formation of a diquark is favored (see Appendix 2 of Chap. 10). 




Chapter 10 
Addition Theorems 



Quarks are fermions with spin | and nucleons comprising three quarks should 
have a spin resulting from the addition of the spins of its constituents. Simi- 
larly, atoms made up of an electronic cortege of fermions with spin ^ (elec- 
trons) and a nucleus with Z protons and N neutrons, both fermions with 
spin will have a total angular momentum resulting from the spins and 
orbital momenta of their constituents. It is therefore necessary to devise a 
simple method for adding angular momenta (this has been termed Racah 
algebra). We shall also be presenting together with the analytical method, 
the foundation of the Graphical Spin Algebra (GSA) used to considerably 
facilitate this type of computation. 



1. Coupling of Two Angular Momenta 

1.1 Classical Mechanics: A Few Reminders 

In classical mechanics, the angular momentum: 

J = f A p (10*1) 

is a pseudo- vector perpendicular to the plane containing f and p, which varies 
in a continuous manner just like the vectors r and p. 

A two-part classical system comprising the angular momenta and J 2 
will have a total angular momentum of J = Jjl + *^2 proceed to 

note by projection on the Oz axis that 

— ^Iz + ^2z • (10.2) 

The projection of the total angular momentum is the sum of the projections 
of its components. 

The squared length of the total angular momentum will then be 
— ^Ji + J2^ ~ ^2 ■ ^2 ~ “I" '^2 J 2 ^ * (10.3) 
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If 0 == 0, that is if and J 2 are co-linear and point in the same direction 
+ J 2 )^ whereas - J 2 )^ if and I 2 are co-linear and point 

in opposite directions. 

We thus obtain two selection rules: 



~ ^2z ’ 

J\ ~~ J 2 \ ^ ^ ^ ^2 ' 



(10.4) 



It goes without saying that the lengths of the vectors and J 2 ^re arbitrary 
and are linked to the positions and V 2 as well as to the momenta and 
P2- 

We will show that selection rules that are formally identical to the above 
appear hand-in-hand in quantum mechanics with quantization, that is, the 
quantum numbers m and j satisfy selection rules similar to the above. 



1.2 Coupled and Decoupled Bases 

It is common in quantum mechanics to find systems comprising two or several 
parts, each with its own angular momentum and with the relative motion of 
such parts implying in addition an orbital angular momentum. This is the 
case, for example, for the deuteron which comprises a proton and a neu- 
tron with intrinsic angular momentum 5 ^ = 1/2 and $2 = 1/2 and orbital 
momentum i. The total angular momentum will therefore be: 

J= 2 + 2 (10.5) 

What are the possible values of the angular momentum J and how do we write 
the state with angular momentum | j m) from these constituents? These are 
two fundamental problems which we shall try to resolve by first taking the 
simpler of the two cases: the addition of two angular momenta and J 2 : 

J = (10.6) 

If the interaction between the two parts is such that it leaves the individ- 
ual components Jlz J| J 2 Z constants of the motion, a complete set of 
commuting operators could be built from 

H, Jl, J,,, Jl, (10.7) 

and the corresponding eigenfunctions 

I a 3 i J2 1^2) = 

(3 7 



h I 7 32 m 2 ) , 



(10.8) 
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will be tensor products of the states m^), eigenstates of 

Ji I h h ^ 2 ) = h (ii + 1) I h h '^ 2 ) > 

Jiz I h h ^ 2 ) = '^1 I h ^1 ^2 ^ 2 ) - 



and 



(10.9) 



and eigenstates of J| and J 2 ^: 

*>^2 I h ^2 ^ 2 ) = ^2 ih + 1) 1 ii h ^ 2 ) ^ 
^22 I h ^1 ^2 ^ 2 ) = ^2 I h ^2 ^ 2 ) • 



( 10 . 10 ) 



The ket | j '2 ^ 2 ) tensor product of the kets | m^) | J 2 ^ 2 )* 

is a ket defined in the space ^ (g) . The basis spanned by the vectors 

I j\ ^1 J2 ^2) dimension {2j^ + 1) (2^2 + 1) is the decoupled basis. 

We can choose another complete set with the same number (five) of com- 
muting observables but involving the total angular momentum and its 
component along the quantization axis. These five new commuting ob- 
servables are ’ with 



= Jjj, + J22 • 

The eigenfunctions these operators will satisfy the equations 

J\ 1 (Ji J 2 ) j^) = h O’l + 1) I (ii k) 3^) > 

J 2 I Ui k) jm) = 32 ik + 1) I O'l k) Jm ) , 

I (ii k) jm) = j {j + 1) I (ii is) 3^} > 

Jz I (ii k) 3 m) = m I (ii is) jm) . 



The basis determined by the vectors | (j\ J 2 ) jm) is the coupled basis. 



2. Clebsch-Gordan Coefficients 
2.1 Definition 

There exists a unitary transformation linking the two representations above. 
It is in fact possible to write the coupled states in the decoupled basis 

I (ii k) 3 m) = \k k ^ 2 ) O'l k ^2 I (ii k) 3 m) (10.13) 

m\ m2 

or the decoupled states in the coupled basis: 

I ii rn^ k '^ 2 ) = XI I O'l k) 3 m) {jm (ij is) | ii is m^) . (10.14) 

jm 
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This defines the vector addition coefficients: 

O'l rui i 2 rri 2 \ {ji 32 ) jm) and ((jj j^) jm \ mj ^ 2 ) 

These coefficients have been termed Clebsch-Gordan coefficients. In order to 
simplify the notation, we will write j'2 ^2 I J'^) without specifying 

again that j results from the addition of and j 2 - 

2.2 Selection Rules 



2.2.1 Addition of Magnetic Momenta 

Let us apply the Clebsch-Gordan series (10.13) to the eigenvalue equation 
for J^: 

Jz\j'^) ^rn\jm). 

By introducting the decoupled basis, this yields, for the first term 

X! Jz I h h "^2) O’l h ^2 I 3 "i) 

mi m2 

= X k '^2) O'l k ^2 I i . 

mi m2 

whereas relation (10.4) will yield from the components kz and kz- 
Jz = kz + kz and \ m^) = mj | m^) 

kz I k ^2) = ^2 I k ”^2) • 

We therefore obtain, by the application of to the second term of (10.13), 
X (^1 + m 2 ) I ji rui j 2 m 2 ) (ii mi j 2 m 2 I j m) 

mi m2 

= X I Ji k m 2 ) 0i m^ J 2 m 2 \jm), (10.15) 

mi m2 

yielding the first selection rule: 

(10.16) 




This corresponds to the quantization of the first selection rule (10.2) for the 
addition of angular momentum in classical mechanics. 
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2.2.2 Second Rule: The Fundamental Addition Theorem 

If the angular momenta jj and are given, the only possible values of j are 
those that satisfy the triangle rule: 

|ji-i2l <i<ii+i2- (10.17) 

In fact, j is an angular momentum and the selection rule on m gives 
— j < ^ ^ j with j as the maximum value of m: 

^max = j 

defining the maximum values of and m 2 : 

^1 max ~ h ’ 

^2 max — h • 

If m^ and m 2 are set to their maximum values, we obtain the maximum 
maximorum of j with the first selection rule, that is, 

imax=Jl+J2- (10-18) 

To every allowed value of j we can attribute a subspace of the (2j + 1)- 
dimensional Hilbert space. By bringing together all these subspaces, we ob- 
tain the space ^ itself, that is, 

max ® max-1 ® • • • © min = ® ^32 ' (10.19) 

The dimensions of the subspaces expressed with , J 2 or j will therefore 
satisfy the relation: 



Jmax 

(2j + 1) = (2ii + 1) (2^2 + 1) • 



Jmin 



(10.20) 



The sum Ylt ^ represents the sum of an arithmetic progression with a as 
the first term and /3 = a + n — las the last term and with common diflFerence 
1, whose value is therefore 



^ i n (a + /3) = i (/3 - a + 1) (a + /?) 

a 

= ^ {P if3+l)-a (a-l)}. 



The sum Ylt 1 equal to /3 - (a - 1). 



( 10 . 21 ) 
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By returning to Eq. (10.20) and (10.18), we obtain with (10.21) 

il+j2 jl+J2 3 1+32 

E (2i+i) = 2 E E 1 

Jmin 3min 3min 

- {(il + J2)0l +h + 1) ~ imin(imin “ 1)} + {0l + h) ~ Umin ~ 1)} 
= Ol + J 2 ) Ol + h + 2) - imin + 1 • 

We only have to equate this result to the second term of (10.20): 

(ii + h) ih + h + 2) - jiin + 1 = (2ji + 1) (2J2 + 1) • 

This will yield, after simplification, 

iLn = {h-hf ( 10 . 22 ) 

Since j is a number that is always either positive or zero, we can write 
imin ~ I h ~ h I? ^hus proving with (10.18) theorem (10.17), that is, the 
second selection rule: 



ji~j2 \ < j < h 



where J 2 and j are integers, positive half-integers, or zero. 



(10.23) 



2.2.3 Example: Deuteron States 

What are the possible states of a deuteron comprising a proton and a neutron, 
each with spin 

Using the second selection rule, the vector addition of the spins will yield: 

l^-^l < S <^ + ^, that is, 5 = 0 or 1 . (10.24) 

If 5 = 0 we have a singlet state | 00). 

If 5 = 1 we will have a triplet state | 11) | 10) | 1 - 1). 

It is possible to expand the coupled states | 00) or | Im) with the spin 
states of the proton and the neutron. The first Clebsch-Gordan series 

I i ) = E k '^2) (ii 1^1 k ^2 I j m) 

mi 7712 

in fact yields for the singlet state 

I 00) - E I ^ 5 "^ 2 ) ^ ”^2 I 00 ) 

7711 7712 
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and, because m = 0 = + m 2 , 

mi 



The spin projection assumes the values +5 or - 5 , giving for (10.25) 



00 ) = 



+ 



111 Iv /I 1 1 1 

222 ~ 2''2 22 2 
1 1 1 Iwl 111 

2~22 2^'2 222 



00 ) 

00). 



(10.26) 



The Clebsch-Gordan coefficients will have the value ±1/V^ (see table in 
Sect. 2.3.5), which leaves us with: 




2 2 ' ' 2 2 



- - -) I - - 
2 2^^ ' 2 2 



(10.27) 



If the state | m^) represents the proton and | J 2 ^ 2 ) neutron, then the 

singlet state is the antisymmetric state 






pT)l’^i)-|pi)l’^T))- 



(10.28) 



The components of the triplet state are calculated in an analogous manner: 



I 11) ={\P T ) I n T)), 

I 10) = ;^ ( I P T ) I n i ) + I p i ) I n t)) , (10.29) 

I 1 - 1) = ( I P i ) I ^ i))- 

Notice that the deuteron is an isospin singlet state / = 0, 73 = 0, constructed 
using the proton with isospin state | ^ |), and the neutron with isospin state 

\ (10.30) 

Tl T2 

With Tl = and T 2 = ±^, we obtain 

100 ) = 14 )=^ 

that is, by introducing the nature of the nucleons: 

\d) [ I p) I ^) - I I p) ] • (10.31) 

Care should be taken not to confuse spin states (10.28) or (10.29) with isospin 
states (10.31) describing the nature of the deuteron independently of its spin. 



1 T 



2 2 ' 



2 2 ^ 
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2.2.4 The Spectroscopist’s Notation 

Spectroscopists tend to specify the different possible quantum states by their 
orbital momentum L = 0, 1, 2, 3, respectively denoted states S', P, P, P, G, 
P, . . . The multiplicity of spin (2S + 1) will be written as a superscript and 
the value J of the total angular momentum as a subscript. Thus, the 

state will correspond to L = 2, 25 + 1 = 3, J = 1, a triplet spin state. 



2.3 Determination of Clebsch-Gordan Coefficients 
2.3.1 Constraints 

According to the last two subsections, the Clebsch-Gordan (CG) coefficient 
0i ^1 J 2 ^2 I 3'^) exists if the following selection rules are satisfied: 

i) m = + m 2 , 

ii) I h -h I < i < h +k- 

The next step will consist in making a complete calculation of these coeffi- 
cients. Let us emphasize that definition (10.31): 

I j^) = Yi -^2 ^2 I I h ^ 1 ) I h ^ 2 ) 

mi m2 

defines the vectors | jm) to within an arbitrary phase. In order to remove 
this arbitrariness, we will grant a priori that the CG coefficient 

O'l ii J 2 j-Ji I j j) > 0 (10.32) 

is a positive real number. 

Let us also remark that if j = -h J 2 m = j : 

I + k h + k) = Y -^2 "^2 I h + k k + k) I k I k "* 2 ) 

mi m2 

(10.33) 

with m and j having their maximum value, m^ + m 2 = Ji +^ 2 ’ hence 
mi = ji and m 2 = i 2 * There is therefore only one possible CG coefficient: 

I k +k k +k) = ikk k k I k +k k +k) I kk) I kk) (10-34) 

corresponding to the decomposition of the vector with the highest weight, 
which imposes the following special value: 

{Jik kk I k + k k + k) ^ 1 • (10.35) 

There exists in effect only one vector with the maximum weight. 
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These relations make it possible to calculate the CG coefficients using 
recursion relations with real coefficients, thus showing that all the CG coef- 
ficients are real numbers: 

(ii h ^2 I j^) = 0’"^ I h h ”^ 2 ) • (10.36) 

In the final analysis the following three constraints are imposed on the 
Clebsch-Gordan vector addition coefficients. 



i) CG are all real numbers: {jirrii j’ 2^2 I ~ 0^ I ii^i ^ 2 ^ 2 ) 

ii) (iiii k j - h I jj) > 0 phase choice 

iii) (iiii hh I ii + k k + k) = 1 maximum weight vector 



2.3.2 Recursion Relations 

Let us apply the operators + i Jy and J_ = — i Jy to the CG 

definition relation (10.13), considering that j is an angular momentum by 
virtue of which it obeys all the rules described in Chap. 9: 

J+ I jm) = I jm + 1 ) 

= XI "^1 k '^2 I j^) J+ I k k ^ 2 ) • (10.37) 

7711 '^2 

Because = Ji_^ + J 2 + with the knowledge of the action of and 
J 2 _^ on the kets | m^) and | J 2 ^ 2)5 foregoing equation then becomes: 

\jm+l)= ik mi i2 m2 I jm) 

mi 7712 

[Xrm I ii mi + li2 m 2 ) + I ii mi J 2 m 2 + 1 )} . 

Now, let us multiply each member by the conjugate bra (ji m'l J 2 m '2 | in 
order to introduce the CG: 

(ii m'l 32 m'2 I jm + 1) = ^ (ji mi 32 m2 \ jm) 

7711 ^2 

^ {^7711 (ji m'l J 2 m2|ji mi + 1 j2 m 2 ) 

+ (ii m'l J 2 m2|ji mi ja m 2 + 1)} . 

The second term contains two inner products; the first will be different from 
zero if the following relations are verified: 

m'l = mi + 1 

m '2 = m2-, 
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the second will be zero if m[ = and = m2 + 1. We therefore obtain 
the recursion relation: 

ih "i'l h ^2 I jfn + 1) = O'l m'l - 1 J 2 m '2 I jm) 

+ ih i2 - 1 I jm) . (10.38) 

An analogous relation can be proved by applying the operator J_, yielding 
the more general recursion relation: 

{(j ± m) (j T m + 1)}^/^ (ji m2 | jm T 1) 

= {(ii T »«i) (;'i ± mi ± 1 J 2 "12 I j^) 

+ {O2 T "^2) O2 ± m2 + 1)}^/^ (ii mj i2 m2 ± 1 I jm) . (10.39) 
2.3.3 Example of CG Calculation 

Consider a particle with orbital angular momentum £ and spin s = ^. Now, 
let us write the CG coefficients for transforming a coupled base j = ^ + s into 
the decoupled base. 

Let I j fi) be a ket of the coupled base, \£ m ) and | ^ a) those of the 
decoupled base. 

The application of relations (10.13) and (10.14) will yield the following 
coupled states: 



i m) = J]] (^ m - I I ^ m - a) 



(10.40) 



2 - I ./ r-/ I - 2 

m a 

or the decoupled states with the second CG series for the value cr = + 5: 

(10.41) 



^ J I • 



3 At 



Now, let us cause the operator Jj^ = to act on the second Clebsch- 

Gordan series (10.41), bearing in mind that the projection of the spin can 
only take the values +| 



or - 


1 . 

2- 










= S 1 


+ 1) 




i m) 




1 ^ m + 1) 




11 


= 0. 






' 22' 





(10.42) 
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By multiplying the two terms by the bra ^ m + | |, we obtain: 



//) 1 ^ I 1 ^ ^ \ in ^ ^ I • \ 

(^+ 2 ”^+2 I + ^ 2 2 ^ = 1^(^"*22 

3 M 

X (^ + i m + ^ I j + 1) . (10.43) 

The inner product will transform the second member as follows: 

53 "I I i m) ^ ^+1 (10.44) 

3 M 

that is by carrying over in (10.43) and expanding and x^\ 



[{l-m) (^ + m + l)]^/2 + + 

= m I ^ i m + i) [(^ - m) (f + m + 2)]^/^ . (10.45) 



We therefore obtain the recursion relation 



/.I 1 I . 11 



^ + m + 2 






(f+jm+jlfm + lll) 



^ + m + 2 
^ “f” Ttl “h 3 



(£+^ m + ^ 1 ^m + 2 ii) 



|££_1 ii) = ,03r 

^ 2 2 ' 2 2 -^ V 2^+1 






/.I 1 I /, 11 



£ + m + l 
2£ + l 



(^ + ^^+5 l«“)-(10.46) 



The cross product of these equations gives the result (10.46) and because, 
following convention (10.35), the CG coefficient (^ + ^ ^ + ^ | is equal 

to 1, we finally obtain 






£ + m + l 
2£ + l 



(10.47) 



In a similar manner we can calculate (i+h m-h | ^ m 4 - i) by the action 
of J_onl^ml-i). 
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2.3.4 Analytical Expression of Clebsch-Gordon Coefficients 

It is sometimes interesting to use an analytical expression for the CG coef- 
ficients rather than their tabulated values. This is especially true where the 
calculation is done on a computer. In such a case, the following expression 
may be used: 

(ii j2 m2 I ia m3) = ^ 0\ J2 is) Kii + Ui - 
X O2 + ^2)! O2 - ^2)- O3 + ”^3)! O3 - "^3)! 1^^^ 

X (2i3 + 1) ^ (-)‘ [*! (Ji + h - 0! (ii - mj - i)! 

t 

X U 2 + m2 - t)\ {j - J2 + mj - t)\ {j - - m2 + (10.48) 

with the parameter A given by 

^ ^ ^ r (g + 6-c) ! ja-b + c) ! (-a + 6 + c) 

[ (a + 6 + c+ 1) ! 

However, because of the existence of tables of Clebsch-Gordan coefficients 
and computer routines, this type of formula is only rarely used. 

The following table gives the values of the most frequently used Clebsch- 
Gordan coefficients. 
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2.3.5 Table of Clebsch-Gordan Coefficients 



The reader is reminded that the sign ^ is implicit in each coefficient. For 



example, implies 



l/2xl/2 


1 

+1 


1 0 




1+1/2 +1/2 


1 


0 0 






+1/2 


-1/2 


1/2 1/2 


1 


1 


-1/2 +1/2 


1/2 -1/2 


-1 








1-1/2-1/2 


1 



1x1/2 



1+1 -1/2 
0+1/2 



3/2 


1/2 


+1/2 


+1/2 


1/3 


2/3 


2/3 


-1/3 



2x1 



1x1 



1+1 0 

0+1 



+2 0 
+ 1+1 



0 - 1/2 
-1 + 1/2 



3/2 


1/2 


-1/2 


-1/2 


2/3 


1/3 


1/3 


-2/3 



3 


2 


+2 


+2 


1/3 


2/3 


2/3 


-1/3 



2 


1 


+1 


+1 


1/2 


1/2 


1/2 


-1/2 



+1 -1 
0 0 
- 1+1 



1+2 -1 
+1 0 
0+1 



1/15 1/3 3/5 



2 


1 


0 


0 


0 


0 


1/6 


1/2 


1/3 


2/3 


0 


-1/3 


1/6 


-1/2 


1/3 



1/2 1/2 1 
1/2 -1/2 



Notation : 



2x1/2 



I +2 1/2 



5/2 


3/2 


+3/2 


+3/2 


1/5 


4/5 


4/5 


-1/5 


+1 


-1/2 


0 


+1/2 



ni] m2 
m] m2 



5/2 


3/2 


+1/2 


+1/2 


2/5 


3/5 


3/5 


-2/5 



3/2xl/2 

1+3/2 +1/2 



3/2x1 

1+3/2 +1 



1+3/2 0 
+ 1/2 +1 



5/2 


3/2 


+3/2 


+3/2 


2/5 


3/5 


3/5 


-2/5 



-3/10 


3 


2 


1 


1/10 


0 


0 


0 


+1 -1 


1/5 


1/2 


3/10 


0 0 


3/5 


0 


-2/5 




1/5 


-1/2 


3/10 



1+3/2 -1 
1 + 1/2 0 
1/2 +1 



+3/2 -1/2 
+ 1 / 2 + 1/2 



0 - 1/2 
-1 + 1/2 



J J . 
M M . 



Coefficient 



5/2 


3/2 


-1/2 


-1/2 


3/5 


2/5 


2/5 


-3/5 



1/4 3/4 

3/4 -1/4 



1/2 - 1/2 
- 1/2 + 1/2 



, 5/2 3/2 1/2 

+1/2 +1/2 +1/2 



1/10 2/5 1/2 

3/5 1/15 -1/3 

3/10 -8/15 1/6 



3 

-1 


2 

-1 


1 

-1 


6/15 


1/2 


1/10 


8/15 


-1/6 


-3/10 


1/15 


-1/3 


3/5 



- 1/2 -1 
- 1/2 0 
-3/2 +1 



-1 - 1/2 
-2 - 1/2 



5/2 


3/2 


-3/2 


-3/2 


4/5 


1/5 


1/5 


-4/5 



2 


1 


0 


0 


1/2 


1/2 


1/2 


-1/2 



- 1/2 - 1/2 
-3/2 -1/2 






3/4 1/4 

1/4 -3/4 



5/2 3/2 1/2 

j-1/2 -1/2 -1/2 



3/10 8/15 1/6 

3/5 -1/15 -1/3 
1/10 -2/5 1/2 



3 


2 


-2 


-2 


2/3 


1/3 


1/3 


-2/3 



- 1/2 -1 
-3/2 0 



1-3/2 -1/2- 



5/2 


3/2 


-3/2 


-3/2 


3/5 


2/5 


2/5 


-3/5 






>x2 

[+2+2I 



3/2x3/2 



2x3/2 



+2+3/2 



+2+1/2 
+1 +3/2 



+3/2 +3/2 



7/2 5/2 
+5/2 +5/2 



+2-1 

+1+2 



4 


3 


+3 


+3 


1/2 


1/2 


1/2 


-1/2 



+3/2 +1/2 
+1/2 +3/2 



3/7 4/7 
4/7 -3/7 


7/2 5/2 3/2 

+3/2 +3/2 +3/2 


+2 -1/2 
+ 1 1/2 
0 3/2 


1/7 16/35 2/5 
4/7 1/35 -2/5 

2/7 -18/35 1/5 



4 


3 


2 


+2 


+2 


+2 


3/14 


1/2 


2/7 


4/7 


0 


-3/7 


3/14 


-1/2 


2/7 



+2 -1 
1+1 0 
0 1 
-1 2 



+2 -3/2 
+1 -1/2 
0 1/2 
-1 3/2 



3 2 

+2 +2 



1/2 1/2 
1/2 -1/2 



+3/2 -1/2 
I+1/2+1/2 
1/2 +3/2 



3 2 
+1 +1 



1/5 1/2 3/10 
3/5 0 -2/5 
1/5 -1/2 3/10 



7/2 


5/2 


3/2 


1/2 


+1/2 


+ 1/2 +1/2 


H/2 


1/35 


6/35 


2/5 


2/5 


12/35 


5/14 


0 


-3/10 


18/35 


-3/35 


-1/5 


1/5 


4/35 


-27/70 


2/5 


-1/10 



4 


3 2 1 


+1 


+ 1 +1 +1 


1/14 


3/10 3/7 1/5 


3/7 


1/5 -1/14 -3/10 


3/7 


-1/5 -1/14 3/10 


1/14 


-3/10 3/7 -1/5 



+1 -3/2 
0-1/2 
-1 1/2 
-2 3/2 



+3/2 -3/2 
1+1/2 -1/2 
-1/2+1/2 
-3/2 3/2 



1/20 1/4 9/20 1/4 
9/20 1/4 -1/20 -1/4 
9/20 -1/4 -1/20 1/4 
1/20 -1/4 9/20 -1/4 



7/2 


5/2 


3/2 


1/2 


-1/2 


-1/2 


-1/2 


-1/2 


4/35 


27/70 


2/5 


1/10 


18/35 


3/35 


-1/5 


-1/5 


12/35 


-5/14 


0 


3/10 


1/35 


-6/35 


2/5 


-2/5 



4 3 


2 1 


0 


0 0 


0 0 


0 


1/70 1/10 


2/7 2/5 


1/5 


8/35 2/5 


1/14 -1/10 


1/5 


18/35 0 


-2/7 0 


1/5 


8/35 -2/5 


1/14 1/10 


-1/5 


1/70 -1/10 


2/7 -2/5 


1/5 



1+1 -2 
0 -1 
-1 0 
-2 1 



0 -3/2 
-1 - 1/2 
-2 1/2 



+1/2 -3/2 
- 1/2 - 1/2 
-3/2 +1/2 



3 

-1 


2 

-1 


1 

-1 


1/5 


1/2 


3/10 


3/5 


0 


-2/5 


1/5 


-1/2 


3/10 



7/2 


5/2 


3/2 


-3/2 


-3/2 


-3/2 


2/7 


18/35 


1/5 


4/7 


-1/35 


-2/5 


1/7 • 


-16/35 


2/5 



■1 -3/2 
- 2 - 1/2 



-1/2 -3/2] 
-3/2 -1/2 



3 


2 


-2 


-2 


1/2 


1/2 


1/2 


-1/2 



7/2 5/2 
-5/2 -5/2 




4/7 3/7 
3/7 -4/7 


-7/2I 



4 

-1 


3 

-1 


2 1 
-1 -1 


1/14 


3/10 


3/7 1/5 


3/7 


1/5 


- 1/14 - 3/10 


3/7 


- 1/5 


- 1/14 3/10 


1/14 


- 3/10 


3/7 - 1/5 



ion 



3/14 1/2 2/7 

4/7 0 -3/7 

3/14-1/2 -1/2 

rni 

-2 -1 



4 3 

-3 -3 




1/2 1/2 
1/2 -1/2 


3 
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2.4 Orthogonality Relations 

Clebsch-Gordan coefficients are coefficients of a unitary transformation and 
therefore satisfy orthogonality relations: 

iii 32 mi \ J'M') = 8 jj, O'l h J) ■ 

mi m 2 

(10.49) 

In effect, this relation can also take the form 

Y {J^\ h h ^ 2 ) O'l h "^2 I J'^') ={JM\ J'M') 

mi m2 

— ^jj' ^MM' ih h (10.50) 

given that the CG coefficients are all real numbers and that the projector 
onto the space of the fixed angular momenta ji J21 that is the decoupled 
base, is 

1 = XI I -li ■I 2 ^2) O'l "^1 k ^2 1 • 

mi m2 

The symbol {j^ j '2 ^ 3 } introduced in (10.49) and (10.50) is the triangular 
delta or coefficient. It defines the existence of the 3jm coefficients by 
giving a mathematical expression of the second selection rule: 

otheLse, 00.51) 

There is a second orthogonality rule that can be expressed as follows: 

X k m^\ JM) {JM \ jj m'l m'^) (10.52) 

JM 

and by extracting the decomposition of the identity on the coupled base 

X I JM) {JM 1=1. 

JM 

We introduce inner products 

ik rrii I k ^l) ik ^2 I k ^' 2 ) = <5mi m{ ^m 2 
thus leading to the second orthogonality relation: 

X k ^2 I JM) {ji m'l J 2 m '2 I JM) = 6^^ . (10.53) 

JM 

Orthogonality rules (10.51) and (10.53) play an important role in Racah 
algebra as well as in the graphical representation of the smnmation rules for 
angular momentum. 
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3. 3jm Coefficients 

3.1 Definition 

In the Clebsch-Gordan coefficient j'2 ^2 i angular momenta 

J 2 and the angular momentum J do not play the same role. The first two 
are derived from a covariant vector and the last from a contravariant vector. 
This is easily noticed with (10.48) in the following symmetry rules: 

(ii h ^2 I JM) = I (10.54) 

= mi J - M I J 2 - m 2 ) . (10.55) 

To get round this problem, E.P. Wigner has defined symmetrized vector ad- 
dition coefficients in which the three angular momenta play the same role and 
describe the vector addition -h J2 + is = 0. These coefficients are usually 
described as Wigner’s 3j coefficients. In place of this notation, which will be 
reserved for another coefficient, we will be using the term 3jm coefficient. 
Wigner’s 3jm coefficients are linked to Clebsch-Gordan coefficients by the 
following definition: 

ih ">1 h -»2 1 h "•,) = ^/%+i (-)«-»+”» J , 

(10.56) 

3.2 Symmetry 

The 3jm coefficient ^ m ) following symmetry properties: 

i) 171^ + 7712 4- 7773 = 0, 

ii) it is invariant under circular permutation of the columns, 

iii) it is multiplied by (— )^i+^ 2+J3 if t^o columns are permuted 

iv) it is multiplied by (— )^’i+-^’2+73 if the signs of the three magnetic momenta 
are simultaneously exchanged. 

Note that the triangle rule will have to be satisfied for the 3j m to exist, 
which implies that -h J2 + J3 is always an integer. This is also true of 
{j- zb 771 J. The three simultaneously obeyed inequalities can be written 

I h -h\ < h < ii + h . 

I h ~h \ < h < h +i3- 
\k~h I < ii < h+k- 



(10.57) 
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3.3 Covariant Momentum 

To simplify the notation, we set [a] = y/2a + 1 and use Wigner’s covariant 
notation. By covariant we will be referring to an angular momentum JM 
appearing in the 3j m coefficient with a phase and a negative sign for 

the magnetic momentum. A covariant moment will therefore be written with 
the magnetic momentum in the upper position and the angular momentum 
in the lower position: 

(-M 

For example, in the following 3jm coefficients, the angular momentum jg will 
be covariant: 

(\h-m3 ( h k h ^ k h ^3^ (10 59) 

\m^ m2 -m^J \7n^ k ) ' 

Relation (10.56) between the Clebsch-Gordan and the Wigner coefficients 
can also be written in its covariant notation: 

0l Wi i2 ^2 I h [ig] (10.60) 

The angular momenta j\ and J 2 in the bra of the Clebsch-Gordan are covari- 
ant in the 3jm coefficients. The same is true if we use the conjugate form of 
the Clebsch-Gordan coefficient: 

O 3 ”*3 1 ii J 2 ”^ 2 ) = bs] (^^^ ■ (10-61) 



3.4 Orthogonality Relations 



Using the 3jm coefficients, the first orthogonality relation reduces to: 



m\ X 4 ) ^ rjrn,rn',{khh] ■. 



whereas the second orthogonality rule will be written 



(10.62) 



r • 2 -] / h h h \ ( h h h ] ^ 

LJ 3 j \ I \fny m2 m3 / 



= rrn ' (10-63) 



Using the covariant notation the orthogonality rules will take the following 
simple form: 



3i k k W "^1 "»2 "^3 ) _ r,-2] ^ ^ , {i i i\ 

(10.64) 
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and orthogonality rule ( 10 . 63 ) will reduce to 



E bs] 



h h h 
rri2 ^3 



rn'i m3 

h h h 



c c 

“ ^mi TTij ^m2 rri2 



( 10 . 65 ) 



The summation over the magnetic momenta has been omitted by virtue of 
Einstein’s summation convention over covariant-contravariant indices that 
are repeated during a contraction, that is during the sununation over these 
indices. 



4. Coupling of n Angular Momenta 

4.1 Generalized Clebsch-Gordon Coefficients 

4.1.1 Example 

Consider the case of two particles with orbital momenta and £2 spins 
s-^ and ^2. The total angular momentum J will be equal to the sum J = 

£i s-^ £2 -\- S2‘ 

We can obtain the quantum state | JM) , eigenstate of and by first 
coupling £1 + Si = ji, then £^ + 82= J2 finally + J2 = J- This mode 

of coupling will be noted A, Each of the intermediate stages will be obtained 
by using the Clebsch-Gordan series 

~ K'^l ^1) (^2 ^2) 32 ")^^) ~ ^ ^ ^i\j\ Ml) 

mi (Ti m2 ^2 

X (^2 ^2 ^2 ^2^2 M2)(Ji Ml h M 2 ^l)l^2 ^ 2 )^! ^^ 1)^2 ^ 2 ) • 

( 10 . 66 ) 

We can use the B coupling mode, first coupling numbers of the same type: 
i^£i + ^) + (^1 + ^2)^, which leads to the following result: 

\JM)b = \{£i £2) L {si 82) 5 ; JM) = ^ {£^ rrii £2 m2 | LM) 

mi m2 yi (T G\ <J 2 

X (si cTi S2 (T2\S a){LM S a \ mi)| £2 m2)\s-^ ^i)\^2 ^2) • 

( 10 . 67 ) 

We thus see that the result depends on the coupling mode used and also on 
the intermediate momenta introduced. By analogy with the Clebsch-Gordan 
series ( 10 . 13 ), we then introduce a generalized CG coefficient 

I (^1 ^i) Ji (^2 ^2) J 2 . JM) 3= I JM)^ 

= (£1 mj £2 ^2 «1 ^1 «2 I (^1 « i ) h {(-2 S2 ) JM ) 

mi m2 cri <72 

X I mj ^2 ™2 ^1 ^1 ^2 ^2) • 



( 10 . 68 ) 
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Using the other coupling mode, we obtain 
I L {s, s^)S, JM) = I JM)b 

= (^1 k ^2 «1 «2 <^2 I (^1 4) ^ («1 «2) 5', 

mi 7712 ^^1 CT2 

X I ^2 ^2 ^1 ^1 ^2 ^ 2 ) • (10.69) 

4.1.2 General Definition 

Let (ji mj . . . m„_i |(ji . • m„) be a generalized Clebsch- 

Gordan coefficient for a coupling mode A involving (with s = n — 3) 
intermediate momenta. This leads to the series 

I 3n ^u)a = X] ^1 • • -^"-1 "^"-1 I (^'l • ^s'Jn ^n) 

X I ii (10.70) 

and, in order to go from the uncoupled basis to the coupled basis 

lil "^1 • • -in-l ^n-l) = XI "^n-lKil • • •in-l)^ "*n) 

jn '^n 

X I (Jl • ■■Jn-l)A ^s\3n ^n) ■ (10-71) 

4.1.3 Symmetries and Orthogonality 

The generalized CG coefficients will have all the properties of the constituent 
CG coefficients, in particular, 

i) the generalized CG coefficients are real numbers 

ii) mi + m 2 + . . . m„_i = m„ 

iii) the smn Ji + J 2 + • • • 3n-i + 3n is an integer 

iv) they satisfy the orthogonality relations: 



X ((-I'l • •■jn-l)A I h ^n-l) 



X (ii m„_i 


1 (il---in-l)^ KJ'n K) 




77 — 3 






~ ^jn j'n ^rnn m'^ 


h, X' 


(10.72) 


S=1 







The second orthogonality rule will, for its part, be written as follows: 

X "^1 • • • ^n-l ^n-1 I Ul ■ ■ ■ 3n-l) 

jn TTln 

ttI 

X iUl • • ■3n-l)A ^sJn I 3l m'l • ■ ■ Jn-l "»n-l) = H K ' (10-73) 

7=1 
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4.2 njm Coefficient 

4.2.1 Definition and Notation 

As has already been mentioned in connection with the preceding example, 
the generalized Clebsch-Gordan (GCG) coefficient is a sum of the products 
of Clebsch-Gordan coefficients: 

0i • • • Jn—l ^n— 1 I Ul • • '^n—l)A ^n) 

= "^1 -^2 I ^1 ^Xi) ih ’Tig J4 \ tUx^) • • • 

0„_2 ^n-2 in-1 ^n-1 \ X, TUxJ • • • ( 1 i„m„) . (10.74) 

Each CG coefficient can therefore be transformed into a 3jm coefficient to 
obtain a generalized 3jm or njm coefficient noted as follows: 

/ h h ••• in \ 

\X\. (10.75) 

m 2 m„ / 

If necessary, the index A designating the coupling mode corresponding to the 
intermediate momenta may be added. 



4.2.2 Symmetries and Orthogonality 

All the angular momenta now play all the same role since + ^2 + 

The symmetry properties of the njm coefficient result from symmetry 
properties of the constituent 3jm coefficients: 



i) + m 2 + . . . = 0 

ii) invariant under circular permutation of the columns 

hi) multiplied by (— )-^i+i 2 + - jn £qj. change of sign of all the magnetic 
momenta 

iv) they satisfy the orthogonality relations: 




bri ] ^jn j'n ^run m'^ 0l * • '3n\ (10.76) 

The polygon delta is defined by the generalization of the triangular delta: 






1 if 
0 otherwise . 



h +i2 + ---in =0 



(10.77) 
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We obtain a second orthogonality rule by summing over j^, m„ and 



E K xn { 

jn y TTl-j^ 



\x. 



m[ 

h 



m: 



n— 1 



Jn—1 




c c c 

^mi m'^ ^m2 



-1 



(10.78) 



The repeated covariant-contravariant indices in these relations are summed 
over according to Einstein’s convention. 



5. Change of Coupling Mode 



Let us return to example (10.68) and try to define the change of basis matrix 
for going from one coupling mode to the other. If we project the state | JM)^ 
onto the state | JM)q^ we write 



I (^1 ^1 ^2 ^ 2 )^ ^ 2 ’ I (^1 ^1 ^2 ^ 2)3 J M ) 

LS 

((^1 ^2 ^ 2)5 LS;J'M' I (ii $1 £2 ^2)a j\ • (10.79) 

The change of basis matrix is therefore the inner product of the quantum 
states written with the coupling modes A and B. This is represented with the 
Kronecker symbols 6 j j/ and m'- We notice then that the coupled states 

(irrespective of the coupling mode used to obtain them) are orthogonal, thus 
yielding 



((^1 ^2 ^ 2)5 LS\J'M I {£-^ 5 ^ £2 ^ 2 )^ j\ ^2’*^-^) 



— h J' M' 



r j -21 / coefficient dependent upon 1 
^ J 1 ^2 ^2 h h LS and J / • 



(10.80) 



The change of coupling matrix is generally of the form 



{i.3l ' ' ' Jn—l) A ^s'>3n I i)b ^s’>3n ^n) 

= bn ^jn fn ^mn m'„ “3nj Coefficient” . (10.81) 

The coefficient thus obtained is generally a 3nj coefficient that is dependent 
upon the 3n angular momenta. The preceding example leads, for example, 
to a 9j coefficient as we will see in connection with the graphical method. 
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6. Introduction to the Graphical Method 

The graphical method for the treatment of the algebra of angular momenta 
was first introduced in 1962 by Yutsis, Levinson, and Vanagas (Yutsis et al, 
1960) It was further developed and improved upon in Lyon (Elbaz and Castel, 
1972; Elbaz, 1985) and laboratories elsewhere. It is commonly referred to by 
the acronym GSA (for Graphical Spin Algebra). We will be content here 
to introduce the basics and refer the interested reader to more specialized 
textbooks on the subject. 



6.1 Basic Graphical Representations 



The conventional graphical representation of kets and bras of the Hilbert 
space subspace is defined as: 



I j m) 

j-m) 



jm 

I ^ 

j 



and ( j m 



and {j — m 



jm 

I M — 



(10.82) 

(10.83) 



In the most common cases, only representations (10.82) are called into play: 



jm I’m’ jm j’m’ 
(j m I / m') = 8^^, = — — = - 



(10.84) 



Any diagram with just the double arrow (such as a bra) and the single arrow 
(such as a ket) is proportional to a Kronecker symbol. Considering that the 
proportionality coefficient can be determined using GSA rules, we will then 
write 







(10.85) 



6.2 Rule for Summation Over a Magnetic Momentum 

To sum over a magnetic momentum, we normally bring together the free 
extremities of the corresponding arrows, which boils down to applying Ein- 
stein’s convention for summation over covariant indices (such as a bra) and 
contravariant indices (such as a ket): 

\ j m) {j m \ = (10.86) 

m m 

If we assume that the magnetic momentum is always written in a natural 
way, that is in the form | j m) and not in the form | j - m), a related line 
can only be broken from (10.86). 
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We then show that the change in the direction of the related line j intro- 
duces a phase coefficient . 

The completeness rule is expressed graphically by the relation 

\jm) {jm\ =Y, ^ = 1 (10.87) 

j rn j 



6.3 Clebsch-Gordan CoefRcients 



Let us introduce the graphical representation of Clebsch-Gordan coefficients 
by defining an a priori reading order (-) for the clockwise direction and 
(-h) for the anticlockwise direction using the coupled angular momentum as 
departure point. Hence, we set 

Ui h ^2 I h ^ 3 ) 



(is "^3 I h h ^ 2 ) 

The two Clebsch-Gordan series (10.13) and (10.14) can be obtained from 
these graphical representations and the procedure for summation over m: 




imi 



Ji 

- Y 

i — ► — — tXI-— > — ~ ^ ' 



' h 



or by coupling the spaces and : 



12^2 



02^2 



(10.90) 






Ji^i 






1—^ X jm 

= S [Xr 

i-T^ — j J X jm 

J2m2 J2m^ J2m2^ 



(10.91) 



6.4 Orthogonality Relations 

The second orthogonality rule is also easy to visualize with the aid of the 
graphical method by using the completeness relation (10.87): 



I 

j 



Ji^i Jim; 

j 



]2^2 h^2 



ji^i JiinJ 

— k — 



— ► — 

J2m2 J2m^ 



(10.92) 




6. Introduction to the Graphical Method 259 



Because this relation is valid even when the arrows jj j '2 linked, it 
constitutes a graphical rule for summation over j for any diagram whatsoever, 
as we can see by decomposing the process using relation (10.92) and definition 
( 10 . 86 ): 




= I 

mirn’i 

ni2ni2 





which finally gives the summation rule over j: 




(10.93) 



The first orthogonality relation is a direct application of relation (10.85) in 
which aj = 1 




jm j’m’ 



( 10 - 94 ) 



6.5 Generalized Clebsch-Gordan Coefficient 

The graphical representation of a Generalized Clebsch-Gordan coefficient 
exhibits the coupled and uncoupled angular momentum: 

ii^\ 

O'l • • -in-l "*n-l I (il • = 

in-l'Cl 
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The box contains the coupling mode and the X^{s = n-3) intermediate 
momenta. Because the CG coefBcients are real numbers, it is also possible to 
use the Hermit ian conjugate to obtain 



((il • ■•jn-l)A I 3l ■ --Jn-l ^n-l) 

j,mi 



JnlTln 



'x .. 



(10.96) 



6.6 Example of Application 

We will consider the the graphical representation of the coupling of four 
angular momenta 

J = S 2 ^2 ' 

An X-ray of the black box will show the coupling mode and the intermediate 
momenta. 

a) LS Coupling 




(10.97) 



A = ((^i+Si) + (4 + S 2 )) i 2 « = 5 s = n-3 = 2 




^ — ((A + ^2) + (^1 + ^2)) 



X, = L, S. 
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We use 1 to designate the angular momentum, sum of the two other angular 
momenta in the CG coefficient, 1“^ if it is contravariant, 1“ if it is covariant. 
Similarly, the summed moments will be designated 2 or 3 depending on the 
reading order in the CG, 2~^ 3"^ if they are contravariant and 2“ 3~ if they are 
covariant. Expressed graphically, relation (10.61) will then take the following 
form: 




To go from a CG to a 3jm coefficient we will therefore have to: 

i) introduce a [l^]-dimensional coefficient 

ii) introduce a phase coefficient 

iii) substitute the triangle pole with a simple one 

iv) change the reading order of the simple pole with respect to the triangle 
pole 

To find out how the rule for summation over J (10.93) is written with 
3jm coefficient by applying the transition rule, see (11.112) below. 



6.9 njm Coefficients 



The diagram representing a njm coefficient exhibits all the coupled angular 
momenta: 







J] 1 


r — 


('■ 


J2 


II 


A 


\mi 


m2 . 


■■ 

j n-l 


Xs 



jn 

► 



(10.105) 



The box contains the coupling mode and the 



intermediate momenta. 



6.10 3nj Coefficients 



These coefficients are not dependent on the magnetic momenta and express 
the change of coupling mode. They cannot be factorized into simpler coeffi- 
cients. 

n = 1 triad 



ih h 




if 

otherwise . 



/i+/2+J3 = 0 
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Its analytical statement uses two completely contracted 3jm coefficients. 



{h h h} = 

mi 7712 m 3 



Jl J2 J3 
nil ^2 ^3 



= + 




J 3 



n = 2 6 j coefficient 



nil ^2 ^3 

Jl J2 H 



(10.106) 




The 6^- coefficient has the symmetry properties: 

i) invariant under circular permutation of columns, 

ii) invariant under permutation of two elements of the first line with two 
elements of the second. 




(10.108) 
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The properties of symmetry are apparent in the diagram: 

i) invariance under reflection in a diagonal, 

ii) multiplied by (— )^ ik+k+h for an exchange of two rows or columns. 

Owing to the latter property, a 9j coefficient with two equal rows or 
columns will be zero if the sum of the remaining moments is odd: 

f h k k ] 

S k k k f “ ® + ^2 -h is odd. (10.109) 

i ^1 ^2 ^3 J 

The 9j coefficient can be expressed as the sum of the products of three 6j 
coefficients as can be seen by using the rule for summation over j (10.93). 

The transformation matrix for making the transition from the coupling 
mode (^1 4- ^ 2 ) + (^1 + ^ 2 ) (^1 + ^ 1 ) + (^2 + ^ 2 ) ^ coefficient, the 

graphical representation of (10.80): 



I {i, i,) L {s, s,)\S,JM) = •^ 2 ] It t ^ } 

31 32 [ ^2 S' J 

I ik ^ 1 ) {ks2)k^JM). (10.110) 

Beyond n = 3, there are several possible determinations of the inj coefficients 
and we are thus obliged to introduce two “types” of 12 j coefficients and three 
“types” of 15j coefficients. There is a graphical procedure (Elbaz and Castel, 
1972; Elbaz, 1985) for simplifying the definition and manipulation of these 
coefficients. Let us also draw attention to the existence of 6j and 9j coefficient 
tables and the fact that other inj coefficients are worked out as the sum of 
the products of the 6jf and 9j coefficients. 

To identify a 3nj coefficient in its standard form, we need to: 

i) verify the sign of the poles and return one (jf^ j '2 k) standard 

sign by multiplying the result by the phase (— )-fi+^2+J3^ 

ii) verify the reading order of the kinetic lines j, and return one j line to its 
standard form by multiplying the result by the phase . 

Finally, we notice that a zero angular momentum j = 0 is expanded 
graphically by simply removing the corresponding j line . 
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6.11 Example 



Analytical expression of a diagram. 







h h ial 
^1 ^2 ^3 J 



Appendix 1: Table of Selected 3jm and Qj Coefficients 



3l 32 33] _ /l\l/2 J 

0 0 0 J ^ ’ 

ih J) ! 






(ii + h - hV-Ui + 33 - i2)Kj2 + h - 3iV 

{3i+32 +33h)- 

if J r = 31 +32 +33 is even 
1=0 otherwise 



j+i 

M 



J i 



-M 



2 2 



1 ! 



J-M+i 1^/^ 
|_(2J^ + 2)(2J + 1)_ 



J + 1 
M 



J 



1 



-M- 1 1 



-(-1) 



J-M-l 



(J-M)(J-M + 1) 



-I 1/2 



[(2J + 3)(2J + 2)(2J + I)j 



(J+1 J 1 
\ M -MO 






(J + M + 1)(J-M+1)2 
(2J + 3)(2J + 2)(2J+1) 



-|l/2 



( J J 1 
\M -M-l 1 






(J-M)(J + M + 1)2 
(2J + 2)(2J + 1)(2J) 



-, 1/2 
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( J J l \ _ 

\M -M Oj ^ ’ 



M 



(2J+l)(J + l)J]i/2 



(a b c 1 _ 
\l c-1 6-1 J 



)s 



s{s + l)(s -2a- l)(s - 2a) 



1 1/2 



(26 - 1)26(26 + l)(2c - l)2c(2c + 1) J 



(a 6 cl . s 

\lc-l (./ = <->* [ 



2(s + l)(s — 2a)(s — 26)(s — 2c + 1) 



-, 1/2 



26(26 -f 1)(26 -f 2)(2c - l)2c(2c + 1) J 



{ a b cl 
1 c-1 6+1 J 






{s — 2b— l){s — 2b){s -2c+ l){s - 2c + 2) 



-|l/2 



[ (26h-1)(26 + 2)(26 + 3)(2c-1)2c(2c+1) J 



J a 6 c 1 _ . 
\l cbj~^~ 



)s + l 



2[b{b + 1) + c(c H" 1) — a{cL + 1)] 
[26(26 + l){2b + 2)(2c(2c + l)(2c + 2 )]i /2 



5 = a + 6 + c 



Appendix 2: Diquark 

B. Silvestre-Brac has computed the probability of the formation of a diquark 
in a baryon comprising three colored quarks (Silvestre-Brac, 1987; Badhuri et 
ah, 1981). The wave function with the C = (1, 2, 3) color is an antisymmetric 
function of the form 

{rgy + gyr + yrg-ryg-ygr-gry). 

By coupling the spin ^ of each of the constituents, we obtain spin 0 or 1 
for the diquark, which corresponds to a wave function with symmetric or 
antisymmetric spin for the exchange of particles 2 and 3: 

^Si 2 =o = I V2)o 1/2 )i/ 2 == (TTi - UT) antisymmetric 

" I V 2 )i /2 = (TTi + TiT -2 TTT) symmetric 

or symmetric for the exchange of the three particles: 

^ 5 ( 2=1 = I V 2 )i 1 / 2 ) 3/2 = (TTi + TiT + iTT) symmetric. 
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Each quark is characterized by a position The Hamiltonian is invariant 
under space translation, making it possible to separate the motion of the 
center of mass R = M~^ with M ~Y,i in th® form of a plane 

wave exp (^P.^ with P = Pii from the relative motion by setting: 



p = [2m2 m3 (m2 + m3)] 2 
q = [2mi (m2 + m3) M]~2 
x = [ 2 m 2 

y = [2mi (m 2 + m3)/M]2 | 



(m 3 P 2 - P 3 ) , 

(mj (p2 + P3) - (n^2 + "^3) Pi) > 
(^2 - ^3) > 

( {^2 Tj + m3 rg) ^ \ 

V m2 + m3 V 



The interaction potential between a diquark, which behaves like an antiquark 
from the point of view of color, and a quark can be modeled as follows using 
the potential of Badhuri et al. which depends on the color \ and the spin 









rt j rrii j ^ 



with the following parameters: 

X = 102.67 MeV fm D = 913.5 MeV 

a = 0.0326 (MeV-i fm)i/2 = 112.2 fm . 



We are thus led to the solution of the Schrodinger equation: 



I {p^+q‘^)+Yl 



rP{l, 2, 3) = Ei/-(l, 2, 3). 



The conclusion to be drawn from the above is that in a baryon {q Q Q) for 
weak angular momenta, a diquark QQ in the state ^ = 0 is formed in a state 
with spin 1 , whereas a diquark with two different quarks is for three quarters 
of the time 5 = 0 and for the remaining quarter 5=1. 




Chapter 11 
Rotations 



1. Introduction 

The rotation around a point 0 is defined as an overall movement of every 
point in the space during which the point O remains fixed. Each point P will 
in turn occupy a new position P' and the correspondence between points P 
and P' is a one-to-one relation. In this correspondence, point O corresponds 
to itself: lengths and angles as well as the direction of the trihedrons are all 
conserved. 

Let Oxyz be a given cartesian coordinate system and OXY Z an another 
cartesian coordinate system obtained by performing three successive rotations 
in a specific sequence: 




We define the rotations 

R^{a) through an angle a around Oz leading to Oy in Ou, 

Ru(P) through an angle j3 around Ou leading to Oz in OZ, 

Rzij) through an angle 7 around OZ leading to Ou in OY. 

The overall rotation of the Oxyz coordinate system will therefore be de- 
fined by the operator: 

R{a, (3, 7 ) = Rzi'y) R^{I3) R,{a) . 



( 11 . 1 ) 
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2. Infinitesimal Rotations 



A rotation of the system of axes around the Oz axis through an angle a will 
transform a function y, z) into a function If"' (a:, y, z)^ which can be 

written thus: 

K m = K (R-^ • ( 11 - 2 ) 

There is a one-to-one linear correspondence between the functions and 
making it possible to write 



K = RK- (11-3) 

The operator R must be unitary because the norm of the functions and 
iZ^' must be identical, that is, conserved during the rotation. 

In the rotation of the system of axes through the angle a around the Oz 
axis, we will therefore write 

Rzi*^) i^a (^> y> 2)] = y'. ^') (11-4) 




with transformations of the Cartesian coordinates: 

x' = X cos a-\-y sin a , 

y' = —X sin a-\-y cos a , (H-5) 

= 

For an infinitesimal rotation e, we therefore obtain: 

Rz((^) ^a(^) + y s,-x s + y,z) (11.6) 

and, by carrying out a Taylor expansion around the point {x, y, z) 
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We can introduce the operator L^, the projection of the orbital angular mo- 
mentum onto the Oz axis, by applying the correspondence principle of quan- 
tum mechanics: 

d d 

= (11.8) 

a y a X 

which leads us to write statement (11.7) as follows: 

Rzi^) K(x, y, z) = {l-is LJ ^^{x, y, z) . (11.9) 

We can infer from this the expression for the operator R^is): 

R,{e) = l-ieL^. (11.10) 

If an infinitesimal rotation e had been made around the axis Ou of the unitary 
vector u, we would have similarly obtained 

R^{e) = \-ieL>u. (H-U) 

We generalize the relation to make allowance for the case where the particle 
under consideration possesses an angular momentum J that is not necessarily 
orbital: 

Ry,{e) = 1 - i 6 J • u (11.12) 



3. Finite Rotations 



3.1 Finite Rotations of the System of Coordinates 



If we make a rotation around the Ou axis through an angle (/? -h or 
successively two rotations around the same axis with angle A(/? and angle (p, 
we obtain by construction the same result. We can therefore write 

+ ^ </?) = Ruiv) ‘P) = p) R-uip) (11.13) 

and, by using (11.8) for the infinitesimal rotation with angle A (/?, 

RJp + p) = RJp) i ^ p) ( 11 . 14 ) 



which can also be written as follows: 

Ru(p + ^ p) - Ruip) ■ j p / X 

^ Ju Kip) • 

If A ^ 0, the first term of this equation will define the derivative with 
respect to (p of the operator R^ (p): 



d Ruip) 

d p 



= -i Ju Ruip)- 



(11.15) 
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This is a first-order differential equation with separated variables and which 
directly leads to the result 

R^i^p) = i?„(0) exp {-i p JJ (11.16) 

and, because a rotation with angle zero is the same as no rotation at all, 

K(0) = 1 and R^{p) = exp {-i p JJ . (H-17) 

We can further calculate the operator 7?(a, /?, 7 ) which makes the transition 
from the Oxyz system to the OXY Z system: 

R{a, P, 7 ) = RzJ) RJP) RJa) 

= exp {-i 7 Jz) exp {-i P JJ exp {-i a JJ . (11.18) 

We can only know the components of the angular momentum via the Oxyz 
axes; it is thus necessary to transform and and to return to Jj.,Jy 
or 

3.2 Rotation of the Physical System. 

Rotation of Observables 

A rotation can be described either by causing the axes of the system of 
coordinates to rotate while holding the physical objects fixed or by holding 
the axes fixed and causing the inverse rotation of the physical system. 

Let us use g = (a, /?, 7 ) to represent a rotation parametrized with the Eu- 
ler angles (a, 7 ). If we make the inverse rotation this will amount 

to making a rotation R but with the Euler angles g~^ = (- 7 , -/3, -a): 

R-\g) = R{g-^)^R{J. (11.19) 

The application of the rotation R{g) to a dynamic state | a) will yield a state 

|a0: 

I a') = R{g) I a) , (11.20) 

and by taking the Hermitian conjugate 

(a' I = {a\R-^{g). ( 11 . 21 ) 

The operator R is unitary since it conserves the norm of the vectors as we 
can see in ( 11 . 20 ) and ( 11 . 21 ): 



R{g) R+{g) = R+{g) R{g) = 1 



( 11 . 22 ) 



The mean value of an observable Q (that is, the result of the measurement 
of the observable Q) is independent of the system of reference adopted and, 
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hence, identical in the two systems Oxyz and OXY Z. Thus 

(a I (5 I a) = {a' \Q' \ a') . (11.23) 

By using (11.19) and (11.20), we obtain, 

{a\Q\a) = (a 1 Q' R{g) | a) (11.24) 

irrespective of the value of | a), and, hence, the relation between operators 
Q and Q^: 

Q^R+{g)Q' R{g) or Q' = R{g) Q R+ (g) . (11.25) 

By fundamental rules of the rotation of physical systems we shall be referring 
to the two relations that allow the rotation of a quantum state or an operator: 



«') = R{9) I a) 

Q'^R{g)QR^ig) 



(11.26) 



An observable is invariant under rotation if Q' = Q. 

By right-multiplying by R we have Q R{g) = R{g) Q, that is 
[Q,i?(ff)]=0. 

Any observable represented by a Hermitian operator commuting with the 
rotation operator R is said to be invariant under rotation. This is particularly 
true of scalar operators. 



3.3 Determination of R (a, j3^ 7 ) 

We can now evaluate the operator of the overall rotation of the system of 
coordinates: 

R{a, 13, 7) = Rzi-y) J?„(/3) i?^(a) 

= exp(— z 7 J^) exp {—i f3 J^) exp (— z a J^) . (11.27) 

The operator is obtained by rotation around Oz through an angle a of 
the Hermitian operator J^, that is of the system of coordinates defining the 

projection Jy of the operator J, yielding (11.26): 

J^ = R,(a) JyRtia), (11.28) 

or by direct application on the rotation operator: 

R,il3)=R,{a)Ry{f3)Rt{a). 



(11.29) 
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The operator Rzij) is obtained from by first applying a rotation 

R^{a) and then a rotation i?^(/3), that is, 

Rzi'r) = [R,{a) Ry{^) i?+(a)] [E,(a) R^i'r) i?J(a)] [R,{a) i?+(a)] 

= R,{a) Ryil3) RM R+{p) i?+(a) . (11.30) 

By inserting over (11.29) and (11.30) into R{a, /?, 7 ) defined with relation 
(11.27), we obtain the following result: 

R{a,l3,'f) = RyiP) RM (^) Rti<^)] [■«.(«) RyW) Rti<^)] RM) 
= R,{a)Ry{P)RM- (11-31) 

The operator for the overall rotation of the system of coordinates denoted 
R{g) since the rotation of the physical system is denoted R{g) in (11.20) can 
be written as follows: 

R{g) = R+{g) = exp {-i a JJ exp {-i j3 Jy) exp {-i 7 JJ . (11.32) 



4. Standard Representation 

4.1 Rotation Matrix 

The form (11.32) of the rotation operator shows that the squared length 
of the angular momentum is invariant under rotation, since 

[j\R{g)] = 0. (11.33) 

Hence, a rotation R{g) does not remove a vector | j m) from the subspace 

R{g) I jm) = R{g) \ j m) = R{g) j {j + 1) | i m) 

=^j{j + l)R{g)\jm) (11.34) 

and R{g) | j m), the eigenvector of (corresponding to the eigenvalue 
j (j + 1 )) is a vector in a linear combination of vectors with the same j 
eigenvalue but with different m eigenvalues. We therefore write 

R{g) \jm) = Yl ^ {g) I j m') . (11.35) 

m' 

The projection of R{g) | j m) on will immediately yield the expression 
Ria) = \j m!) {j m' \ R{g) \ j m) . 

m' 



(11.36) 
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By identifying (11.35) and (11.36), we therefore obtain 

^m' m ( 5 ) = O' I \jm). (11.37) 

Replacing the operator R{g) with its value (11.32), we will write 

■^m' m(“’ 'I') = 0 I exp (n JJ exp (t P Jy) exp (i a JJ | j m) 

= exp {i 7 m') exp (z a m) {j m! | exp (i /3 Jy) \ j m) . 

(11.38) 



4.2 Reduced Rotation Matrix 



By reduced rotation matrix we shall be referring to the matrix element 

(j m! I exp {i (3 Jy) \ j m) = ^(/3) . (11.39) 

This means that the matrix ^(a, 7 ) will be known as soon as we are 

able to determine dL, _(/?), since 

m("> 7 ) = exp(t 7 m') ^(^) exp(i q m) . (11.40) 

It is easy to calculate ^(/3) with the value (l/ 2 z) (J^ - J_) of and by 
causing these operators to act on the states of the angular momentum {j m) 
and (j m'). 

For a given value j, the most general form of ^(/3) will be 



^ t [{j + m') ! (j - m') ! (j + m) ! {j - m) ! 

(j + m' - t) ! (j - m - t) ! (t + m - m') ! t ! 

(cos ^) 2 lW-m- 2 t (gjjj ^^ 2 t+m-m' ^ 



As an example, we will use the calculation of the matrix elements d^,^^(/3). 
If m = 1/2, then m' = 1 / 2 : 



(j -h m') ! = 1 ! = 1 (j + m) ! = 1 

(j - m') ! = 0 ! = 1 (j - m) I =0 I = 1 

(j — m - t) ! — (—t) ! implies t = 0 and t \ = 1 (11.42) 

(j + m-t) ! = (i-t) ! =1 

{t + m- m') ! = t \ = 1 . 



We thus obtain the matrix element 



4^/1 1/2 (/^) = cos ^ 



(11.43) 
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and sinailarly 



2 

-l/2(/^) == -<^-1/2 l/2(/^) = f • 



(11.44) 



The reduced rotation matrix for a particle with spin 1/2 will therefore be of 
the form 

^1/2 (g)_ ( COS/3/2 sin/3/2\ 

mW - (^_sin /3/2 cos /3/2 j 

The following table gives a few examples of reduced rotation matrices: 



— cos - 
“l/2,l/2 - 2 



- sin ^ 
®l/2,-l/2 “ 2 



,3/2 _ 1+COS0 0 

^3/2, 3/2 ~ ^ 2 



jl l+cos 0 

“1,1 — ■ \ ' 



jl sin 0 



= 42 = (i±f^) = 



1 1 — COS 0 



j 3/2 _ /:^ 1-cos 0 0 j2 _ 1+cos 0 /a 

^3/2 —1/2 ~ 2 2 “2,1 ~ “2 “ 



dn n = COS 0 



^3/2, -3/2 



— 1 — sin f = ^ 1,1 = 2 °^ ^ (2 cos ^ — 1) 



= 4_j = _iz:^sine df,o = /i sine cos 0 



^ 1 / 2 , - 1/2 



_ 3 cos 0 + 1 0 



4-2 = (^^f^)^ d?,_i = i^( 2 cose + l) 



d2„ = (fcos2e-i) 
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4.3 Symmetry Properties 

The analytical form (11.40) of the reduced matrix enables us to infer certain 
properties: 

i) ^L' m(/^) reduced matrices are real, 

“) = (ll'-lS) 

iii) C M <4 <4 

These properties yield the conjugate of a rotation matrix: 

Di- A 7) = /3, 7). (11.47) 

In effect, the definition of the complex conjugate gives: 

Ki' m(“> T') = (®^P (+* 7 m') „(/?) exp {+i a m)) 

= exp {-i 7 m') exp (-i a m) 
and property iii) then enables us to obtain the result (11.47): 

= exp (+i 7(-m')) exp (+i a{-m)) 

4.4 Inverse Rotation 

Because the operator R is unitary, it is possible to calculate the matrix ele- 
ments of R~^ on the basis of the matrix elements of R: 

{j m' I R~^{g) \ j m) = {j m' \ R+{g) \ j m) = {j m \ R{g) \ j m')* 

= ly Ug) 

m m' 

= (i rn' I R{g~^) \ j m) = • (11.48) 

We therefore notice the following equivalence: 

= ^m'm (3) • (H-49) 

4.5 Closure Relation 

The fact that R is unitary can be used to obtain a completeness relation for 
the rotation matrices: 

{jm’\ R{g) i?+(p) \jm) = {j m! \ j m) = 

= X^(irn'|fl(c/)| j m"){j m"|J?+(g)|j m). 

rr,ff 



(11.50) 
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We only have to introduce the rotation matrices to obtain the completeness 
relation 

^mm' = ^ ^ ^m'm" id) ^m"m id)' (H-51) 

m" m" 



4.6 Orthonormalization Relation 

The Euler angles g = (a, /?, 7 ) have the following limit: 

0 < a < 27 t, 0 < /3 < 7 t and 0 < 7 < 27t, (11.52) 

and we write dg, the volume element of the rotation group, (Wigner, 1959), 
dg = da sin fd dfd dj. The integration of dg over the entire space defines 
what is generally termed the volume G of the rotation group, that is, 

G = J dg = j da sin ^ d(3 dj = Stt^ . (11.53) 

The integration of the product of the two rotation matrices over the group 

will yield the orthonormalization relation 

4.7 Direct Product of Rotations 

The (2jj -I- 1) ( 2 jf '2 + 1) states in which and J2 are independent form the 
irreducible representation base of the direct product of the rotation operators 
{g) and (g) of the rotation group, that is 

i^h ® ^32) I "^1 d2 ^2) = 1 Ji rn'x h ^2) 

7712 

X O'l m[ j 2 m'2 I Rj^ig) ® Rj^{g) \ m^) (11.55) 

or by separating the subspaces of the direct product: 

O'l "I'l J2 "^2 I -Rji ® Rj2 I k "*1 h "I2) 

= Oi m'l 1 Rn I k O2 ^2 1 ^2 I k ^ 2 ) 

= lk\ {g)lk^ ig). (11.56) 

Relation (11.55) will therefore take the following form: 

(Rh ® ^h) I k k ^ 2 ) = Y1 mSd) ^,(ff) I k k m' 2 ) 

7712 



(11.57) 
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and, by multiplying by the conjugate bra 

O'l m'l ^2 I Rj, ® Rh I h mi ^'4 -2 • 

The direct product ® of two rotation operators acting in the sub- 
spaces and ^^2 is reducible, that is there exists a unitary matrix Cj^j^ 
transforming the product into a direct sum, which reads 

^jl32 ^ ^3132 ~ ^31-^32 ® ® ® ji-J2 I * 

The Clebsch-Gordan coefficients may be considered as the elements of the 
unitary transformation and thus written (m^ m 2 | I J ^)- 

The decomposition of the direct product for a fixed angular momentum 
j will therefore be written 

R^{g) = Rj,{g)®Rj,{g). (11.60) 

We apply this relation to a ket of the coupled base: 

Rj \jm) = Rj^ ® Rj^ I j m) (11.61) 

and then we decouple the ket | j m) with the Clebsch-Gordan series 

Rj\j'm) = 'Yj (Rji ® Rh) I .li "*1 ^2 ”^ 2 ) (ii h ^2 \jm). (11.62) 

mi 7Ti2 

We multiply by the conjugate bra {j m' \ which we subsequently decouple: 

{j m' I Rj \jm) =Y {j I k h ^ 2 ) 

(ii j -2 m '2 I Rj^ ® Rj^ I Ji rui m^) (jj \ j m) . (11.63) 

The first term represents the rotation matrix element 
{j m' I Rj \jm) = Dk, Jg ) . 

We thus obtain with (11.58) the fundamental decoupling relation 




(11.64) 

This fundamental relation can be written in 3jm coefficients: 



Ja)^ Y mi (^) 

mj m'2 mi m2 

( k k j \ (^1 ^2 
\mi m '2 m'J 32 j J ■ 



X 



(11.65) 




280 Chapter 11 Rotations 



4.8 Contraction of Two Rotation Matrices 

By using the orthogonality relations for the Clebsch-Gordan coefficients and 
relation (11.64), we establish the fundamental rule for obtaining the product 
of two rotation matrices with the same Euler angle g = (a, j3^ 7). This is what 
has been termed the theorem of the contraction of two rotation matrices: 



,^ 2 ( 5 )= E H ^ \ h m, h m^) 

j m m' 

X 0i J2 m '2 I j m') ^{g) 



( 11 . 66 ) 



or by adopting Wigner’s 3jm coefficients: 



(g) 

m 2 rri2 



(9)= E 



J m m’ 



Ji 32 3 

mj m2 m 



( m'j m' 

3i 32 3 



* (g)- 

m' 



(11.67) 



Let us note here that the transition from CG coefficients in (11.66) to 3jm 
coefficients in (11.67) introduces a conjugate rotation matrix or the inverse 
rotation Di^ ig). 

We can use the 3jm orthogonality rules to obtain other formulations of 
the contraction rule, for example. 



E 


m-^ mi 


mi m2 m3 m^ m^ 


m^ 


X Vl ^2 




V 3i 32 


33 J 






m 2 m2 m3 m3 V 



Ji J 2 Js 






rrio 



rrio 



(11.68) 



4.9 Integration of a Product of Rotation Matrices 



By combining the orthonormalization relation (11.54) for rotation matrices 
and the contraction theorem (11.67) giving the product of two rotation ma- 
trices, we obtain the integral over three rotation matrices: 



I = [ D^\ {g) (g) (g) dg 

= 8TT^(h h is VS S 

\m^ m2 J2 3 s J ' 



(11.69) 



Furthermore, we can generalize this result to the integration of n rotation 
matrices by working out the product of the rotation matrices two-by-two, 
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until we obtain the value We thus obtain the result 



= J 




mj9) 


= 87t2X [Xfl 


^ m'^ . . 


■ K 


Xs \ 


Ji • • 


3n 



dg 



1^. 



ii • 

nil 






1 ^. 



(11.70) 



4.10 Product of Two Rotations 

The matrices Rj{g) constitute an irreducible representation of the rotation 
group. We can therefore write 

^j{92) — ^j{92 9i) ? (11-71) 

and if we switch to the matrix elements 

XI I ^3(92) I i "i") O' I Rji9i) I j m) 

m" 

= 0 I Rji92 9i) \jm), (11.72) 

giving, with the notation (11.36) for the rotation matrices, 

X m"(92) Rin" m,(9l) = m^92 9\) ■ (11.73) 

m" 

We can also write more explicitly 

^in' m" (^2’ ^2) rn (^1’ m(^’ ’ (H-74) 

m" 

where (a, /3, 7) is the result of the rotation (a^, /3^, 7^), then (02 5 72)- 

We obtain, in particular, for the reduced matrices 

E »(*) = <• „(A+A)- (n.75) 



4.11 Rotation of Kets and Bras 

If a system with axis {Ox'y'z') is obtained by the rotation R{g) of a system 
(Oxyz)^ then we can define the rotation of the kets and the bras quantum 
states of the configuration space: 

R{g) \x y z) = \x' y' z') 

{xy z \ R{g) = {x' y' z' \ 



(11.76) 
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since, operator R{g) being unitary, R^{g) = R{g)- Because the quantum 
system is not affected by the rotation, we have 

R{9) 

I «) ^ I a)> (11.77) 

\xy z) > R{g) \ x y z) = \ x' y' z') . 

From the definition of the wave function, we can write 

y>^)= {xyz\a) and R{g){x yz\a) = (x' y' z' \ a) = V^„(x', y', z') . 

We infer from this the transformation of a wave function by rotation of the 
system of coordinate axes, returning us to relation (11.4): 

(11.78) 

Comparing with (11.4) and (11.31) boils down to setting 

R{g) = exp (-iaJJ exp {-i^Jy) exp (11.79) 

If we cause the quantum system (and not the coordinate axes) to rotate, then 

R{g) \a) = \ a') (11.80) 

and the effect of the rotation on the wave function is written as follows: 




R{9) y, {xy z \ R{g) | a) = {x y z \ a') = !^'„,(x, y, z) . 

We then obtain the following result for the rotation of the physical system: 

(11.81) 

Let us apply this result to the rotation of the ket | J /^), eigenvector of 
and J^: The eigenvectors \ j g)' of J' will be obtained from the eigenstates 
of with the aid of the rotation operator: 

I j g)' = R{g) I j g) 

= X! Mm) {jm\ R{g) I . (11.82) 

m 

This leads to a (11.80)-type relation: 

(11.83) 
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The conjugate states '{j | of | j /t)' are obtained by transposing (11.83): 

M I = li.9) {im\. (11.84) 

m 

By expressing the conjugate rotation matrix using form (11.46) and by group- 
ing terms dependent on m and those dependent on /i, Eq. (11.83) takes the 
form 

f^\ = Yl Dim {j m i (-)^— . (11.85) 

m 

Let us make a rotation transformation of the ket \ j — ji) with (11.83): 

\j-9)' = CP-m (11-86) 

m 

By comparing the last two equations, we notice that the ket \ j — m) is 
transformed by rotation in the same manner as the bra (j ^ I- We 

thus write formally the following important equivalence: 

(11.87) 

If we use the graphical representations of each of the foregoing elements, we 
obtain the following result: 

jm . . jm 

(j m I = \j-m) = {-y-^ h— •— . (11.88) 

The second arrow therefore introduces the phase {~y~'^. This is in fact what 
was obtained in the Wigner definition of 3j m coefficients: 




^3 Ji J2 
Js ^1 ^2 



(^_y3-m3 



Js Jl 32 

— 777-3 ^1 ^2 




(11.89) 
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4.12 Graphical Representations 



4.12.1 Rotation Matrices 



>ig)^ 

m m' 



/(5“^) = 

m m' ' 



(11.90) 



4.12.2 Completeness Relation 



E ,."(9) J'(9) = E ™(9) (“•«) 



jm jm jm jm 



te ii 



4.12.3 Orthonormalization 



/ K „'(s) >^1 JsT dg = j „.(9) Oi. „® 



— ,S /) ^ 

Jj2J j 'n n' 



(11.92) 



ijm Ij’n jm 

► dg >► = 

"jm’ ^j’n’ jm’ 



j’n jm j n 
- 0^2 



' J n jm 






We can infer from this, by comparing the analytical and graphical results, 
that a pole on a kinetic line J makes a contribution [J~^] to the result. 

4.12.4 Contraction 






1 , {g) , {g) = i;' 



(11.93) 



8 Ji^iV/ J*" 

> +x> 






The last diagram implies a summation over angular momenta that do not 
appear in the first term. 
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4.13 Rotation of the Spherical Harmonics 

If we specifically consider the orbital momentum vector and identify the eigen- 
vector of with the angles ip in the system Oxyz and with 6', p' in the 
system Ox'y'z'^ we obtain with (11.78) and (11.76): 

({0 p \ £ n))' = {O' p' \ £ n) 

DUg){e^\im). (11.94) 

m 

By introducing the spherical harmonic functions {0 p \ £ m) = ^{0 p), 

we obtain the relation 

n(0' = E n(9) J0 <f) (11.95) 

m 

describing the rotation of the spherical harmonics for the rotation of the 
system of coordinates. 



4.14 Special Rotation Matrices 

The Racah tensor is linked to the special value: 

Di o(a /? 7) = C; JP ^ Y/miP «) 
whereas for m = 0 we obtain a Legendre polynomial 

P, 7) = c; oiP, ^ Y;,(P, a) = P,(cos p ) . 



(11.96) 



(11.97) 



4.15 Integration of Three Spherical Harmonics 

The integral over three rotation matrices defined in (11.69) is easily obtained 
in the special case m[ = m'2 = = 0 with (11.96): 

/ = (j (3) (A A 

(11.98) 

Relation (11.96) introduces the spherical harmonics of the angles /? and a, 
the integration over the angle 7 introduces a factor 27 t, which by setting 
i? (/3, a) and transforming the conjugate spherical harmonics, gives 

J ^iimi 

_ [^1 ^2 ^3] ( ^2 f ^2 ^3 ^ 

y 0 0 0 y y m2 m3 y 



(11.99) 
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5. Fundamental Theorem of Pinch 



Consider an expression F dependent on a contravariant magnetic momen- 
tum and a covariant magnetic momentum m 2 , and solely on these two 
magnetic momenta. The first momentum will necessarily come from a ket (in 
a matrix element or in a spherical harmonic, for example) and the second 
from a bra (Hermitian conjugate of a ket). This expression can be written 
symbolically as follows: 



F [a, P 



h ^2 \ _ 



= (fi 1 mP O 2 m 2 I /?) . 



( 11 . 100 ) 



With the exception of the magnetic momenta, we can include all quantum 
numbers in a and 

We apply the identity rotation R = 1 to this expression: 



(a I mp {j 2 P) = {a\R\ m^) {j^ m 2 | | /3) , 

but the transformation of the ket 

Rig) I k "il) = Y. ^m' mi I k O 



and that of the bra 



ik ^ 2 1 R^ig) = Y m2 (k m'2 



( 11 . 101 ) 

( 11 . 102 ) 

(11.103) 



lead to the following expression for F transformed by rotation: 

(a I k mi) ik m^\P) ^ Y miik ru 2 ^g) 

77 I 2 

X (a I m'l) (J 2 m '2 I p) . (11.104) 

Let us use the orthonormalization relation (11.54) and the rotation over ro- 
tation group (11.53) to integrate over the whole space of the two terms: 

(a I ji rrii) {k m2 | ^) = Y (“I k m'l) (k m^ | P) 



X -7-^0. 6, 



21 jl 32 Fni 7712 fr,' 



\k 

We divide the two members by which leaves us with 



6,m'2. (11.105) 



{a I k mj) (is m 2 I /3) = 



Y I k m'l) ik m'2 I P) 6 m' m'^ 



tl 



Wh 



^ '^2] ^ji j2 ^rni m 2 ' 



(11.106) 
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The expression in square brackets, sununed up over m[ and is no longer 
dependent on the indices but rather solely on and J 2 - We will denote 

(a I h) O 2 1 ^) = M I (11.107) 

7712 

which, upon inserting into (11.106), gives 

(a I il "»l) (72 I = (« I il) (i2 I P) h m 2 ■ (11.108) 

It would then appear that we necessarily have = j '2 ^1 ~ ^2 since ex- 

pression F is, in the final analysis, equivalent (to within (^|ji)(j 2 l/^)(V [ji]) 
coefficient) to the Kronecker symbol 6^^ This important result is 

the foundation stone of the pinch theorem in the graphical treatment of the 
algebra of angular momenta (Elbaz and Castel, 1972 ; Elbaz, 1985). 









' a 

1 




a 




j2m2 


i_j 






^2 J2m2 



Ji^i 



} O'?] 



J2m2 



(11.109) 



6. Transformation Rules of Graphical Spin Algebra 

Let US begin with a brief reminder of the results obtained with the graphical 
method, results we have already seen and which make for the instantaneous 
simplification of certain diagrams. 

1) Zero angular momentum j = 0 

We eliminate the corresponding kinetic line j. 

2) Change of sign of a pole (j^ J 2 Js) 

We multiply the result by the phase (-)-?i+^’2+j3, 

3) Change of direction of a linked arrow j 
We multiply the result by the phase (— )^L 

4) Summation over a magnetic momentum m 

We link the corresponding free extremities (contravariant-covariant) 

^ jm jm j 



m 



( 11 . 110 ) 
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5) Summation over an angular momentum j 

We withdraw the line j corresponding to the completeness relation, 

^ \ j m) (J m\ = Y^ i-i-H = 1 , (11.111) 

j rn j 

and link the corresponding lines (the same j and read in the same order), 
which leads to one of the following forms of the rule: 




(11.112) 



6) Transition from a CG coefficient to a 3jm coefficient 
We use the following procedure: 






[!](-) 



2 ( 2 ') 



T 



r 2(3'^) 

-► mo 




(11.113) 



(11.114) 



7) Pinch over two free lines 

We use the result demonstrated in (11.108), which can be graphically 
expressed as follows (see (11.109)): 



— 1 .Ji*"' 





d! 


a 


" 1 


-J 



ji 



h j2ni2 



i > ‘p 



(11.115) 



J2m2 



8) Pole located on a kinetic line j introduces a weighting coefficient [j = 
V \/2j -I- 1. 



The foregoing eight rules make it possible to transform some extremely 
complex expressions and to separate them into a first part that is completely 
independent of the magnetic momenta, sum of the products of 3nj coefficients 
and a second part comprising all the magnetic momenta in an njm coefficient 
with the well-known transformation and symmetry properties. 

Let us examine some typical applications of these seven transformation 
rules. 
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Example 1: Value of a 3nj coefficient for zero angular momentum 




Example 2: Summation over j for a closed diagram 

2ji 

j=o 

] 

jl 

= (-)"" * 0 * 

= (-)"* ^ (11117) 

We have used the [jf] value of the loop on 
Example 3: Second orthogonality rule of the 3jm coefficient 



jl 




{jl ^2 -^3} [-^3 ] ^jf 3 J3 ^7713 7713 * 




( 11 . 118 ) 
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Example 4: Pinch rule over three lines 




The variances of angular momenta (1,2,3) are conserved at each of the CG 
poles. 

By using transition rules (11.113) and (11.114) for each CG, it is easily shown 
that one can also write: 

Q^' [7K X' 

la ► 2 ” a - 2 . (11.120) 

It should be noted that in the open diagram the variances are conserved 
whereas in the closed diagram the three kinetic lines point in the same direc- 
tion. 

Example 5: Simplification of a given expression 






Chapter 12 
Spherical Harmonics 



In the last chapter, we defined spherical harmonics (SH) as the special values 
taken by rotation matrices when one of the magnetic momentum is zero. 

In addition, SH are the eigenfunctions of the projections of the orbital 
momentum onto configuration space: 

The differential equations corresponding to the eigenvalue equations of 
and can be resolved in order to determine the analytical form of the 
spherical harmonic function 



1. Orbital Angular Momentum 



By writing the usual eigenvalue equations for the orbital angular momentum 
L, we obtain (by setting h = l): 



\ £ m) £{£ + 1) \ i m) , 

\ £ m) = m \ £ m) ^ 

with operators and expanded in configuration space: 

2__ F 1 A • ^ A _J 

sin 6 d 6 d 6 sin^ 6 d 



( 12 . 1 ) 

( 12 . 2 ) 



(12.3) 

(12.4) 



By projecting Eq. (12.1) and (12.2) onto configuration space, we obtain 

{e^\ Cm) =L^ Y, ^{6 + 1) 7, ip) , (12.5) 

L^{ep\im) =L^Y,jep) = m Y, ^{0, p) . (12.6) 

If we use definitiion (12.4) of L^, the last relation becomes 
d 

'Fp ■ 



(12.7) 
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This is a first-order differential equation with separable variables. Its solution 
is of the form 

= (12.8) 
The function ^(0, (p) is uniform if m is an integer by the very presence of 
the term The relation 



+ = y^^((9 <y?) 

in fact implies 

and, hence, ^ = 1, giving m integer. 

In the discussion on angular momentum we saw that ^ -f m and £ — m 
needed to be integers. If m is an integer, then i is also necessarily an integer, 
and since ^ > 0, the only possible values of £ and m are 



^ = 0 , 1 , 2 ,... 

—£ <m<£ 



(12.9) 



2. Spherical Harmonic Y£q 



Regardless of the value of (, the value m = 0 will always be an acceptable 
value and, hence, q{ 0, ip) = q( 0) is an eigenfunction of I? 






(12.10) 



By using relation (12.3) leading to the expression for the operator in 
configuration space, we obtain the following differential equation: 



1 d f . , d 

sin 6 09 ^09 



+ f) 



(12.11) 



We set cos 6 = u to determine the first derivative: 

A _ A 

d 9 du 

and the second derivative with respect to 9\ 



d u . . d 

— = - sm <9 — 
d 9 du 



since 



d u 
~d9 



sin 9 



d^ 

d9^ 



d 

d9 



d 

d9 



d 

d9 



— sin 9 



d u 



^ d • n ^ ^ 

= - COS 9 sm 9 

du d 9 du 

- d , - d d d u 

= -cos 9 sm <9 — — — 

du d u d u d 9 



n d . 2 

■ COS 9 h sm 

d u 



9 



d^ 

d u^ 






(p 

d 



d u 



( 12 . 12 ) 
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We thus obtain without great difficulty the differential operator in (12.11): 



1 i . „ d Ip „ d 



d cos 6 



(1 - u ) -r-2 + — 

du^ du sin 

= (1 - ^ ) TT2 - T- • 



— sin 9 



(12.13) 



V / J 9 J * 

d du 

The change of function from 6 to u: 

~ (12.14) 

in eigenvalue Eq. (12.10) leads to the second-order differential equation char- 
acteristic of Legendre polynomials P^iu): 






<fp,{u) ^dP,{u) 



-|- i((. H" 1) Pi{u) — 0 . 



(12.15) 



^ ^ du^ du ■ -V- ■ V— ; 

Legendre polynomials are orthogonal, that is, they verify the following or- 
thogonality relation: 

J Pei^) P'M du = . (12.16) 



Spherical harmonics, which are the eigenfunctions of the operators and 



L^, are orthonormal functions since 



J {i m \ Q) d f2 {Q \ £' m') = {i m \ i' m!) = 6^ , (12.17) 



yielding with the spherical harmonics: 






(12.18) 



a relation holding for the value m = m' = 0: 

I YMf!)Y,.„mdn:.6„. with d«=sindd«d^. (12.19) 

By replacing Y^ q by Pe{u), we obtain the following orthogonality relation: 

I P y P^{u) P^, (u) d u d (p = 6^ . 

By integrating over the angle (p and using the orthogonality of Legendre 
polynomials (12.16), we obtain 

I Of p = (2^+1)/47 t. 

If we take the positive determination of a^, we obtain the spherical harmonic 
y^o terms of the ^th-order Legendre polynomial (12.16): 

. (2^+11'/^ . .. 



P^(cos 6) . 



( 12 . 20 ) 
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3. General Statement 

We can construct ^{9 (p) by applying the operator m times since 

\{t -m){t + m + 1)]^^^ . (12.21) 

Using the starting value q, the iteration will yield 

= [(^ + m)(^-m + l)]'/" 

Following iterated substitution, we obtain 

If we replace L_^ by the expression in terms of and we obtain the 
following analytical statement: 




where ^ is an associated Legendre polynomial. 

For m < 0, and noting that L*^ — L_^ we obtain the conjugation relation 



Ylrni^, ^) = {-rY,_^{9, P>). (12.24) 
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4 . Parity 



We introduce the parity operator P for transforming x into -x^ y into -y, 
and 2 : into -2 in a wave function ^ (see Chap. 8): 

P ^{x,y,z) = ^ {-X, -y, ~z). (12.25) 



Expressed in spherical coordinates, this amounts to changing r into r, 6 into 
7T — 6 and (p into 

P lZ^(r, 6, p) = ^ {r, 7T ~ 0, . (12.26) 



This parity operator satisfies the condition 

= 1 . (12.27) 



It is easily verified that Ly commute with P and the eigenfunctions of 
and can therefore be considered as even and odd functions. 

Replacing 6 hy n — 6 and p hy <p -\-7 t will yield 



with the special values: 



{£-m)\ 2£ + l 
{£ + m)\ Att 



1I/2 



m gi m 7T 



^fm(-COS e), 



(12.28) 



= and P, „(- cos 0) ^ P, „(cos 0) . 

We infer from this the parity transformation of the spherical harmonic that 
PY,^{9^)^Y,^in-e,^ + ir) = Y, ^{-Q) = (-/ Y, Jf2) . (12.29) 

Spherical harmonics are functions with parity (— )^. 



5. Orthonormalization and Closure 



As already noted in (12.18), spherical harmonics are orthonormal and obey 
the relation 

J mi^) jnt (f?) dQ = 8^ 8^ . (12.30) 

By introducing the angles 0 and (p with respect to the Oz and Ox axes, the 
orthonormalization relation can also take the form 



^‘I'K pTT 

/ dv / 

JQ Jo 



sin 9 dSYl^ie, ^)Y,, ^,{9, = 



(12.31) 
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Spherical harmonics form a complete system since 

\im) {im\ =1 (12.32) 

im 

and, by projection over the solid angles i? and 17' , this will yield 

^{ Q \ im ) { I m \ n ') ={ n \ n ') = s { q - /?') . (12.33) 

i m 

which can be written with spherical harmonics 

Ye mW (12.34) 

i m 

or, by introducing the angles 6 and (p, 

^ y,^(0, ^) < p ') - 6 {^ - . (12.35) 

i m 

The closure relation on the spherical harmonics shows that these functions 
constitute a complete system, that is, that any function of 17 = (0, ip) can be 
expanded in this basis. We can then write very generally 

f{0) = J2 ^emYeM, (12.36) 

£ m 

and the expansion coefficient ^ will be obtained by multiplying the two 
terms by Y^, , and then integrating over the direction 17: 

J f{f2)dQ = E ■><». / 

£ m 

^ ^ ^£ m ^£ £' m' ^£' m' ' 

£ m 

This determines the expansion coefficients 

= / f{n)Y;Mdn. (12.37) 

6. Graphical Representation 

Spherical harmonics are the projections of the states of the orbital angular 
momentum {£ m) onto the configuration space. We therefore need to intro- 
duce the graphical representation of the vectors in this space. They obey the 
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usual orthonormalization and closure relations for continuous variables: 



(r? I f2') = 6{Q - Q ') , 
j \Q)dQ {Q\ =1. 



(12.38) 



The vector | i?) is represented graphically by a dashed line with a single 
arrow for the ket and a double arrow for the bra: 

A A 

and | 12 )= (12.39) 

yielding the graphical representations of the spherical harmonics 

A 

Y, „(12) = (12 K m) = t Jt- = n (12.40) 

and for the complex conjugate 

A 

(^m|12) = jjj^ (12.41) 

This clarifies the graphical representations of orthonormalization relation 
(12.30) and closure relation (12.34): 

Im I’m’ Im I’m’ a do) 

S = i >■ >’ = <5(12 - 12') . (12.43) 



7. Integration of Three Spherical Harmonics 



Because spherical harmonics are special rotation matrices, the application of 
relation (11.96) to the integral (11.69) will yield the integral (11.99): 

h = J Ye, Ye, Y,^ ^^{Q) dQ 

_ [^1 ^2 '^ 3 ] { ^2 ^ ^ ^1 ^2 ^3 \ 

\0 0 oy \mi m 2 m^j ' 



Now, let us represent the first member graphically by assuming that the 
integration of the three angle lines is obtained by their union with a simple 
pole: 

xlimi 



13 = 



l2in2 

■I — ►— 



limi 



131113 




l2ni2 



(12.44) 
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The integration has been enclosed in a marking circle (Elbaz et al., 

1966, 1967). 

Comparing to the second term of we notice that the marking circle is 

linked to the value ^2 M 

V47T VO 0 o; 

It should be noted that the variances in the marking circle are exactly the 
same as those of the delimited 3jm coefficients. For example, the integral 



/ 






leads to the analytical value 



/ 



^ 



[^1 ^2 ^3 

\/4^ 




^2 

m2 



The 3j0 coefficient is zero if the sum of the angular momenta is 
number (see Chap. 10, Appendix 1): 



(12.45) 



^3 / 

(12.46) 



an odd 



^1 ^2 
0 0 



^ j = 0 if 4- ^2 + ^3 odd . 



(12.47) 



This shows that +^2 + ^ marking circle is necessarily an even number 

and that (— )^i+^2+^3 = 4-1. A change of sign of a marking pole resulting in 
the introduction of a phase (— )^i+^2+^3 — _|_i can be made without need for 
a change of phase. It is therefore unnecessary to impose a (+) or (— ) reading 
direction on a spherical harmonic marking circle. (We will have occasion to 
show that this is no longer the case with irreducible tensor operators.) In the 
final analysis, we will write 



13 = 




irrespective of the variance of the SH in the integral. 



(12.48) 



8. Contraction 



8.1 Contraction of Two Spherical Harmonics 

Prom the closure relation in conjunction with the rule for integration over 
three SH, we inunediately obtain the contraction relation 
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Ye, = j Y,^^^ {Q') {Q') 6{Q' - Q) d Q' 



6{Q'-n) = Y. Yl^mYLMi.^): 



(12.49) 



L M 

yielding graphically the following result: 

A A . 



hmi 


Q 


h a’ 


A, 


A 


V b A 


—i — 1 

l 2 m 2 


= E 
-.M-- L 

A 

Q 


r A 
dQ 

j — 1 ... 4 ^ .... 

D’ 


a 

•4 


Q 

^ = 2 

L L 


X L Q 

X 



(12.50) 



This result can be obtained by expanding the product of the SH over the 
complete basis of the same harmonics and following (12.36): 



mi Ye, -Y^^emYe M , 



(12.51) 



£ m 



yielding with expansion coefficient (12.37) 



12^2 



(12.52) 



By substituting over the graphical statement of ^ in the expansion (12.51) 
and by summing over m, we again obtain (12.49). Of course, we can change 
the variance of the spherical harmonic in (12.49), expressing in this way the 
contraction of the two SH irrespective of their variances: 



limi a 



imi 



= I 
L 



A 

Q 



(12.53) 



l2m2 Q ^l2m2 

The analytical statement of (12.50), for example, is easily obtained: 

1^1 ^2 L] fe, £2 L\ f £,£,L \ 

■r, rr, M ] 



Ye, mi(^)>£,m,(^)-E 



L M 



rri2 M 



V ^ ^ ^ , 

(12.54) 

By using the value 0 ~ [^1/ (v^^) (^^s ^)? we likewise infer the contrac- 

tion rule for Legendre polynomials: 

2 



Pi, {00s 6) (cos0) = E[^" 



£, £, 

0 



P^icosd), (12.55) 



and in the special case in which 0 = |, P^(0) = 1, we obtain the addition 
rule 






£, £, L 
0 0 0 



= 1, 



which is simply a special case of the 3jm orthogonality rule. 



(12.56) 
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8.2 Contraction and Integration of n Spherical Harmonics 



The contraction rule for two spherical harmonics can be used and applied 
step-by-step with the SH taken two at a time in an A coupling mode. This 
will yield: 



hmi Q 

1 




li mi 


A 

© 


1 


A 

^ Q 




1 




1 ^ 












(12.57) 



The sununation concerns all orbital magnetic momenta that do not appear 
in the first term. The marking circle in the box expresses that all nodes of the 
“njm” are marked. The integration is easily made with (12.49) or (12.44): 



h = ! 



Y. VI YooV^^V^ 6, 



0 ^mi 0 



ye\m,ye,m,dn= = 1 . 



I2 h 



= £2 ^mi m2 




(12.58) 



We thus obtain in a general manner the analytical result of the integration 
of n spherical harmonics 




X 



(12.59) 






8.3 Applications 

8.3.1 Marked Orbital Momentum Line 
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By setting = 0 in (12.48), we obtain the diagram 




Its analytical statement stems from (12.46) and 

p [^1 ^2 0] (ii 0 OW^i m2 0\ 

\0 o) \m, ^2 oy 



(12.60) 



£2 ^mi m2 ' 

(12.61) 



8.3.2 Change of Coupling Mode and Summation 
of a Marked Line 



Let us use (12.58) to expand the following diagram: 



I 

X 





The above last diagram is none other than giving 



h 




Y, 



i\ mi 



rri 2 m3 ^^4 m4 (^) * 



(12.62) 



(12.63) 



We can therefore change the coupling mode and make a fresh summation 
over the magnetic momenta to obtain 



I 

X 





1 


! 














>> 






i a 




X = s d 




Y = I 


a ^ 


1 


^4 


Y 1 


-4 


^ z 





(12.64) 



The change of coupling mode can sometimes save us an additional summa- 
tion. For example, 
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which analytically leads to the following statement: 




1 2 L 
4 3 X 



1 3 X 

0 0 0 



1 2 LW3 4 0 \ 

0 0 0 / V 0 0 L r 



2 4 0 

0 0 X 



( 12 . 66 ) 



9. Addition Theorem 

Two SH with different directions but of the same order can be summed over 
the magnetic momenta to give a Legendre polynomial: 

E ^ ^t(cos e) , (12.67) 

m 

where 6 is the relative direction of and i? 2 - The summation over both m 
and on the other hand, will lead to the closure relation 

E = (cos(12i, n^)) 

mi i 

= 6{Q^ - • ( 12 . 68 ) 

Legendre polynomials therefore also constitute a complete basis for the ex- 
pansion of any function whatsoever of the cosine of an angle. 

Consider, for example, the function ^{k.f) = ^{kr cos 6). It can be ex- 
panded in terms of Legendre polynomials by writing 

= ^{kr cos 6) = ^ ^^{k r) P^{cos 6) , (12.69) 

e 

with the partial wave function for weighting Legendre polynomials: 

^^{k r) = ^ ^{kr u) P^{u) du . (12.70) 

2 J-i 

We thus obtain the expansion of a plane wave: 

e* - ^ [i^] j,{k r) P,(cos 0 ) , (12.71) 

t 

where j^(fc r) is the ^th-order spherical Bessel function. 

Another example here pertains to the expansion of the inverse of the 
position vector in many integrals: 




(12.72) 
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with the following definition of and : 

if < V 2 then = f 2 
= T 2 if V 2 < rj r> = 

This result will prove very useful in the study of the hydrogen atom, for 
example. 

By using the expansion of the Legendre polynomial in spherical harmonics 
(12.67), it is possible to introduce the direction of each vector with respect 
to an arbitrary quantization axis in the expansion (12.69): 

nk • 4n[r^] r) Y,\{k) Y, „(f) . (12.73) 

£ m 

We thus obtain the expansion of a plane wave in terms of spherical harmonics: 
e* k-r- = ^ 4^ Y, jn,) (12.74) 

£ m 



10. Coupled Spherical Harmonics 

If the Hamiltonian if of a quantum system commutes with operators 
and L^, then the quantum numbers {£ m) will be constant and conserved 
over time. These are good quantum numbers. The basis Y^^(i?) therefore 
constitutes a complete orthonormal basis over which can be developed any 
wave function dependent on i7. If there exist a spin 5 and a total momentum 
J = L + 5, then the Hamiltonian H will commute with J^, L^, and 5^, 

that is i, s, fi now become the good quantum numbers. This is the case 
for Hamiltonian H that comprise a spin-orbit coupling term: 

H=^ + V{r) + f{r)L.S. (12.75) 

By introducing the total angular momentum J = L + S, and by squaring the 
corresponding operator, we obtain: 

J^ = L^ + S^ + 2L-S (12.76) 

In other words, the inner product is expressed with the operators L^, 5^ and 

L • 5 = 1 {J^-L^-S^) . (12.77) 

The eigenvectors of Z • 5 are the coupled vectors | (JL s) j /x), since 
L-S\{es)j {J^-L^-S^) I {is)jn), 



(12.78) 




304 Chapter 12 Spherical Harmonics 



which leads to the eigenvalues 5 \j (j + 1) - ^ (^ + 1) - s (s + 1 )]. The 
Hamiltonian (12.75) therefore has the following eigenvalues: 



H\{ts) j ^l) = 



+ \ f{r) \jU + 1 ) - ^ (^ + 1 ) - s (s + 1 )] 



s) j m) 



(12.79) 

By projecting the coupled states | {i s) j /x) onto configuration space, we 
obtain coupled spherical harmonics: 



(i? I {i s) jfj) — j . (12.80) 

These coupled spherical harmonics can be expressed in terms of the usual 
spherical harmonics by using the Clebsch-Gordan series for decomposing 
I j /x) over I i m) and | sa): 



I (^msa \j n) 

m a 

A 

Q 1 

(12.81) 

It is easily shown (in particular, graphically) that these coupled spherical 
harmonics satisfy a closure relation of the same type as the ordinary spherical 
harmonics (the summation will then be over isjfj): 




E 1 = S{f2'-Q), (12.82) 

i S j fX 



whereas the orthonormalization relation will take the usual form: 



J '^{t s) i s') j' d f2 - 6jj, 6^ 5^3/ 



(12.83) 



The Hamiltonian (12.75) can therefore be decomposed over the complete base 
of the coupled SH, which boils down to projecting (12.79) onto configuration 
space. 



11. Solid Spherical Harmonics 

By harmonic polynomial or ^th-order solid spherical harmonic we mean the 
function 
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Yemi^ = r^Y,jn)= - (12.84) 

This leads, in particular, to the fact that the first-order harmonic polynomial 
is proportional to the vector f expressed in standard spherical coordinates. 
We shall return to this result in the next chapter (see (13.217)): 






An 



1/2 



ri^ with I c 



= 1 . 



(12.85) 



The decomposition relation for a solid spherical harmonic of the sum of two 
vectors is written 



Ye m “ m^)\£m) 

mi 

X Ye^ rni (s^l) (t ^ 2 ) • (12-86) 

with the expansion coefficient 



•®«i - ^ 



47t (2£+1)! 



1 1/2 



.fr^o L(2A + 1)K2^-2 ^i + 1)!J 

which in graphical representation gives 



(12.87) 



sr. 



Ye m (sri + tf^) = B, 



iil 




( 12 . 88 ) 



12. Schrodinger Equation in a Central Potential 

The motion of a particle with reduced mass /i in a central potential V (r) is 
given by the stationary Schrodinger Eq. (3.12) which we recall here: 






Ip {f^ = E 'Ip {r) . 



(12.89) 



Let us express the kinetic part of the Hamiltonian in spherical coordinates: 






1 d 



L u 2 ^ 

2/i 2(1 r‘^ d r ^ d r 



Ti^ 1 

2/i 



1 d . . d 1 

sm 6 + 



02 



sin 0 d9 



d 6 sin^ 6 d (p‘^ \ 



, (12.90) 



and introduce once more the square of the angular momentum vector (12.3): 
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1 _}■ 

sin 0 5 d 6^ sin^ 0 d ip‘^_ ’ 



which gives the Laplacean in spherical coordinates: 

„2 1 r ^2 

2/i 2/x 2jjL 

with the radial component of momentum P: 

r a r 



(12.91) 



(12.92) 



It should be noted here that the correspondence principle is only applicable 
in cartesian coordinates as we can see in the preceding form of P^. 

The Schrodinger equation in a central potential therefore takes the fol- 
lowing form: 

0 + ^ + V^W = (12.93) 

We once more have the “effective” potential of classical mechanics: 



K// (r) = V(r) + 



The spherical harmonics Y^^{f) are eigenfunctions of We can therefore 
look for solutions of the form 



V' (^ = XI (r) ■ (12.94) 

im 

Inserting this into the Schrodinger Eq. (12.93), we obtain for orbital momen- 
tum £ 

0 + ^ ^ (0 i>e (r) (f) = (r) (f) (12.95) 

and we further use the eigenvalues £(£ + 1) of the operator to obtain 
the equation of the radial wave function: 

0 ^ ^ + ^ 

or, by expanding P^ with (12.92), 

“0 ^ ^ W +{V-E^e) (r) - 0. (12.97) 

Now, let us change functions by setting 



r ip^ (r) = iff, (r) . 



(12.98) 
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By simply rearranging terms, the above Schrodinger equation becomes 



2ndr^ r2 




{r) = 0. 



(12.99) 



This equation is formally the same as a one-dimensional 
Schrodinger equation if we add the centrifugal term 

^(^+1) . • . T./ X 

2 — f ^ potential V (r) 

that is, if we replace V{r) with (r) . 

The functions -0^^ (r) = 0^ (r) (r) are orthonormal: 

j Vim if) V'm' f = j (r) (f) df 

X j Vi (r) V' f f dr = du’ 6^^, (12.100) 

hence yielding, with relations (12.30) and (12.98), the normalization 

pOO 

/ \ip({r)\^ dr = l. (12.101) 

Jo 

The radial functions (r) satisfy a one-dimensional normalization relation. 
In addition, they show that the operator is Hermitian only if the square 
integrable functions 0^ (r) satisfy the boundary conditions: 

lim^ [r 0 (r)] = 0. (12.102) 

In other words, the radial function (r) should be regular at the origin and 
satisfy the condition: 

(0) = 0 (12.103) 

The solution p^ (r) should, in addition, be bounded in the whole space. 



12.1 Free Particle 



If the interaction potential is zero, then statement (12.99) will lead to the 
radial Schrodinger equation 



d^ , , 



£(£ + 1 ) 

p2 



Vi (f) = (r) . 



(12.104) 
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We set = 2/x E/li? to simplify this equation as follows: 

W = 0 • (12-105) 

The fundamental state ^ = 0 is easily obtained and is written thus: 

(^Q {r) = A sin k r + B cos k r 

and, as a result of initial regularity condition (12.103) at the origin, 

(0) = 0 gives (Pq (r) = A sin k r . (12.106) 

Following normalization, we obtain the solution representing the fundamental 
state of orbital angular momentum ^ = 0: 

W = sin k r . (12.107) 

In the general case, the solution obtained for the radial part is of the spherical 
Bessel function type: 

(r) = A {kr) + B {k r ) , (12.108) 

where {k r) and {k r) are first- and second-order spherical Bessel func- 
tions. If the particle is moving over the whole space, the solution being finite 
for r = 0, this will impose B = 0 and we obtain a solution of the type 
(r) = A {k r). 

The solutions of the Schrodinger equation for a free particle in a three- 
dimensional space will therefore take the form 

'^em jg {k r) (r) . (12.109) 

This will lead to the expansion (12.74) of the plane wave in terms of spherical 
harmonics. 



12.2 Infinitely Deep Spherical Wells 



Consider the potential 




if r < a , 

if r > a . 



( 12 . 110 ) 



Because the potential is zero when the particle is in the well, the solutions 
are of the Bessel function (12.109) type: 



"•Ptm {kf) = A {k r) (f) . 



( 12 . 111 ) 
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Because the potential outside is infinite, here the solutions are zero. The 
matching of internal and external wave functions at the edge of the potential 
well will lead to the following constraint: 

{ka) = 0. ( 12 . 112 ) 

If we denote the roots of the spherical Bessel functions 

ka=^X^„ (12.113) 

then the energy levels of the stationary states can be written 

= n= 1,2.3... « = 0,1,2. (12.114) 

It is by knowing the roots ^ of the spherical Bessel functions {k r) that 
we can define the value of the energy levels ^ for a given well of width a: 



State (n t) 




(10) = IS 


3.142 


(11) =3 IP 


4.493 


(12) = ID 


5.763 


(20) = 2S 


6.283 


(13) = IF 


6.988 


(21) = 2P 


7.725 







12.3 Harmonic Well 

The Schrodinger equation with potential V{r) — ^ /i uj‘^ is written 



1 2 2 
T72 ^ + 



1) 



2ii dr‘^ 2 2fi 

By making the following changes of variable: 

» ■ r Kt ^ / 1' 

= " "+'+ir 



a = [ , ^ = e = 

\li 00 J a 



^ (^+1) = 4s (s- 1) , and 



-Ki] = (12.115) 

(12.116) 
(12.117) 
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we are led to a solution of the type 

V^„,(0 = exp (-|W(Z). (12.118) 



The function W {Z) satisfies the second-order differential equation 






(f 




dZ 



+ n 



ly (Z) = 0, 



(12.119) 



corresponding to a confluent hypergeometric series and the limit at inflnity 
of the variable Z leading to the limit ^(0 0 imposes the conditions 

n = 0,1,2,... and s = (12.120) 

This deflnes the energy levels of the three-dimensional harmonic oscillator 



fi = Tiuj (2n + ^ + 



n,i = 0, 1,2, . 



(12.121) 



and the corresponding wave functions. 

The energy ^ depends solely on the combination 2n-[-^ = A = 0,l,2..., 
termed principal quantum number. Each A value can be obtained with differ- 
ent combinations of n and t\ for A > 2, the states are therefore degenerate. 

The states of the harmonic well are denoted by the letter S P D F . . . 
for ^ = 0, 1, 2, . . . and by the number n -f 1, where n is the maximum power 
of the polynomial defining the hyper geometric series. 

For example, state 15 corresponds to n = 0, ^ = 0 and IP to the quantum 
numbers n = 0 and £ = 1. 

The energy levels of a harmonic well and the corresponding wave functions 
will then be 



E^/h uj 


A — 2t 2 -f- £ 


(n-l- 1) ^ 


1 (0 


3/2 


0 


15 


2 exp (-^V2) 


5/2 


1 


IP 




7/2 


2 


25, IP 


/§ { exp (-f/2) 


9/2 


3 


2P,1P 




11/2 


4 


35, 2D, IG 


/I (e - i) exp (-fV2) 
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The computation of the energy levels of a particle with reduced mass /i in a 
potential well is the basis of the shell model in nuclear physics. A compar- 
ison of the results obtained with an infinitely deep spherical well and with 
a harmonic well shows that the experimental values lie between these two 
solutions. The introduction of a spin-orbit potential / (r) L • developed 
in Sect. 10 of this chapter makes it possible to obtain the correct value for 
the energy levels and to explain the magic numbers 2, 8, 20, . . . giving greater 
stability to the nuclei constituted by these numbers of nucleons (see Fig. 1). 




56 ( 168 ) 



42 ( 112 ) 



30 ( 70 ) 



20 ( 40 ) 



12 ( 20 ) 



6 ( 8 ) 



2 ( 2 ) 





Figure 1. Shell model with two kinds of potential wells. The spectroscopic notation 
gives the number of angular momentum states 2(2L + 1). In bracket the total number 
of occupied states. 



12.4 The Hydrogenic Systems 

The radial Schrodinger equation can be written as follows: 

W + W = K (r) (12.122) 

with K = 2ii/h^ and V (r) = —Ze^/r for a hydrogenic atom with Z protons. 
It must be recalled that a = SqU c = 1/137. 
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Fundamental State S {i = 0) 

The Schrodinger equation can be simplified as follows: 

^ + (^+B„o) Vo = 0. (12.123) 

We are interested in decreasing exponential solutions 

exp (^-0 , (12.124) 

where C and a are constants. The second derivative is 



(Po _ C 

dr‘^ a \o? a 
which we insert into Eq. (12.123): 



exp 



(-D 



^ -- + Z K + K E„^r = 0. 



a^ a 



(12.125) 



By cancelling out the terms in r, we obtain a relation for determining the 
parameter a and the Bohr radius Uq obtained for Z = 1: 



2 h a^ 0.5 .,^-10 

a = ^ ^ ~ -7 ~ — 10 m 

K Z e^ m e^ Z Z Z 



(12.126) 



The following physical constants are usually introduced: 

Uq = jm^e?‘ = rjo? = 0.529 177 249 10~^^m. The classical 

electron radius = e^ m^(? is equal to 2.817 940 92 10~^^m 

When r is large, the terms r/a^ and K r become overwhelming and we 
are left with 



^ Ka^ if a2 



Z2 



Z2 ^4 



m e 



= -13.6 Z^ (eV). 



The normalization of (Pq further yields 

[2, f o . CM 

which determines the value of the parameter C: 



re o, dr = -^-a=l. 
a^ 4 




(12.127) 



(12.128) 



(12.129) 
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thus giving the fundamental state in the form: 



(/?o {r) = 2ra exp {-r/a) 



(12.130) 



If for ^ ^ 0 we seek a solution of the form 

ipg (r) =exp (-^) G^(r), 

then the function will satisy the differential equation 



(12.131) 



+ G, = o. (12.132) 

dr^ a dr 0 ? ^ r ^ ^ 



Now, let us define function (r) in the form of a series: 

G, (r) = Y1 < r‘ . 



(12.133) 



By equating terms of the same order, we obtain 

Air'^-^ fc(fc-l)-£(£ + l)+ (-^ + KZe2)r+ (i + it'E„^) = 0 

(12.134) 

which, after cancelling out coefficients of the power yields 



fc (A: — 1) — ^ (^ + 1) = 0 and k = £ + 1 . 

We determine Aj^ by recursion to obtain 

(i ^ — Z K 6^ a 2 
~a 7~ "" (2^ + 2-f fc)(fc + l) a 

which shows that the solution is a confluent hypergeometric series: 



(12.135) 



(12.136) 



I + 1 — 71 ; 2^ + 2 ; — 



(12.137) 



with the parameters 



1 2tIi n 

n = - K Z a where a = - - - ^ % and n > ^ + 1 . (12.138) 

^ jTv Zj Zj 

The energy levels of the hydrogenic atoms are obtained by cancelling out the 
term in in (12.134), which yields = and leads to the following 
form: 



= -KZ^e^lAn^ = 4 ^^ 



(12.139) 
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We are left with the following normalized solution: 

Vn e W = I exp (-J’/a) + 1 - n ; 2^ + 2 ; . 

(12.140) 

The behavior of the radial solution at the origin is of the form 

/2r^ 

r 0 Vne W ~ ( — 



whereas, at infinity, it corresponds to 

r oo <Pnei^) ^ 
The normalization constant is, for its part, 



N„ 



4z 



(n + ^)! 



ll/2 



(12.141) 

(12.142) 

n(2^ + l)! [(n-£-l)!j ’ (12.143) 

In most cases it is the integral corresponding to the expectation value of 
that is used: 

(r*') = {n e, n' £') = J ^ (r) <y?„, (r) dr . (12.144) 

The normalization relation yields 

(r°) = 1° {n e,n £) = J ^ (r) ^ (r) dr = 1 . (12.145) 

The moments for a hydrogenic atom with electric charge Ze are thus 

^ i - ^ (^ + 1)] % , 



n 
2Z2 
Z 1 



+ 1 - 3 ^ (^ + 1 )] al , 

1 ' 



a. 



0 



1 



Z2 



J_ 

5) ®b 



2 ’ 



n" 



(£ + 1) T 5) ^ ®o 



3 • 



(12.146) 



This leads to the mean square deviation 

Z\r2 = ((r-(r))2) = (r^)-(r)2 

= ^ (nU2n^-f(^+lf) 

measuring the eccentricity of the electron orbit around the nucleus. 



(12.147) 




Chapter 13 

Irreducible Tensor Operators 



1. Definitions 

The fcth-order irreducible tensor operator (ITO) is a tensor with (2k + 1) 
components (—k<q< +fc) that are transformed by rotation of the coordi- 
nate system into a linear combination of the same components: 

R>pAa)Rkp- ( 13 . 1 ) 

V 

Prom the expression of the infinitesimal rotation operator R^(e) through an 
angle e around the Ov axis, the Israeli physicist G. Racah was able to give an 
equivalent definition of ITO’s using the following procedure (Racah, 1942) 
We use the generator of infinitesimal rotations through the e angle around 
Ov axis (11.8), 

R^[e) = l-ieJ,, (13.2) 

to write the element of the rotation matrix 

Dpqi^)= = {kp\l-ie J^\k q) 

= Spg-ie {kp\ J^\k q). (13.3) 

If we insert this into the definition (13.1) of ITOs, we obtain the following 
statement: 

{l-ieJJTkq {1 + ie [Spg-ie {kp\ J„ | k q)] T^p, (13.4) 

P 

or, by making a first-order expansion in s: 



[J.,T,g]=Y(I^P\’^v\kq)T,p 

P 



(13.5) 



i) The choice of the Ov axis as Oz, defines the matrix element 

{kp\J,\kq) =q6pg 



(13.6) 
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and (13.5) gives the commutator 

(13.7) 

ii) By choosing the Ov axis to be Ox, and then Oy, and by forming the linear 
combination J,j.±i Jy = J^, the matrix element (13.5) becomes: 

{kp\J^\kp) =[{k±q + l){k T ^p,q±i • (13.8) 

This transforms (13.5) into 

(13.9) 

Relations (13.7) and (13.9) are termed the Racah definitions of ITOs. 





2. Graphical Representation 

The transformation by rotation of the spherical harmonics: 

r, „ {0', v^') = F, „ {0, <P)' = E m is) Ye m (^, V) (13-10) 

n 

shows that spherical harmonics are in fact ^th-order ITOs projected onto the 
configuration space {i?}. They are diagonal in this space: 



(13.11) 



The graphical representation of the spherical harmonics is (see (12.40)) 

Ye „(/?)- (1? Km) = 2 (13.12) 

Now let us use the same procedure to represent the ITOs graphically, that 
is, by introducing a fictitious space {U} (except for the spherical harmonics 
where the considered space is the configuration space), determined by or- 
thonormalization and completeness relations (13.11) and in which the ITO 
q is diagonal: 





3. Hermit ian Conjugate 317 



(13.13) 

The graphical representation of the ITOs will be as follows: 

Tkq (w) = {u\kq) = (13.14) 

3. Hermitian Conjugate 

Let us return to spherical harmonics by considering the Hermitian conjugate: 
[{Q I e m)]+ = (£ m 1 1?) 

= K ™ (D) = (-)^-“ (J7) . (13.15) 

The variables Q are obtained by parity transformation: 

{Q) - p ( 12 ) = (-)' {Q) , ( 13 . 16 ) 

which yields the relation between the Hermitian conjugate and the complex 
conjugate of the spherical harmonic: 

(^) - (^) 

= {-r (12) - (12) ^ (13.17) 

or by the transformation of the parity of the space variable: 

Y,\{Q) = {-YY;^{n). (13.18) 

By applying a second Hermitian conjugation to (13.15), we obtain: 

Km (^)]^ - i^/m (^) = (-)"' m (^) = m (^) , (13-19) 

because the orbital momentum is always an integer. The graphical represen- 
tation of (13.17) is 

, _ Q Im 

m 1 12 ) = ( 12 ) = ( 12 ) = - — . ( 13 . 20 ) 

We use the fcth-order ITOs in a similar manner: 

{RT,^R+)+ = RT+^R+= 

. P 
P 




(13.21) 
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Let us further use the complex conjugation of the rotation matrix to obtain 
the form 

R T+^) R^ = Y1 (S) Tkp) ■ (13.22) 

P 

If we compare this with the transformation by rotation of Tj^_p : 

R (T,_ J R+ = Y1 D'^-p -,i9) T^-p . (13.23) 

P 

we infer that (— )^”^ Tj^q is transformed by rotation just like T^_q. Interest- 
ingly, this is the result obtained for the transformation by rotation of a ket. 
We therefore write a relation analogous to (13.15): 

{kq\u) = [T, , {u)]^ = (u) = (-)'=-<' (fZ) . (13.24) 

The generalization of the parity transformation of the spherical harmonic will 
further yield 

(n) = P (u) = (-)'= (u) , (13.25) 

and, just like G. Racah, we introduce the complex conjugate of the ITO: 

n, (U) = i-r (u) - (-)^ T,+ (u) (13.26) 

which finally generalizes (13.18) as 

(^) - Tk-, (^) = (-)^ Tk-, («) = n, («) 

kq u 

= {k q \ u) = — 1 ► . (13.27) 

By applying a second Hermitian conjugation, we obtain 

% (S)] ^ = T++ (u) = T, , {u) - T, , {u ) . (13.28) 

It is therefore necessary for fc to be a positive integer. 



4. Scalar Product 

The fcth-order scalar product of two ITOs is defined by the relation: 

(T, {u ,) . U, {u,)) C/+, {u,) ^ X; Tk, {u,) U:^ (u ,) . 

g g 

(13.29) 
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The graphical representation derives from (13.27) and (13.14): 



{Tk (^i) • Uk K)) = (wi I 9) (* 9 



Uo) = 



Ui k U2 



(13.30) 



We notice in this way that the ^th-order Legendre polynomials are, to within 
a normalization coefficient, the scalar products of the ^th-order spherical 
harmonics of the directions and i? 2 - 

(7, {Q,).Y, {Q,)) = ^ K m) m I = E (^?i) (^^ 2 ) 

m m 

ifi] 



An 



(cos (i?i, i? 2 )) • 



(13.31) 



5. Tensor Product 



5.1 Definition 



The fcth-order tensor product generalizes the scalar product and corresponds 
to the definition 

q i^V ^ 2 ) = E ^2 92 I ^ 9> 91 («l) 92 (^ 2 ) 



91 92 



kq " kq 

+>^ =[k] 

U2 X U2 



>. / k- 



(13.32) 



» ■ r k. 



or, by inverting this relation using Clebsch-Gordan series one gets 



Tk, 91 (^ 1 ) ^fc2 92 (^ 2 ) 

ui k,q, ui 

►► 1 ^ ►► \ ki 

►► f— ^ ►► -1/ ^292 ^ 



Ul 



>► K ki kiQi 



. (13.33) 



U2 



k2 k2Q2^ 

The analytical transcription of this statement further yields: 

91 (^1) ^fc2 92 (^ 2 ) = E ^fe9 (^1’ ^2)(^ 9 I ^1 9l ^2 Q 2 ) 



k q 






k q 



k «2 9l / ■ 



(13.34) 
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If we consider the fcth-order tensor product constructed from an ITO and a 
transpose, we obtain 



ui 

= E <n 92 (^ 2 ) {ki -qik,q,\kq), 

Ql Q2 

(13.35) 




which yields, through the application of the transition rule. 



ui 



T^kq (Ul,U2) = [k] 

U2 




> 



k2 



91 92 



fci k 92 
9i q k^ 



. (13.36) 



5.2 Zero-Order Tensor Product 

The zeroth-order tensor is easily calculated by eliminating the line 
A: = 0, g = 0 in diagram (13.36): 

> k 

7^00 (^1^ ^2)= > =[k‘/] . (13.37) 

U2 X 
k2 

and, by comparing with definition (13.30) of the inner product, 

7^00 (Wi W 2 ) = [ki^] (^fei («i) • ^fci (^ 2 )) • (13.38) 

The zerot/i-order tensor product is, to within a normalization coefficient, the 
scalar product of the tensors of the product. 



5.3 nth-Order Tensor Product 

The structure of tt^ ^ (u^ , U 2 ) shows that we are dealing with an ITO although 
we can still verify this analytically by transforming by rotation each of the 
terms of (13.32) and by summing the result over and ^ 2 - 
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By applying relation (13.32) step-by-step, it is possible to construct a 
fc„th-order ITO from the irreducible tensors Tu, ...Tu , ^ . 

n Ki qi ^n — 1 nn—l 



7T, 



'n qn (^1’ * ‘ * ^n-l) u„ 



U| 

» — A 

< 

Ks 






1, 2 ... n - 3 



= iK<h---K-lQn-l 



Ql -•'Qn— 1 

^ qi i'^l) • * • q^-i 



I (fcl---fcn-l)A ks ; K Qn) 
K-i)* (13.39) 



The definition of the Hermitian conjugate of an ITO is compatible with that 
of the tensor product of the two ITOs, that is, 

Kg K> '“ 2 )]'^ = ^kq i^V ^ 2 ) = ^k~q K, U^) ■ (13.40) 

The parity transformation of the variables and further yields 

T^kq K> ^ 2 ) = (-)'=l+'=2 (13.41) 

If we set, as for the spherical harmonic, 

{-y ^k~q («1. “ 2 ) = K q («1> ^^ 2 ) . (13.42) 

we obtain the following significant result: 

> k 

'^kq (^1’ ^ 2 ) — ( — )^+^l+^2 ^ (13.43) 

U2 X 

By changing variables u-^ into and U 2 into 1 ^ 2 , the coefficient (— )^i +^2 
disappears and relation (13.26) is generalized as follows: 

'^kq (^1> “ 2 ) ^ T^kq U2)- (13.44) 



6. Standardization of a Vector Operator 

6.1 Gener 2 d Procedure for Standardization 

A vector operator A is an operator transformed by rotation R of the coordi- 
nate system according to the usual law: 

A' = RAR+, 



(13.45) 
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yielding, for an infinitesimal rotation e around the Oz axis: 

A' ^R,{e) A Rt{e) ^ {I - i e J,) A {l + i e J,) 

= A-ie[J^,A]. (13.46) 

The vector operator A is also a vector whose elements are tranformed by 
infinitesimal rotation around the Oz axis according to the usual law (11.5): 

A!y = -e A,^-Ay, (13.47) 

The term-by-term comparison of Eqs. (13.46) and (13.47) hence defines the 
commutators 

\J Z1 1 

[J„ = (13.48) 

[J., 4]-0. 

A first-order ITO will have three elements, A^q and A^_^, and the Racah 
definition will lead to the commutation relation 

with g = (l,-l,0). (13.49) 

The element A^q in this ITO obeys the commutation relation 

[J„Aiol = 0. (13.50) 

It is then only too natural to consider that the elements A^ of the vector 
operator A and A^q of the irreducible tensor operator A^^ are proportional. 
We will therefore set 

Aio = c(-i^), (13.51) 

where c is an arbitrary coefficient. Some authors (e.g., Fano and Racah, 1959) 
have set c = 1 and others (e.g., Edmonds, 1959; Messiah, 1959; Wigner, 
1959; Rose, 1955) c = i, which amounts to setting A^q = A^. For our part, 
we will continue to use the coefficient c for the time being and determine 
the constraints that need to be satisfied to make the best of this choice of 
coefficient. 

Associated with relation (13.51), the Racah definition (13.9) leads us to 
write 

[4, >lio] = [J±> -i c 4] = c 4, 4] = V2 . (13.52) 

By replacing by its statement in term sof and J^, we obtain the value 
of the elements A^^ and Ai_-^ of the ITO A^^, that is, 

= (4 4]±* K, 4]) • 



(13.53) 
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We can proceed to evaluate the commutators by generalizing the formula 
introduced at the beginning of this section. Consider a vector operator A, 
and a unitary vector a. The projection of this operator will be transformed 
through the infinitesimal rotation s around the (Ou) axis in a form similar 
to (13.46): 

= A.a 

a; = (e) A, Rt {e)=A,-ie [J„, AJ . 

The unitary vector a is transformed by rotation according to the relation 

a' — e {u A a) , (13.55) 



leading to the projection of the vector operator A 

A — A ' d = A ’ (^d A s (u A u)) = A^ A s A • (u A n) . (13.56) 

By identification with (13.55), we obtain the generalization of the commuta- 
tion relations (13.48), that is. 







[J. 


i’> ^q\ 


= i 


A- 


(u A a) 




(13.57) 


Special Case No. 


1 : 


Ou 


= Oz 


and 


Od 


^Oz: 












41 = 


i A 


■{e. 


t A eg) = 1 


0 . 


(13.58) 


Special Case No. 


2 ; 


Ou 


= Ox 


and 


Od 


^Oz: 






[Jx, 4] = 


= i 


i- 


(Ci A 


63 ) 


= - 


■i A - 62 = 


-i Ay. 


(13.59) 


Special Case No. 


3 : 


Ou 


= Oy 


and 


Od 


= Oz: 






Vr 




i A-( 


6*2 A 


' ^3 


II 


= i^x- 


(13.60) 



By substituting these results into (13.53), we obtain with (13.51) the stan- 
dardization of the vector operator A: 



~ ^ + i ^y) I 

Aio = -i c A^ , (13.61) 

A,^,^-^{A,-iAy). 

It is easy to extract the Cartesian components with respect to the standard 
spherical components: 

^ ^ +^l-l) I 

^ “ 7 ^ (^11 + > 



(13.62) 
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6.2 Standard Spherical Basis 

If we introduce the unit vectors (r = 1,2, 3 = x^y^z) of the Cartesian 
basis: 

= (r,s) = (1,2,3) (13.63) 

and the unit vectors ^ (// = 1, 0, —1) of the standard spherical basis: 

m') = (1, 0, -1) (13.64) 

relations (13.61) and (13.62) will give directly the change of basis: 

^10 = C 63 

^1-1 ~ ^ ^2) 

The unit vectors of the standard spherical basis may be considered as the 
projections of the state of the angular momentum (1, y) onto the configu- 
ration space {e} defined by the usual orthonormalization and completeness 
relations: 




62 = (®ii +^ 1 - 1 ) (13.65) 

~ “ ®10 



(e \e') ^6(e- e') 



J \ e) de{ 



e I = 1 



(13.66) 



We therefore define by projection onto the configuration space {e}: 



ei ^ (e) = (e I 1 fi) and (e) = (1 /i | e) = (e) . (13.67) 

The generalization of relation (13.27) between Hermitian conjugate and com- 
plex conjugate leads us to set 

(e) = (-)'' (e) (13.68) 

and the orthonormalization relation (13.69) thus reduces to 

j{l ^i\e) de{e\ In') = j ^ (e) de (e) 

= {ln\lfi') =6^^,. (13.69) 

We may also consider that the unit vectors along the Cartesian axes are 
the projections of the vector \r) onto the configuration space: 

6j.= (e I r) and e/ = (r | e) . (13.70) 
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In a three-dimensional Cartesian space, the covariant components are not 
distinguishable from the contravariant components such that 

e + = (r I e) = (e | r) = (13.71) 

and the orthonormalization relation (13.63) can also take the form 

j {r \i) de {e\ s) = j (e) • e, (e) d e - • e, . (13.72) 

The change of basis (13.65) can therefore be written with a change of basis 
matrix: 



ei ^ = (e I 1 m) = ^ (e |r) (r I 1 = J]] (r | 1 //) , 



er = (e I r) = ^ (e I 1 (1 /i |r) = X! ^ (1 



(13.73) 



H I r) 



By using standardization (13.65), we define the A matrix of change of basis 
element (r | 1 //): 





1 


0 


-1 


1 


ic/\/2 


0 


—ic/y/2 


2 


-c/V2 


0 


-c/V2 


3 


0 


—ic 


0 





1 


2 


3 


1 


-ijc 


-l/c\/2 


0 


0 


0 


0 


ijc 


-1 


ijc y/2 


-1/c V2 


0 



Matrix elements At^ = {r \ 1 fi) . Matrix elements A'^ = {1 \ r). 



Generally speaking, a vector operator A may be considered as the projection 
of the action space {A} of the vector operator onto the configuration space 
{e}: 

A= (e I i) = (i I e) (13.74) 



yielding, in Cartesian coordinates, 

(e I r) (r I i) = ^ , 



(13.75) 
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and, in standard spherical coordinates, the contravariant and covariant com- 
ponents 

(e IM) (1 M M) =Y^ ei^(e) 

= (i I 1 (1 M I e) eit(e) A,^{e) . (13.76) 

The scalar product of two vector operators A and B thus becomes 
{A\B) ^ {B\A) = ^{A\r){r\B) = Y,A,B,^A-B 

r r 

= 5Z 1 1 I 

= E M (13.77) 

r fi 

By replacing the standard spherical components with Cartesian components 
(13.61), we obtain another expression for the scalar product: 

(i I J5) = Ail ^11 + Af-i Bi_i + ^+0 Bio = \c\'^ A- B (13.78) 

If we compare forms (13.77) and (13.78) of the inner product, we notice the 

constraint on the parameter c of the change (13.56) of coordinates: 

|c|^ = l. (13.79) 



6.3 Graphical Representations 



Let us use the usual graphical representation of the basis vectors of the stan- 
dard spherical representation and the configuration space {e}: 

A ■< A •• 

ei ^ = (e |1 fi) = ^ ^ and Ci\ = (1 ^ | e) = ♦ ^ (13.80) 

By introducing the ITO action space {A} in the standard representation of 
the vector operator A, we obtain 



A . A 

Ai,,= {A\l n)= ^ and Af^ = (1 /x | i) = > - . (13.81) 

The graphical representation of a vector operator is therefore obtained from 
(13.76) by summing over the ji indices: 



= E 




A 

e 



1 



A 

e 



A 



A 



A 

e 



A 



A. 



(13.82) 
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There is therefore no need to indicate the direction of the kinetic arrow, thus 
simplifying the graphical representation: 

A= e«A. (13.83) 

The scalar product of the two vector operators thus becomes 

(i I S) = = (13 84) 

We notice that by graphically representing the unit vectors e). of the Carte- 
sian basis in a form that is analogous to (13.80), we are able to completely 
generalize the graphical representation of the vector operators: 

e). = (e I r) = (r | e) = -i— 1_ = e i— ^ , (13.85) 

= (i I r) = (r I i) = = A (13.86) 

By summing over the Cartesian index r = 1,2,3 = we obtain the 

graphical representation of the vector operator: 

A = ^ e- A, = = S ^ A . (13.87) 

r 

We can therefore very generally represent a vector operator in the form of 
(13.87) and, depending on the cut of the diagram made on r = 1,2,3 or 
/i = 1, 0, — 1, we obtain the Cartesian or standard spherical components: 




(13.88) 



The scalar product (13.84) is also expressed in Cartesian or standard spherical 
coordinates by introducing constraint (13.79) on c: 



{A\B) ^A’B = A 



A 

H B 



_ lU lU A r 

= SAi — t = SAhA- 

H r 

= E = E 



-hB 



(13.89) 
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6.4 Tensor Product of Vector Operators 



Let us consider the tensor product of two vector operators standardized using 
procedure (13.61): 



Ak 1 



'^k q ^ (Im In I fc q) „ (i) „ (B) 

A X mn 

. -(kl " *) 

A m n ^ ' 

1 



(13.90) 

The quantum number k takes the values 0, 1, or 2, whereas q lies between k 
and —k following the usual selection rule 



i) Scalar Product 



^00 




R A-B. 

® Vs 



(13.91) 



ii) Vector Product 

Ak 1 



= >01.v/3E(^ T :) 

A X mn ^ ^ ^ 

B^l 



Aim (A) B,AB). 

(13.92) 



Let us evaluate one of the components tt^q (A, 5), for example 

TTio {A B)^ VsY.il \ J) ^1-n (^) 5i„ (S). (13.93) 

The 3jm coefficient equals (-)^~^ nfV^ (see Chap. 10, Appendix 1). We 
thus obtain: 

^10 ^ (^11 ^1-1 ~ ^1-1 (13.94) 

The standardization procedure (13.61) yields the Cartesian form of this same 
component: 

TTio (i, B) = ^ (A, B^ - A^ BJ ^ (1 A B), . (13.95) 
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If we standardize the vector product with (13.62), we obtain 



(i A 5), = ^ (i A 5)io, (13.96) 

which gives, after inserting into tt^q 

7rio(i,S)-^(i A 5)io. (13.97) 

A similar, but lengthier, calculation of and finally leads to the 
general result 

^ m n ^ ^ 

(13.98) 

We infer the expression for the standardized vector product: 

= (T 1 (W.W) 

m n ^ ^ 



By opting for c = —1 we avoid the sign (— ), which finally gives the 3jm value 
as a function of the Levi-Civita coeSicient: 

(m, n, g) = (1, 0, -1) . (13.100) 



m n 
1 1 



v/6 



If we graphically represent the Levi-Civita tensor in Cartesian coordinates 
using a diagram similar to a Sjm but with a pole specific to Cartesian coor- 
dinates: 



^rst 




(13.101) 



we obtain the graphical representations of the vector product in any basis 
whatsoever, be it standard Cartesian or spherical: 



A 









A A B=Y, St A = 


Od 1 6 


(13.102) 


r s t 






= E 


A 

A\1 

ei A = s • 


(13.103) 


11 \ 


BA 1 





To go then from Cartesian coordinates to spherical standard coordinates, we 
replace the Cartesian pole with a standard pole assigned the coefficient 
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using the following standardization procedure: 



eii = ^ (ei+*e2) 



ei^< 



^10 “ ^ ^3 






(«! - * 62 ) 



e„< 



® 1 ~ ^ (®ii ®i-i) 

1 ^ 
^2 - (^11 + ei_i) 

63 = — i e^Q . 



(13.104) 



The foregoing results lead to the graphical vector analysis (GVA) presented 
in Appendix 2, at the end of this chapter. Let us simply add that the com- 
mutation relations of the angular momentum J, that is, 

J A J = iJ (13.105) 



will be graphically expressed as follows: 

A 

J\1 



J /1 



1 



e = i J 



-Ue. 



For the Pauli matrices 5 = | a we obtain 



A 

CTk 1 



+V-Ua 






(13.106) 



(13.107) 



iii) Tensor Product 

For fc = 2, we obtain the tensor product of two vector operators: 



AO AO 

7r^g(A,B)= >^=V5 (13.108) 

BO BO 

whose components in the standard spherical basis are: 

^2±2 — ~2 (^l±l +^l±l) 

^2±i ~ (^10 ^i±i +^i±i -®io) (13.109) 

^20 ~ ^ (^11 ^ 1-1 ■*" ^ 1-1 ^11 + 2^10 ^ lo ) • 



An important special case here concerns the second-order tensor obtained 
from the Pauli matrices: it is identically equal to zero: 



A 

a 

^2 g = 

A 

a 



1 

+ 



2q 



A 

G 



VI 

A 

G 



2q 



S 0- 



(13.110) 
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iv) Application 

Now let us use the graphical representations of the vector operators to eval- 
uate the product: 



E^{a- A) {a- B) = ^ 1 



A • 

a I 



(13.111) 



Let us introduce the intermediate X momentum with the summation rule 
over j: 

^ A A 

ai\ 1 1 A 



1 



a I 

A 1 



hB 



= I [X ] 



‘ ^ NB 

The splitting up of the sum over X = 0, 1, 2 will yield: 



a k 1 



E = 



a K 1 



aki \yA a kl 

+ 3 

A / \ A A / 

iB a/l iNb c /\ 



INB 



(13.112) 



(13.113) 



The first term is easily calculated to have the value ^ ^ 

because cr^ = 3, we are left with the scalar product A - B. The last term is, 
as follows from (13.110), zero. The second is transformed with (13.107): 



3i 




i^|6 




= i a ' {A A B) , 



(13.114) 



We are therefore left with the well-known relation introduced in (9.59): 

{a - A) {a ^ B) A^ B + i a • {A A B) , (13.115) 

in which the vector operators A and B do not necessarily commute with one 
another but do commute with the Pauli operator a, and do not act in the 
spin space. 



7. Wigner-Eckart Theorem 

7.1 Projection Space 

To every observable one can associate a Hermitian operator that in turn may 
be associated with a fcth-order ITO. We are thus inevitably led to evaluate 
the matrix element 



{ajm\T^g\a' f m!) , 



(13.116) 
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where the quantum numbers a and a' complete the basis spanned by the 
angular momentum vectors: 



{a 3 m\ a' f m') = 6^ 6j j, 6^ 
y~^ \ a j m) {a j m \ = 1 

a j m 



(13.117) 



If we place ourselves in the context of the eigenrepresentation of the ITO to 
evaluate the matrix element, that is if we introduce the projection space {U} 
defined by the usual closure and orthonormalization relations, then 



{u' \ u') = 6 {u — u’) 

J \ u) du {u \ =1 



(13.118) 



Projecting the orthonormalization and completeness relations (13.117) onto 
the {[/} space they are transformed into 



J {a jm\u) du {u \ a' f m') = 6^ j, 6^ , 

{u \ a j m) {a j m \ u') =6 {u-u') ^ 

a j m 



(13.119) 



whereas Tj. ^ is diagonal in the projection space: 






(13.120) 



The projection of matrix element (13.116) on the space {U} will then give 
{a j m\T^q\ a' f m!) = J {a j m\u) Tj^ ^{u) {u \ a' f m!) du . (13.121) 



7.2 Reduced Matrix Element 



Let us represent the foregoing result graphically and, just like in the integra- 
tion of the three spherical harmonics, we will introduce a marking circle so 
as to recall the integration over lines u: 



{a j m\Tj^q\ a' f m') 




+ 



jm 



kq 



(13.122) 
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We analytically associate a reduced matrix element {a j \\ \\ a' j') with 

the marking circle, which leads to the Wigner-Eckart theorem; 



f m') 

{a j m\Tf,q\a' j' m') 



+ j’m’ 




( m k 7 ' \ 

li . m'j 




The graphical expression for the reduced matrix element or marking circle is 
given, by comparing these statements, as 



{aj\\T,\\a'f) 




(13.124) 



A number of points need emphasizing here: 



1 The pinching rule over three kinetic lines leads to three kinetic arrows 
pointing in the same direction in the marking circle whereas the variance 
is conserved in the 3jm. 

2 The reading order of the pole {j k j') is indispensable. 

3 In the case of spherical harmonics for which 



(13.125) 

the condition of existence of the 3j0 forces ^ + fc + to be even and 
therefore renders the pole signature unnecessary. 

4 The calculation of the reduced matrix element of a tensor product 
■■■uj of the irreducibble tensor operators M (uj 

is made in a similar manner, by integrating the angle lines three 

at a time, and by marking the corresponding pole: 
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7.3 Examples of Elementary Reduced Matrix Elements 

An example of an elementary reduced matrix element (RME) has already 
been given in (13.125) above using the spherical harmonic operator. Examples 
are manifold but the underlying principle remains to directly use the Wigner- 
Eckart theorem to evaluate the matrix element. 



i) Identity Operator 

We have 



{a j m \ 1 \ a' f m') = 



{ajm\ a' f m') = 6^ 6j y 6^ 

. ^ (a J W 1 W a j ) 

j 0 m'y ^ ' 

[r^]6jy6^^,{aj\\l\\a'f), (13.127) 



from which we infer the reduced matrix element 



{aj II 1 II a' j) =6^^, [j] 



(13.128) 



ii) Angular Momentum Operator 

Let us evaluate the RME for the component using standardization 
(13.104), that is, 

J, = ^Jio. (13.129) 

This will lead to the matrix element: 

(a i m I JJ a' j' m!) =m' {a jm \ a' f m!) =mS^^, 6j y 6^ . 

(13.130) 

If we replace with ^ J^q ^PPly the Wigner-Eckart theorem 

{ajm\^ Jio I 0‘' f J (7 0 m') 

the 3jm coefficient will have the value m 6jj,/[j] {j + 1) giving 



(a i II Ji II a' j') = -ic [j] \/JJjTTj 6^ y 6y 



(13.132) 



For Pauli matrices with spin \ for which S = h a, 



(13.133) 
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7.4 Examples of RME Calculation 
7.4.1 Coupled Angular Momentum State 



By applying relation (13.126), we will develop the diagrams corresponding to 
a few special reduced matrix elements, leaving it to the reader to verify the 
analytical transcription of some of the results. 




1 } 03iiT.nA>. 

For a spherical harmonic, we obtain 




\/4^ 



0 L 

1 0 0 ) 

^ j 5 

f i' L 



(13.135) 



(13.136) 



7.4.2 TwoITO Tensor Product 

i) If the ITOs are acting in the same space: 

(ajWTTkWa'f) = 

j’ + 

ii) If the ITOs are acting in different spaces: 

- ji 

{{Ji k) j W^kW ifi k) f) = ■ 

j’2 




(13.137) 



(13.138) 
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The analytical transcription of these results is given in Appendix 1, at 
the end of this chapter. 



7.4.3 Two-ITO Scalar Product 



The reduced matrix element of the scalar product of two fc-order ITOs acting 
in different spaces {u^} and {^ 2 } is written with (13.126) as follows: 







7.4.4 Vector Operators Scalar Product 



The scalar product J • A expressed with (13.91) and (13.107) leads to the 
corresponding reduced matrix element: 

(J • A) = Vs TToo ( J, A) . (13.140) 

We obtain the reduced matrix element diagram: 

+ 



{aj II J-A II a' j') - 




(13.141) 



= E b'"'] ^3 r (« J lUi II a" 3") («" f II II /) 



(13.142) 

By using the elementary RME (13.132), we obtain the following result: 



{a j\\J -AW a' j') = E [j W Vi (i + 1) 

a" 3" 

^aa" ^33" 3” Ml II 3') 

which finally leaves us with the important reduced matrix element: 



(a j II J- A II a' f) = -ic j {j + 1) {a j || A^ || a' j') 6j j, 



(13.143) 




8. Magnetic Moments 

8.1 The Lande Formula 
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The ratio of the matrix elements of the ITOs ^ and ^ expressed with 
the Wigner-Eckart theorem in (13.143) and (13.132) yields: 



{a j m \ a' j m') 

{a j m \ J^^\a i m') 



( g j II II a’ j) 
{aj II Jj II aj) 



{a j II J.A II a' j) 

Vj O' + 1) b1 \/j U + 1) 



(13.144) 



This leads to the matrix element of any vector operator whatsoever as a 
function of the angular momentum operator: 

{a j m \ A^^\a' j m') = [j] j{j + 1) {a j || J.A || a' j) 

X {a j m \ ^ \ a j m!) (13.145) 

The Wigner-Eckart theorem enables us to replace the reduced matrix element 
by the matrix element of the scalar product: 



(a j m 



J ' A \ a' j m) 



m Q j 
j 0 m 



j 



/• 



= [r'] (gj|| J.i||a'j), 



a' j) 

(13.146) 



which finally leaves us with what has been termed the Lande formula: 



(g j m I ylj ^ I g' j m! 



. , .X (g i m 1 J • i I g' j m) 

J (j + 1) 

X (g j m I ^ I g' i m !) . (13.147) 



8.2 Magnetic Moment and the Lande Factor 

Let us evaluate the expectation value of the magnetic moment /7 of a fermion 
with orbital angular momentum ^ and gyromagnetic ratio with spin s 
and gyromagnetic ratio g^. This magnetic moment is written with the Bohr 
magneton = Q e hl{2m c), where Q is the number of charges, 

/^ = Mb (ffe ^+9s s) • (13.148) 

If a first-order ITO is associated with this magnetic moment, then it becomes 
possible with the Lande formula, to write 

{{i s) jm I I (i s) jm) ^ ,x {{I s) jm \ J.p \ {i s) jm) 

J (j + 1) 

X {{£ s) jm I I {£ s) jm) . (13.149) 
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Let us determine the scalar product with J = ^ + s of the magnetic moment 
p : 

J-P = Hb {9e ^ 

= Mb 9e + 5s + ^9i + 5*) « (13.150) 

and because i - s— \ (J^ — — s^), the scalar product becomes 

J-P = Hb i^{9e-\9e-\9s) + s^{9s-\9e-\9s) + J‘^\i9e + 9s) > 

(13.151) 

which can be simplified as follows: 

idi ~ 9s) + i9s ~ 9e) + {9e + 9s)] • (13.152) 

The matrix element of is calculated with the Wigner-Eckart theorem: 

{{i s) jm I Ji„, I {i s) jm) = (^ {{is) j II Jj II {e s) j) 

(13.153) 

The selection rule on the 3jm magnetic moments imposes the value m' = 0, 
whereas the 3jm coefficient itself is expressed as 



m 1 j 
j 0 m 



j 1 j 

-m 0 m 



b1 Vj(j + 1) 



(13.154) 



Beca use, follo wing (13.132), the reduced matrix element for c = — 1 equals 
i[j]^j{j + 1), we are left with 



{{£ s) jm I Ji^, I s) jm) = i m o • 



(13.155) 



Inserting the various results in the matrix element of the magnetic moment, 
we obtain the expectation value (13.149): 

(Mim') = {{i «) I Mim' I {i s) jm) =i HBTn6^,Q Jb- (13.156) 
The Lande factor has the following value: 

/l = i9e-9s) 2j (j + 1) ^2 ‘ (13.157) 



8.3 Magnetic Moment of B 2 iryons 

The magnetic moment /? of a particle with spin J is the mean value of a first- 
order ITO on the quantum state with the highest weight and by applying 
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(JJ|Ti,| JJ) =['^j ^ ;5') (JIITJI J). (13.158) 



the Wicker-Eckart theorem, we obtain 
The 3jm coefficient has the value 



MT TIJ- = : = 0„n for M = J . 

■M q M ) ( j + 1) (2 j + 1) 

(13.159) 

The magnetic moment (13.158) is hence written with the RME of 



(13.160) 



We only have to evaluate the RME of the irreducible tensor operator to 
obtain the desired magnetic moment. 

Consider a baryon formed by a diquark with spin S and a third quark 
with spin S 3 : 



5 — Si 4- S 2 , 
J = S -{- , 



(13.161) 



The reduced matrix element of when the latter is acting only on S 3 is 
calculated as in (13.134) and gives 



((5 S 3 ) J II T, II (5 S 3 ) J) 



(_)S+.3 + J+1[j2]|5 S^ 



+ 




(13.162) 



The reduced matrix element of the action of on the diquark with spin 
S will also give 



{{S S3) J II T, II [S S3) J) 




^ (_^7+.3+s+1[j2] I ^ ^ II II 
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The irreducible tensor acting on the spin of the diquark is the sum of 
the irreducible tensors acting on spins Sj and §2 of the diquark T,, (s) = 
T,, ih) + T,^ (^ 2 )- By using the foregoing result, we obtain 



(S II T, II S) = |S"1 (-)•.+•>+*+■ ® ® J (s, II T, II s, 



+ 



is S 11 

I ®2 J 



(®2 II ^1 II ^ 2 ) 



^2 ^2 *^1 

Similarly, 

(J) = Ti, ( 5 )+Ti, (S 3 ), 

giving for = S 2 = S 3 the reduced matrix element 

yilTju) [I ^ {f f 

^ [(^1 II ^1 II ^1) "f (®2 II ^1 II *2)] 

S s J 
J s 






) 

(13.164) 

(13.165) 



L \ X I I Xf XII 

+ [j2](_)7+5+.+i |5 s (a 3 ||TJ|s 3 ). (13.166) 



For baryons formed by quarks assigned spin s^ = S 2 = S 3 = ^, we obtain the 
reduced matrix element 

y II r, lU) =|j2s“| (-)•'-! I ^ s 1} {f f 1} 

[(^1 II ^1 I Nl) d" (^2 II ^1 II ^ 2 )] 

+ [j2](_)7+s-i |5 I (S3||TJ|S3). (13.167) 

For baryons with spin J = ^, the result is simplified and depends only on 
the spin S of the diquark: 

(J|| Till J) = 2 [5^] { f f ; }' [(sjl Till Sj) + (S 2 II Till S 2 )] 

L 2 2 2 J 

+ 2(-)^ I ' ' i (Sail T^ill «3) (13.168) 

ll 5 U 

i) Diquark with Zero Spin 

Let us use the special values of the 6 j coefficients: 

|i i i|=0and 2 ^l^l (13.169) 

I 222 J t222>^ ^ 

to obtain the RME 



(JIITJI J) = (sallT'ilka)- 



(13.170) 
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The magnetic moment // of a baryon with spin 1/2 and comprising three 
quarks, one of which is a diquark with zero spin is the same as the magnetic 
moment of the unmatched quark = 



ii) Diquark with Spin 1 

We use the value of the 6j coefficients: 



1 1 n 



and 



{! ! ;} 

V 2 2 2 J 



with statement (13.168) of the RME to obtain 



(13.171) 



{J\\T,\\J) =- 



^lll ^l) + (^2!! ^lll ^2)] 2 (•^3! 



Till 53). (13.172) 



The magnetic moment /i of a baryon with spin ^ comprising three quarks, 
one of which is a diquark with spin 1 is equal to 




(Mi + M2) - 3 • 



Table 1. Magnetic moments of the baryons in e h/{2m^c) units (the used mass 
values of the model are: ~ 337 MeV, = 569 MeV, = 1732 MeV). 



Baryons 


fl ' (/2 ^ fs)s 


Theory 


Experiment 


iv| " 


d' {u A u)i 


2.773 


2.79 


1 - 


u ' {d A d)i 


-1.843 


-1.86 




s ' {u A d)^ 


-0.544 


-0.605 


iK 


s ' {u A d)i 


0.801 


0.822 


E 


s ' {u A u)i 


2.648 


2.682 


1e“ 


s • {d A d)i 


-1.045 


-1.039 


4 -” 


U' {s A 5)1 


-1.342 


-1.426 




d • (s A s)i 


-0.418 


-0.496 




0 

< 

0 


0.362 


0.391 
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These results have already been alluded to in Chap. 10. If a quark with the 
flavor / (equal to it, d, s, c, 6, t) is represented as a vector in color space, 
the baryons will be the scalar triple products of the vectors /^, /2 and 
of the constituent quarks, and the evaluation of the magnetic moments of 
the baryons with spin ^ will yield results (see Table 1) close to that of the 
experiment designed to test the foregoing theory (Elbaz and Meyer, 1981), 
or at least of its underlying principles. It would appear, in particular, that 
quarks with identical flavors tend to form a diquark with spin 1 but we 
should perhaps allow a mixture of conflgurations in order to flne-tune the 
results obtained. 



9. Density Operator 

9.1 Measurement of an Observable 

It has been demonstrated in Chap. 5 that it might be appropriate to introduce 
a Hermitian density of states operator 

g=g-^ Tr^=l, (13.173) 

such that the expectation value of an observable, the result of a measurement 
of the observable in question, is defined by a trace that is independent of the 
representation of the quantum states: 

{A) =Tr{gA). (13.174) 

If we introduce the density of states with angular momentum {jfi), Eqs. 
(13.173) and (13.174) become 

= =1, (13.175) 

{^) = 53 ^ I ^ I ■!’ m' I ^ • (13.176) 

The matrix elements of g and A will be represented graphically by black 
boxes that are dependent on the system under consideration: 

= 0 /. u h>'> , 

= 0 / 1 ^ I j 

We have added poles to the kinetic lines (j /x) and {j /i') of the matrix 
element of g to take into account condition (13.173) since the value of a loop 
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is Yjfj, 1 — [j^] a pole on a kinetic line introduces a weighting coefficient 
which yields, by linking the poles of the box, 

TV^=Qj=l. (13.179) 

The graphical representation of the expectation value thus reduces to 

j 

(^) = Tr A) = (^ ®. (13.180) 



9.2 ITO Expansion 

Let us introduce a summation over an angular momentum k with the rule 
for summation over j used in the graphical method (see (10.93)): 



X 

Using term-by-term identification, this will give the multipole (ITO) expan- 
sion of the density matrix: 

= X! O' - M j m' I x) (j M I ^ I i m') , ( 13 . 182 ) 

or, by using Clebsch-Gordan series to invert the relation. 





(13.183) 
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The ITO expansion of Al ^ is obtained in a similar manner: 










(13.184) 



The reader will notice that ^ ^ has exactly the structure (13.35) of the tensor 
product 7Tj^ q {ui U 2 ) in which (^ 2 ) has been replaced with 



(fci I Ui) (U2 I ^2 ^ 2 ) == 0> I ^ li m'! 



(13.185) 



9.3 Density of States of Orbital Angular Momentum 

By introducing the Hermit ian operator g= \ Q) {Q\ defining the the density 
of states in the direction i? = (0,^), condition (13.174) becomes 

Ilr ^ ^ m I 12) (1? I ^ m) = ^ (12) F, ^ (1?) = ^ . (13.186) 

m m 

The orbital angular momentum density of states operator £ is therefore of 
the form 

I 12) (12 I . (13.187) 

The corresponding matrix element is expressed with spherical harmonics in 
the Q direction: 



{£ m \ \ £ m!) = 



Im 

^ = (^ m I 12) (12 I ^ m') ^ 



Im’ 



“ \lm 

V- 47T X L ^ 

= 2 ^ — >-^n. 



47T 

Im’ Q 



[£^ 



(13.188) 



Im’ 



The rule for contraction over spherical harmonics (12.53) enables us to intro- 
duce only one spherical harmonic with free variance. The calculation of the 
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foregoing matrix element is an example in which the content of the black box 
is visualized: 



Im Im 




(13.189) 



The multipole expansion (in ITOs) of the density matrix is easily written: 




VS- - f KsJ - “ 

1 1 
By pinching on the kinetic lines (k L), we obtain 



(13.190) 






47T 



[P L2] 



L 



■k\+ ^ I kX 



(13.191) 



The qI. is, to within one coefficient, a fcth-order spherical harmonic since 






(13.192) 



Let us draw attention here to the emphasis laid on the projection space of 
the even fcth-order irreducible tensor operator, since the 3j0 will be zero if 
2^ -h fc is odd. 



9.4 Density of States with Spin 1/2 



It has been shown that any 2x2 matrix can be expressed as a linear combina- 
tion of Pauli matrices and the identity matrix. Condition (13.174) involving 
the trace leads to the following expression for the density of states operator 
with spin 1/2: 



,l/2 = i(l + p.^) = i 



l + P, 



^-iPy 

l-P, 



(13.193) 



The vector P is the polarization vector of the particles, that is, the mean 
value of the Pauli operator a. In effect 



{a) = Tr (^ (?) = Tr 



^{l + P-a)a , 



(13.194) 
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and, because Pauli matrices verify the relations 



Tr (7 = 0 and 


Traj a^ = 2 6jk, 


(13.195) 


we easily infer that 


= P. 




(^> 


(13.196) 



Using the procedure defined in (13.61) and (13.104), the standardization of 
the vector operator P yields the standard components 



Pw = 'P.. (13.197) 

A-1 “ i^x ~ ^ ^y) • 

Let us use definitions (13.182) and (13.193) to evaluate 

^ (-)^/2+/x ^ 1 I ^ 1 ^ I 1 p I 1 

fl ll' 

= (f ‘ l) + (13.198) 

In particular, for A: = 0 we obtain the value l/y/2 whereas for fc = 1 and 

= 0 we obtain q\q^ = P^/y/2. There is therefore a proportionality relation 
between g^^ and P^^: 



1/2 



V2 

which amounts more generally to setting 



X=(l, 0, -1) 



and ( 



^00 



V2 



Qli"--^{P.+iPy) 
V2 ^ 

[s'/-\ = \iP.-iPy)- 



(13.199) 



(13.200) 



In an experiment designed to measure the polarization of particles with spin 
1/2, we determine a number N_^ of particles with spin (^ |) and a number 
N_ of particles with spin (^ — ^) in a given direction. The angular distri- 
bution of particles, which is proportional to N_^ 4- iV_, is expressed by g^Q^ 
whereas the polarization along the Oz axis is, for example, proportional to 
(AT_|_ — N_)/{N_^ + N_) and will be expressed by gl^^, the statistical tensor 
along the Oz axis. 
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We have just seen the densities of states of particles with spin Let us 
use the same procedure to introduce the densities of states of particles with 
spin 5, that is, ^ and k take the values 0, 1, . . . , 25. There are therefore 
tensor polarizations associated with the values of fc)l. This point will not be 
treated any further in this text. The interested reader should consult more 
specialized textbooks, e.g. (Elbaz, 1972, 1985). 



9.5 Density of States with Angular Momentum j 

Particles with spin s and orbital angular momentum i will be described by 
a density matrix , tensor product of and g^ with J = i + s. The matrix 
element is easily determined as 

0 I ^ M 

The statistical density of these states is obtained by contracting the above 
matrix element with a Clebsch-Gordan coefficient: 





or by exhibiting the statistical tensors g[^ and g^^ : 



(13.202) 




We are brought back to the tensor product ot x xi ^^2 X 2 ’ 

the rearrangement of the closed diagram will lead to a 9j change-of-coupling 



mode coefficient (see 


Appendix 1): 








X ~ X 


s) K ^2] 


r £ £ fcj '1 

< s s ko , 




(13.204) 



We will return to this tensor product in connection with the polarization 
and distribution of emerging particles during a scattering process (Chap. 16). 
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10. Differential Operators 

The standardization of the vector operators makes it possible to express the 
gradient operator V in the Cartesian basis r == (1,2,3) = (x,y, z) or in the 
standard spherical basis /i = (1, 0,-1): 

V ^ ^ e, a, = x; e ^ • (13.205) 

e fi fi 

We infer the usual vector operators: 

dw A = V ■ A = Y, d, = = d_^ A^ , (13.206) 

r 

mx\A = V h A = Y,er,td,A,e,= Y, e>^'' ^ d. A, , (13.207) 

r s t II u r 

V2 = V-V = = = (13-208) 

r IX 11 

10.1 Reduced Matrix Element 

Using a diagonal vector operator ^ in configuration space which acts on 
the functions (^, it is possible to write the matrix element 

Ml . I -«„) = / « *■ (13.209) 

and, by separating the angular and radial parts of the wave function 

4^em = (^1 4^em) = I fe) K W . (13.210) 

the matrix element becomes: 

i4 m'\Ai,\<l>^eJ = J r^dr ff! *(r) (f m'\A,^\em) /[ (r) , (13.211) 
when the Wigner-Eckart theorem is applied to the matrix element: 

{i'm'\A,^\em) ^ ^) (f II IK) , (13.212) 

then we can write (13.211) in the usual form: 

I -<1, I •«„) = (”' I ' ) (4 II 21. II® (13.213) 

with the reduced matrix element 

(4 II II ^> = / dr fi *(r) (r) // (r) (f \\Y,\\e). (13.214) 

We term (0^, \\ A-^ || 0^) the radial reduced matrix element, since the angular 
part has been integrated into the reduced matrix element of the spherical 
harmonic. 
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10.2 Example: The Position Operator 



Let us introduce the the first-order ITO associated with the position vector 
by setting 






= XY,^ (f) . 






The proportionality coefficient A is determined upon the element r 



' 10 



= A r Y^q (f) = a r y — cos 6 = X y — r cos 6 



47T 



47T 



(13.215) 
iQ, that is, 



(13.216) 



The standardization procedure (13.61) yields the value r^Q == -icz. We infer 
from this the value of the coefficient A which we insert into (13.215) to obtain 




(13.217) 



The calculation of the matrix element (13.213) yields, for example, with the 
coefficient c = — 1: 



(4'okiolO=(? I o) (4'lkill^) 

0 0 , 

(1T218) 

By comparing term-by-term the two expressions for the matrix element, we 
obtain the radial matrix element of the position vector: 

(4 Iki II =i if!' 1 ^ I fe) K' > (13-219) 

with angular and radial parts: 

= (° I ^) (13.220) 

if!' \ r\fe) = j * {r) ff (r) dr. (13.221) 



10.3 Formula for the Gradient 

Let us use the Wigner-Eckart theorem to evaluate the matrix element of the 
gradient operator over its component along the Oz axis: 

(^'OlVioKO) =(° I J) (f'llVJI^). (13.222) 
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Let us first show that 

^10 = 9q = i — i (cos 6 d^- dg) . (13.223) 



We express the partial derivative dr/dz from r = (x^ + to get 

dr/dz = zjr — cos 0 

Differentiating zjr then gives 



- dz z dr = - {1 - 

fp p ' 




dz = - sin^ 6 dz , 
r 



and equating to the derivative of cos 6 yields d6 = — sin0/r dz 
The total derivative of any function /(r, 6) is written 



dr 0 6 dr 



z , df f sm(/\ 



sin0> 



dz 



-df 



= (cos0 df /dr - smO/r df/dO) dz = ^ dz 

dz 



It is thus apparent that 



d^ = cos 0 d^ - dg . 



Inserting this expression into the matrix element (13.222) then gives 



{£' 0 I Vio K 0) - i J y;, 0 (f ) 



sin 0 

cos 6 dj. Off 



Yeo{f)df. 

(13.224) 

The contraction relation for spherical harmonics, in conjunction with the fact 
that cos 9 = \/¥ no (r), further gives the element cos 0 (r): 



cos0F,o(n = E[^^] (J ^ i ) ^Loir) 



0 0 0 

and, by expanding the 3j0 coefficients (see Chap. 10, Appendix 1), 



(13.225) 



i + 1 

cos 6 Y^q — r/i / /I . , M ^4-1 n T 



[^(^+1)] [^ (^ - 1)] ^ 



- 1,0 • 



(13.226) 



Let us use the expression for g evaluate sin 9 OqY^q with respect to the 
associated Legendre polynomial: 
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with the recursion relations 

[i + 1) Pi, {x) - {21 + 1) a; {x) + 1 (x) = 0 

(1 - a;2) Pf {x) = {£ + l)x Ff {x) - (^ + 1) Pi, (a;) . (13.228) 

This yields, upon switching to spherical harmonics, 

•in «ay m-lil+lly _l£±lly ri3 229) 

By inserting these results into the direct calculation of the integral, we obtain 
two types of non-zero matrix elements 



(^ + 10 | Viol ^ O ) = 



(^-lOlVioUO) - 



[i{i+i)] r 



[i {£ + !)] 

a 

w^\ 1 

i£ 



d„ + 



’+1 



(13.230) 



[^(^-1)1 

which amounts more generally to writing 



r-'-i a, (ri+0 



(f 0 I Vio K 0) = 










^ + 11 


^r~~ 

r 


+ e 6(, 


9r + ^ 

r 



[ee] r 

We infer from this the reduced matrix element in the form 



(13.231) 



(^'11 ViiK) 



e' r+i 



e] 




r_ £+11 


dr-- 

r 


+ e 6^/ 


+ 

■ 



= i We 6, 



t' r+i 



a.-- 









+ 



^ + 1 



(13.232) 

The radial reduced matrix element of the gradient operator will then take 
the form 
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10.4 Special Case of Bessel Functions 

The recursion relations for spherical Bessel functions: 



it ipr) = -p je+i (pr) , 



+ 



’+1 



(13.234) 



k (pr)=P je-i (pr) , 



simplify the formula of the gradient for this type of function, and by setting 
a^/ = Vt -f , (13.235) 

we obtain one of the following forms of the reduced matrix element: 



(4 II Vi II (4 I j^) , (13.236) 

(4 II Vi II 0?) = i P 4 (4 I ff) , (13.237) 

whereas with two spherical Bessel functions we obtain 

Op II Vi II if) = -ip a\, {jf> I if) 

= P°‘i' (13.238) 

The reader should bear in mind here that normalized solid spherical Bessel 
functions form a complete orthonormal basis. In effect, if we set 



I fim) = h (pr) m (^) ^ (13.239) 

the orthonormalization relation for the angular parts will yield 

{£' m'\im) ^ j Y;, (r) F, ^ (f) dr = 6, ,, , (13.240) 

and for the radial parts, 

' 2 1 
Of I if) =- h ip'r) je (pr) dr ^ ^ 6 ip-p ') , (13.241) 

^ JQ P 

which finally gives the orthonormalization relation 

Of m I 4m') = P m' ^ ^ (P - P') ■ 

The completeness relation is written, with (13.239) and (13.241), 



(13.242) 
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10.5 Example: RME of the Laplacian 

The RME can be calculated with the gradient theorem and expression 
(13.208) for the Laplacian (Elbaz, 1985). However, it is more expedient to 
note that the (pf) are solutions to the Helmoltz equation 

Je m h m (pO ^ 0> (13.244) 

because the plane waves are eigenfunctions of the operator cor- 
responding to the eigenvalue — 

= V e> m' 4 <5 (p - p') ■ (13.245) 

Using the Wigner-Eckart theorem, we obtain another expression for this 
matrix element: 

=(™' “ I'j oT;iiv^iijf> 

= OS'llV^IU,')- (13.246) 

By comparing these matrix elements we obtain the desired RME: 

=-M%-p')^«- (13.247) 

Knowing the RME of the gradient operator associated with the RME of the 
position operator enables us to calculate the reduced matrix elements of all 
operators in the configuration space. 
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11. Irreducible Tensor Operators - 
Schematic Summary 
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Appendix 1: Reduced Matrix Elements 

The following expressions give the analytical form of the RMEs that were 
graphically determined in Sect. 8 of this chapter: 

(a J II "til a'/) = E H {) f )] 

'^ki II f) («" j" II ^fc2 II j') (13-137) 

((ii J 2 ) jW-^kW Ui j' 2 ) f) = I fi 32 f i 

[h h ^ J 

^ ii II 11^1 3i) (<^2 h II ^fc2 II 32) U 3' ^1 (13.138) 

iih h) 3 Win- U,) II ij[ 3 '^) f) = 6 ^ (ii II n II fxHh wnw J 2 ) 

^_)k-j+ji+h |jj J I (13.139) 

(a j II /• 1 II a' f) = ^ (_)J+j"+i [j-i] Sj {a jW Ji || a" f) 

a" j" 

(a"/|| ||a'/) (13.142) 



(i mI ^I 3 mO = {j (m s a){i m| g^\ I m'){s cr\ ^*| s a') 

x{£m' s a' \ j n') (13.201) 

^ X = XI ^-1 ^1 ^ ^ ® ^ ^^')i-y'^^i3 -^J-3 l^'\ k x) 

X {i m\ Q^\ i Tn'){s a\ ^®| s a') (13.202) 

X i^' «) = X ^^1 111 ^2 X 2 I * X) ^fci XI X 2 (13.203) 

XI X2 

[i I I 

eix="^kx (^> ^1 ^2] s s « ^2 > (-)*^+ 2 . . 



(13.204) 
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Appendix 2: Graphical Vector Analysis 



The graphical representation of the vectors of a Cartesian space is 



and A= 



The graphical representation of the Levi-Civita tensor is 




1 if 

-1 if 

0 otherwise . 



i j k) = {12 3) 
[i j k) = {2 1 3) 



This makes it possible to obtain a diagrammatic representation of the ele- 
ments of the vector analysis and to make some calculations or simplifications 
by inspection: 



i) Scalar Product 

ii) Vector Product 



iii) Scalar Triple Product 

iv) Vector Crossing Rule 



A-B= 




j k j' k 
k 







^3 j' j' 



-J i' 




This simple rule is used to simplify by inspection vector products, for exam- 
ple: 



(A A B)‘{C A D) 





A 



D 

A 



c 



= {A-C) {B-D)-{A^D) {B‘C) 

If we multiply by \/6 the special 3jm coefficient with angular momenta = 
*^2 — obtain the graphical equivalent of the Levi-Civita tensor 
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either in Cartesian or in spherical coordinates: 



1 1 1 

a /? 7 








ly 



a, 7 = (1, 2 , 3) = z Cartesian coordinates 

a, /3^ ^ = ( 1 , 0 , - 1 ) and a + /? + 7 = 0 spherical coordinates . 

i) If A, B are vectors: 



{A A A) = 




= 0 . 



ii) If A, B are angular momentum vector operators: 



J A 




A 

H e = 1 



A 

Jh 



A 

e , 



which gives the following equivalences: 



A 

J 






A 

Oh 



A 

e 



Let us recall result (13.110): 




v) Tensor Crossing Rule 



(A-B) {C-D) 



Ah 

A 



A 

dB 



A 

D 



= I [X^] 





A 

B 



A 

D 



We expand the values X = 0 and 1, as well as the resulting scalar products 
and vector multiplication rule: 



^\i 

6 V-*— V = {A-B) {C-D)-{A-D) {B-C) 
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which finally leaves us with the expression for the scalar product of the 
second-order tensors: 



(A-B) {C-D) = -{A-0 (B-D) 
1 r. 



+ - [{A-B){C-D)-{A-D){B-C) 
+ T2 {A,C)-T^ {B,D). 



Following simplification of like terms, we obtain the following equivalence: 



T2 (A,C).mB,D) 




6 

A 

D 



= ^ (A - B) iC ■ D) + ^ {A- D) {B -C) - ^ (A-C) {B ■ D). 

Because this relation holds true irrespective of the vector operator, we infer 
the tensor crossing rule: 




Example: Graphical representation of a tensor force: 



A = S^ B = D = f 



C = So 



A , , 

Si\l 



s/1 



A 



1\A 



I (5i • r) {S, • r) + 1 • f) (r • 4) - ^ (4 ' 4) • 



We introduce the tensor: 



q _ ^2 (^ 1 , 82 ) • T 2 (r, r) 

*^12 - ;;2 

to obtain the graphical expression for a tensor force in the form in which it 
is used in nuclear physics: 
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By using the tensor notation of the position vector (13.217) with definition 
(12.84) we get 




The graphical expression for of the tensor force 5^2 can be written with 
the use of the contraction rule (12.50) of spherical harmonics as 

5i2 = —(? 

where | c p = 1. The diagram associated with 5^2 facilitates the derivation 
of the Wigner-Eckart theorem (Elbaz, 1985). 





Chapter 14 
Perturbations 



Measurements of the energy states of a quantum system, whether a nucleus or 
an atom, are impossible without a thorough knowledge of the eigenvalues of 
the associated Hamiltonian. Some of the simple systems described in Chaps. 
3 and 12 lead to analytical solutions, which, despite their elegance, are far 
from representing the general case. The usual thing to do is to make use of 
the results for known quantum systems by separating the Hamiltonian H into 
a part i/g, an eigenvalue equation of known (generally analytical) solution, 
and a part V{x, t), termed perturbation. The perturbation will be a true one 
if the modification made on the eigenstates and eigenvalues of Hq is negligi- 
ble. If this is not the case, then the Hamiltonian Hq was not properly chosen 
or, worse still, the perturbation method used does not converge well or per- 
haps even diverges. We will describe typical cases for which the perturbation 
method yields acceptable results before going on to show how to improve its 
use. First, we will consider the case of a time-independent perturbation V{x) 
and then examine time-dependent perturbations and introduce the Feynman 
diagram method generally used in atomic physics, nuclear physics and, in 
particular, particle physics where it has become a very important tool. 



1. Stationary Perturbations 

Consider a Hamiltonian H = Hq-\- XV. We wish to determine its eigenstates 
and eigenvalues: 

(14.1) 

from the non-degenerate eigenvalues and eigenstates of the Hamiltonian 

Ho\n) = e„ I n) . (14.2) 

1.1 The Rayleigh-Schrodinger Method 

Let us make a A power series expansion of the perturbed energy: 



(14.3) 
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with the corresponding eigenstate 

\K) = \^n) + A I + A" I + . . . , (14.4) 

where we use the definition of the unperturbed states and energies 

= In) and (14.5) 

We assume in the meantime that the level | n) corresponding to the eigen- 
value of Hq is not degenerate, that is, that there is only one level | n) 
corresponding to the eigenvalue 

The eigenstates of Hq are normalized: 

(n I n) =1 (14.6) 

and orthogonal to every state | l?n of the different orders of the perturba- 
tion: 

{n\^J and (n | 1?^) = 0 Vi. (14.7) 

The final step consists in inserting the expansion (14.3) and (14.4) into the 
eigenvalue Eq. (14.1) of the perturbed system to obtain 

{H^ + XV) [|n) +A|^^W) +...' 

= e„ + A^;« + ...] [|n) +A|!?W) +...] . (14.8) 

By equating terms with the same power in A, we obtain the following series 
of equations: 

Ho\n) = s^\n), 

^V\n) 

Ho I + V I = £„ I !i^W) + I + . . . I n) . 

(14.9) 

a) Perturbed Energies 

If we multiply each of the foregoing equations from the left by the bra (n |, 
bearing in mind contraints (14.6) and (14.7), we are led to the following 
expressions 

~ 1^0 I n) unperturbed energy , (14.10) 

I I first-order perturbed energy, (14.11) 

z= {n \V \ second-order perturbed energy, (14.12) 

= {n \V \ fcth-order perturbed energy. (14.13) 
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Attention is drawn here to the fact that, by resuimning series (14.3), the 
energy becomes 

jS„ = £„ + A£W + A2£f + ... 

= e„ + A (n I V I n) + (n | F | + ... 

= £„ + A(n|F [|n) + A|!l>W) + ...' 

^e^ + {n\XV\^„). 

By replacing with its value (14.10) and by using (14.1), we obtain 

E„= {n\H,\^„) + {n\XV\^J = (14.14) 

which is none other than eigenvalue Eq. (14.1) projected onto the unper- 
turbed states I n) with the aid of orthonormalization relations (14.6) and 
(14.7). 

This is a purely formal statement since the perturbed state | is un- 
known. 

b) Perturbed States 

Let us multiply each of Eqs. (14.9) by the bra (m |, eigenbra of Hq corre- 
sponding to the eigenvalue which is different from 

= ejm I + . . . + (m 1 , (14.15) 

since (m | n) =0 because | m) and | n) are orthogonal. 

We note that the eigenvalue equation of Hq yields the relation 

=£„(m|!l^W). (14.16) 

By inserting this into (14.15), we infer the following inequality: 

I = -4— [(m I F I 

-EW (m I ...-E(J^-^^ {m I !?(1))] . (14.17) 

Following summation over all the values of m different from n, we obtain the 
fcth-order perturbed state 

I = £ I m) (m I !?('=)) = I m) (m I , (14.18) 

m m^n 

because hypothesis (14.7) implies 

(n I =0 V A:. 
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This gives with Eq. (14.17) the fcth-order perturbed state 



I = E 7^7- \^)(^\ k I 

m^n ^ ^ 

_£(1) I ^.(fc-D) |a^(i))‘ . 

c) Example: Second- Order Perturbed State 

Relation (14.19) leads us to write the first-order perturbed state as 

I = E • I ~ \m) {m\V \ n). 

m^n 



(14.19) 



(14.20) 



We obtain the second-order energy perturbation by inserting this expression 
into the definition (14.12): 



= (n I y I 

m^n 

V- l(n|l^|m)|2 



{n \ V \ m) {m \ V \ n) 



(14.21) 



The second-order perturbed state will be given by (14.38). 



d) Renormalization Constant 

We have assumed the unperturbed state | n) to be normalized, but not the 
state I Let us now introduce a renormalization coefficient Z: 

I and I | . (14.22) 

The perturbed state | is thus normalized by construction: 

K\^n) (14-23) 

Now let us calculate, for example, the second-order renormalization constant: 

K I ^n) = ((« I + ^ I + l) 

X (| n) + A I +A2 I 

Because orthonormalization relations (14.6) and (14.7) impose 
(n I =0 V z and I = 1, 



(14.24) 
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the normalization of the first-order truncated quantum state will be 

=1 + X^ (14.25) 



We then use statement (14.20) of the first-order perturbed state: 

I = E ' '7 ' 

m^n ^ ^ 

which leads to the value of the second term in (14.25): 

{<■' I »i‘>) = E (14.27) 

m^n ^m) 

and the perturbed state will have the following norm: 

(8>„|^„)=1 + A7 ^ l(H^I">r (14.28) 

m/n ^m) 

Since A is small, the renormalization coefficient Z can be approximated as 

z = (o^j •?„)-! ^ 1 - A' E ' ^ 

m K - ^m) 

This expression is the differential of the real (perturbed) energy with respect 
to the unperturbed energy since 



9 K ^ _A_ 

d s„ d 



e^ + \{n\V \n) -b 



(m I F I n) 



= i-a7 



(m I y I n) 



(^n - ^m) 

This result can be generalized to all orders of perturbation: 



(14.30) 



Z^dEJde, 



(14.31) 



The renormalization constant of the fcth-order perturbed states is the partial 
derivative of the fcth-order perturbed energy with respect to the unperturbed 
energy. 
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1.2 Wigner-Brillouin Method 

Consider the eigenvalue equation of the Hamiltonian H: 

iH, + XV) (14.32) 

Now let us isolate the perturbation A F, which gives 

{E^-Ho) \ W„) = XV \^J. (14.33) 

Multiplying from the left by (m | and using the fact that {m \ Hq = {m \ 
we obtain the relation 

(E„-0 {m\^J =X{m\V\^J. (14.34) 

The projection of the perturbed state onto the unperturbed states will further 
yield 



\K) = I I K) 

m 

= I I + X I I ^n) > (14.35) 

m^n 

or, by noting that (n | = 1 following relation (14.7): 

I = I ^) + X I I ■ (14.36) 

m^n 

We insert over (m | from (14.34) into (14.36) to obtain the Wigner- 
Brillouin perturbed state: 

I = I n) +A X I {m\V\^^). ( 14 . 37 ) 



Higher orders of the perturbed wave function are obtained by iterating the 
last equation: 



= \n) +X X I p j.. {m\V \n) 



m^n ^ ^ 



+ X I •!') (J I ^ I {m\v\n) +.... (14.38) 

En~^j H. -P 



mj^n 



En-^m 



Let us bear in mind that the energy is also dependent on A since, from 
(14.3), 

En = ^n + ^Ei^^+X^ + . 

If we expand l/E^ — to increasingly higher powers of A, we arrive back 
at the Rayleigh-Schrodinger perturbation expansion. 
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It is possible to use the Wigner-Brillouin expansion (14.37) to calculate 
the energy perturbations since 

I ^ I ^n) (14.39) 

yields, for example, the first terms of the perturbation series 

En = ^n + ^ {n\V\m) (m I V I n) + . . . . 

myin " ™ 

(14.40) 

This series (in which is dependent on A) converges more rapidly than the 
Rayleigh-Schrodinger series. 

The Wigner-Brillouin method may seem too theoretical considering that 
the energy in the denominator of (14.40) is not known. Its advantage lies 
in the fact that it leads, after recursion, to a better approximation of the 
perturbed energy. 



1.3 Ground State of the Helium Atom 

The Hamiltonian governing the motion of the two orbital electrons of the 
helium atom is written, with units such that = 1/(47t £:q) for an electron 
charge q expressed in coulombs in the SI system. 






2e^ 2e^ 

— - — + ■ , =H, + V. (14.41 

1 ^2 



2m^ 2m^ I r\ - r\ 



The two-body potential is considered as a perturbation: 

^2 ^2 



V = 



' 12 



Ti - To 



(14.42) 



The Hamiltonian of the two electrons in orbit leads to the wave function 
of the ground state which is written from that of the hydrogen atom (see 
(12.130) above), bearing in mind that /r and Fqq (r) = l/\/4^: 



(^ 1 .^ 2 ) = (^ 1 . ^2 I %) = exp 



7T 



(14.43) 



with the Bohr radius Uq and the energy of the ground state E^ of the two 
electrons (see (12.126) and (12.127)): 



1 

U = - Un 






2m 



and 



E^ = - 



4m 



a 



(14.44) 
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The first-order perturbation of the ground-state energy is therefore written 



£<’>= (!f| 



0 I — I !fo> 

"l 2 



f 

= / r2)dfi f2\ — \f[, f'2)df[ df'^{f[, f'^Wo) 

J U 2 

(14.45) 

The matrix element is diagonal in configuration space: 



\^l> ^2 I — I 1> ^2) = 



(5(fi -f'l) 6 , 



(14.46) 



' 12 



' 12 



whereas, because the function (f^, 7 ^ 2 ) is a real function, we obtain the 
value of the first-order perturbed energy 



£;(i) 



e2 f e-| (ri+r-2) 

= K / : t-T «^1 “^2 • 

7T^ J I ^1 - ^2 I 



(14.47) 



We can calculate the integral (14.47) with the Fourier transformation of the 
denominator of the integrand: 



^ ^ f fit pi fc (ri-f2) 

r--f2l (27 t)^ J 



47T 

r\ - u I [ 21 : )'^ ./ fc2 ’ 

which enables us to express the perturbed energy as follows: 

o2 

_ ^-(^ 1 -^ 2 ) 



(14.48) 



% <'•’1 e*P (-? (n +>-2) 






(14.49) 



We recognize the Fourier transform of exp (— ^^* 1 ) in the square modulus: 

^ (14.50) 



/ 



ikr —— r 

dr e ^ = 



P + {2/aY 



i2 • 



In this way, following integration over the direction of the vector fc, we obtain 

^2 sy I 



_ 128 6^ X 27T r 

7t 4 a» Jo 



dk 



l4 ’ 



(14.51) 



[fc 2 + {2/ay 

which yields, following integration, the first-order perturbed energy: 




(14.52) 
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1.4 Stark Effect on a Rigid Rotator 



The unperturbed Hamiltonian of a rigid rotator can be written as Hq = L^/2/ 
where I is the moment of inertia /x Vq and L the orbital angular momentum 
of the rotator. The eigenvalue equation 



YeM 



(14.53) 



will define the unperturbed energy of a state with angular momentum {i m): 

E? = (14.54) 



21 

and the corresponding unperturbed state | = \ im). 

If we place this rotator in a uniform electric field, directed along the axis 
0^, and introduce the dipole moment d of the rotator, we obtain the new 
Hamiltonian 

r2 

£ d cos 0 = Hq-\-V . (14.55) 



H 



21 



The first-order perturbed energy will then become 

Ef ' = {%\V\%) =-Sd{im\ cos e\im). 



(14.56) 



The calculation of the matrix element with the Wigner-Eckart theorem shows 
that is identically zero, since cos © is proportional to (0, 

The first-order perturbed energy is zero. 

The second-order perturbed energy, written 



E 

E'o^Eo 



{%\v\ n) 

Eo-E'o 



(14.57) 



will take the following form in terms of the states and energies of the ground 
state: 

21 ^2 ^2 ^ \ { im \ cos O \ £' m) 






e'jie 



e{i + 1) - f (f + 1) 



(14.58) 



The matrix element is calculated with the Wigner-Eckart theorem as 



{im\ cos 0 I i' m) = A^, „ 5^ 
using coefficients ^ and ^ with the values: 

(^ + 1 + m) (^ + 1 — m) 1 



(14.59) 



^tm — 



^lm~ 



(2^ + 1) (2^ + 3) 
{i + m) (^ — m) ’’ 



[(2^+1) (2^-l)J 



(14.60) 
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By inserting matrix element (14.59) into the second-order perturbed energy 
(14.58), we obtain: 



zT'( 2) _ c2 j2 



^ a2 4 . J_ r2 

[ 2{e +1) 2£ ^ 



and by writing out the coefficients ^ and we further obtain 



2{2i-l) {2i + 3) + 



The Stark effect separates the different magnetic momenta levels into absolute 
values. It should be noted that the quantum state | ^ m) is {2£ -|- l)-fold 
degenerate for a fixed value of 1. We have fixed the value of ^ and that of m, 
making it possible for us to treat the ket \£m) as non-degenerate. 



1.5 Perturbation of a Degenerate System 
a) Perturbed State and Energy 

Let us assume now that the unperturbed state is degenerate, that is that 
there are r eigenstates corresponding to the energy of H^: 

Ho\nr) = e„ I n r) . (14.62) 

The normalization of these states will be written by choosing an unperturbed 
level corresponding to a given eigenstate | n r): 

(n' r' \ nr) = 6„ 6^, ^ (14.63) 

The eigenvalue equation of the perturbed Hamiltonian will then take the 
following form: 

{H^ + \V) (14.64) 

with the perturbation expansions of the energy and eigenstate: 

I’^nr) = \ €r) + ^ \ +■■• • 

The state | If'nr^) is not necessarily an eigenstate | nr) of Hq but rather a 
linear combination of these states: 

I = E I I 

r' 

We thus obtain, for the first-order perturbation, 

(Fo - £ J I +{v- Ei]}) I !?W) = 0 . 



(14.67) 
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We multiply by the eigenbra (nr' | of ffg, eliminating in this way the first 
term of the above equation: 

(nr' I F 1 = EW (nr' | . (14.68) 

If the states | ^nr) are the basis states of diagonalizing V in the subspace 
{ I n r)} of { I n)}, Eq. (14.68) will yield the following first-order perturbation: 



EnJ = (nr I y I nr) 



(14.69) 



In the more general case, by projecting (14.68) onto the complete orthonormal 
basis of the eigenstates | nr) of we obtain the fundamental equation 



5] (nr' I y I nr") (nr" | (nr' | -1^^) . (14.70) 

^// 

As a way of simplifying the notation, we will set: 

— (nr I F I nr') , 

(r' I r) = (nr' | l?^) , (14.71) 

This will transform the fundamental Eq. (14.69) as follows: 

J]K,,„(r"|r) =e, (r'|r), (14.72) 

j,// 

or, by introducing the overlap factor (r" | r): 

^ (F,, - e, 6 ,„ ,,) (r" | r) = 0 . (14.73) 

J.U 

We thus obtain a system of N coupled equations: 

(Fn-e,) (1 |r) + Fi 2 (2|r) + ...Fi^ {N \ r) =0, 

^21 (lk> +(^22-0 (2|r) +...F 2 ;, (iV|r) =0, 

(14.74) 



F^i(l|r) +...(F;^^-e,) (IV | r) =0. 
A solution is only possible if the secular determinant is zero: 



0 — det (V^/ ^// ~ 6^ 6^/ 



) = det 



(Vn- 

F 



21 



F2 • 
F2 “ 



\ 



(14.75) 
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The first-order perturbed states are obtained by multiplying Eq. (14.67) by 
the eigenstate (n'r' | of 



(nVIlZ^W) =5^ 



(n'r' I V I nr") 






(14.76) 



If the states | ^nr) are the basis states of Hq, then they will satisfy the 
relation 

(nr" I = (nr" | nr) - 6^^,f , (14.77) 

and, finally, the projection of the first-order perturbed state onto the unper- 
turbed states will yield 

(„V I e>) = I ^ I . (14.78) 

This shows that to the first order of perturbation, we can write 

ie>)=|nr)+A ^ (14.79) 

r'n'^n 

Let us assume for the sake of simplicity that | = \ nr) such that 

{nr' \ ^1)^0. (14.80) 



The pth-order equation in A will then give 

{H, - O I +{V- El) I = El I +... El \ nr), 

(14.81) 

or, by multiplying by (n'r' |, the unperturbed degenerate state 



(„v,e) = I '' I . 



(14.82) 



By successive iterations, we obtain the perturbed state 



’^nr) = I nr) + A 



{n'r' I 7 I nr) , 
nr) 



+ A^ 



E 



(,4.83) 



jif 



and the corresponding perturbed energy: 
Kr = e„ + A (nr I y I nr) + A^ 

n'^n r' 



{n'r' I V I nr) p 



+ . . . . (14.84) 
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b) Example: Perturbation of a Two-Fold Degenerate Level 

Equation (14.74) takes the following form in a second-order degeneracy: 



det ( 

^21 



Vl2 

V 22 -X 



= 0 



which leads to the second-degree equation 

- X (^11 + F22 ) + - ^ 2^21 = 0 , 

with the two first-order perturbed energy levels as solutions: 

1 I /2 

1/2 



^11 — 



[(^22-^1i)'+4Vi2V^21 



E- 



( 1 ) 



F + 



1 



(4^22 -^l) +41^12^21 



(14.85) 

(14.86) 

(14.87) 

(14.88) 



^12 • . 2 L 

and the expectation value of the potential 

V = \ {Vn + V 22 ) = \ [(nl|y |nl) + {n2 \ V \ n2)] 

By inserting e[]} into the coupled Eq. (14.74), we obtain 

(l|r) + l^i2 (2lr) =0 

4^21 m + {V22-E[l^){2\r) = 0. 

We introduce the normalization condition for the degenerate states: 

1 = (lid? I ^ Y, I rir'} (nr' | (14.90) 



(14.89) 



expressed in the form (14.71) as 

Y (r' = 1 • 



(14.91) 



Following expansion, the perturbed states will give for r = 1 and then r = 2: 

(1 I rf (2 I r)2 = 1 . (14.92) 

Statements (14.87) and (14.89) hence determine the overlap 



(1 1 = 



k^2 






(2|r)2 = ^ - ^ 



{Vn-Ei'^y + V^2^ 



(14.93) 



(2 I r) = 



E 



( 1 ) 

Ir 






(l|r). 



''21 
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In the special case in which Vij = ^22 = V and V = V and V 21 = ¥^ 2 ^ we 
obtain the very simple result 

= (14.94) 

whereas overlaps (14.93) of the quantum states become 

(1 I 1)2 = (2 I 1)2 = i and (2 | 1) = - (1 | 1) . (14.95) 

If e[\^ = - 1^12 and e[^ = + I^i 2 while (1 | 1 ) = 1 then (2 | 1) 

= —l/y/2 and (2 | 2) — (1 | 2) = 1/v^. We infer the degenerate perturbed 
states 

I ^nr) = I {nr' I I nr') {r' \ r) . (14.96) 

This leads to two quantum states, with the first written as follows: 

I Wn) = (1 I 1) I 11) + (2 I 1) I 12) = ^ [ I 11) - I 12) ] . (14.97) 

This is an antisymmetric state corresponding to the energy 

E,=e + X (V-V,^) , (14.98) 

and the second quantum state will be of the form: 

I •f'ls) = I 11 ){1 I 2) + I 12) (2 i 2) = ^ [ I 11) + I 12) ] , (14.99) 

a symmetrical state corresponding to the energy 

E2 = e-\-X {V + V^2) • (14.100) 

We notice here that the antisymmetrical state has the lowest energy. It will 
therefore be filled first. 



2. Variational Method 

2.1 Underlying Principle 

Let us assume that the equation examined has as solutions the functions of 
a functional space which renders a function E{^) stationary, that is, such 
that: 

6 E = 0. (14.101) 

We will look for the solutions to Eq. (14.101) among functions belonging to 
a domain E' that is more restricted than E. 

The success of the method will depend on the choice of the trial functions 
of the space T' . 
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2.2 Determination of the Eigenvalues 

Let us choose the function of E{^) in the following form: 



m = 



i^\^) 



(14.102) 



in the space £ of the \^) states. Any vector capable of rendering the func- 
tional stationary is an eigenvector of H and vice-versa. The corresponding 
eigenvalue is the stationary value of the functional E{^). 

The eigensolutions of if in f are therefore solutions to the variational 
equation 

6 E{^) = 0, (14.103) 

The functional E{^) defined in (14.102) can, in effect, be written as follows: 

E{^) {^\^) = {^\H \ ^). (14.104) 

The successive variation of each element of this equation will give: 

i^\^) 6 E = 6 {^\H \ ^) -E6 (14.105) 

We cause the ket and bra to vary in the right-hand term: 

i^\^) 6 E= {8^\{H-E)\^) + {^\{H-E)\6^). (14.106) 

If I if") remains non-zero and finite, then 8 E = 0 will imply 

{8^ \H-E\^) -h {^\H-E\8^) =0. (14.107) 

Notice that variations \ 8 and {8 ^ \ belonging to dual spaces are not 
independent. Yet we can consider them as such since (14.107) is satisfied for 
every arbitrary infinitely small | 8 ^). If we replace \ 8 with \ i 8 = 

i \ 8 we get 

{i6^\ =[\iS^)]^ = -i{6^ \ , 
and, by inserting this into (14.107), 

-i{6^\{H-E)\^) +i {^ \ {H - E) \ 6 =0. (14.108) 

We are then left with the two variational equations: 



{^\{H-E)\6^) + {6^\{H-E)\^) =0, 
\{H-E)\6^) - {6^\{H-E)\^} =0. 



(14.109) 



Because H is Hermitian, the matrix element of {H - E) will take the form 
{S'E \{H -E)\^) = [{^ \ H -E\8'^)\^ (14.110) 
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and, irrespective of (6 iP' |, we should therefore obtain 
{6^\H-E\^) ~{-{^\H-E\6^) =2R^{6^\H-E\^r) = Q, (14.111) 
The result is the following eigenvalue equation: 

{H-E)\ -0, 

which proves the foregoing proposition: 



S E{^) = 0 {H-E)\^) =0 



(14.112) 



Any ket | capable of rendering E stationary is therefore an eigenket of 
H corresponding to the eigenvalue E = \ H \ ^-^) / {{^-^ I ^i)) ^^d vice- 

versa. 

This theorem implies that the expectation value of the energy of a system 
is higher than or equal to the eigenvalue of its ground state. 

In effect, let us assume that H has a discrete spectrum, and let 
Eq, Ei^...,E^ be the energy levels arranged in the ascending order 
Eq < E^ < E 2 < E^. . . and Pq, . . . , the projectors onto their respec- 
tive subspaces, satisfying the completeness relation (^| = 1- 

n n 

Now, let us evaluate the difference between the energies E and EqI 



0 {^\qr) ° (If' I If > 



(14.113) 



By projecting onto the subspace of the eigenvalue E^ we obtain 



FP„|!f) =E„P„|!f), (14.114) 



and substituting this into (14.113), we further obtain 



E-Eo = Yl 

n 



(!f |PP„-P„Po|»f) 

(!f |!f> 



-E i^n-Eo) 

n 



-E (E^-E^) 

n 



\{^\n) P 
(!fi!f> • 



{^\Pn\ 

(!f |!f) 

(14.115) 



Each term in this sum is either positive or zero, since Eq < E^ < ... < 

E^ Hence, — Eq is either positive or zero, proving that Eq < E = 

{^ \ H \ ^)/{{^ I iP")), which is the proposition formulated above. 
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2.3 Example: Ground State of the Helium Atom 

We will take the wave function used in perturbation theory as the trial wave 
function: 



The function is normalized to unity: 

j K (^i> ^ 2 ) (^i> ^ 2 ) dr2 = l, (14.117) 

giving the following functional: 

^ 

The Hamiltonian H in the integral will be written 

i? = + ^2 ^2 ^12 (14.119) 

kinetic energy of the electron i = -h^/{2m^) V? 
interaction of ith electron with the nucleus = -2e^/r^ 
interaction of the ith electron with the jthelectron = 



We therefore obtain kinetic terms of the following form: 

i^a \h\^a) = y K (^1> ^ 2 ) df^ (fi, f^) , 



with the radial Laplacian in spherical coordinates: 

V72 _ ^ ^ J2 ^ 

^ 1-^2 



r\ d ^ d 



(14.120) 



(14.121) 



Because the function (r^, 7 ^ 2 ) is dependent neither on 6 nor on (^, only 
the term in will have an effect on the wave function: 

^2 ^ \ 1 y 2 d \ / + ^2 

^ ^ ^ na^ \drl dr^J a 



1 n 



7T \ a r 



z~— 



,!1±I2 

a 



and we are left with the matrix element of the kinetic term 
/ -, \ 2 






2(?-i + r2, 



a 



(14.122) 



dr j dr2 . 
(14.123) 
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The integration over the angular variables will yield 47 t. The definite integral 



x” ^ d X = 



(14.124) 



makes it possible to calculate the remaining radial integrals, that is 



f 2r2\ 2 . « 

exp(-— = - 



(14.125) 



f°° (l_l_ 
Jo \a ri 



2^1 ^ 2 j “ or , 

~h?*.=T-x=-4 



Hence, we obtain the matrix element of the kinetic energy: 






which yields, after the necessary simplifications 
The second interaction element is easily calculated: 

<*•> I I \ “p [-1 (’■> 

„ o / 1 



(14.127) 



(14.128) 



= (47t)^ 2e^ 

leaving us with the matrix element 



(14.129) 



2e2 

The third two-body interaction term will then be written as follows: 



(14.130) 



I ^12 I ^a) = ^ J exp df, dr , . 

(14.131) 

This integral was calculated within the framework of the theory of perturba- 
tions. We now extract the result (see (14.47) and (14.52)). 



i^a I Vi2 I ^a) 



(14.132) 



We can therefore determine the functional E{a) with (14.119), (14.127), 
(14.128) and (14.129): 

FM-— — — L-— 

2rrii a? 2m2 a? a 8 a ’ 



(14.133) 
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and since = m 2 = = m, we are led to the expression 



p, , I 27 e2 

E(a) = ~ 

m a? 8 a 



(14.134) 



Now, let us apply the variational principle by calculating 6E — for a vari- 
ation of the Bohr radius a: 



r? 1 



c - - , 27 e2 6 a (2%^ 27 2 ^ . 

8 n — 6 — = ^ I — a] = 0 . (14.135) 



m 



8 a 



m 8 



The non-trivial solution will lead to the value of a: 



2h^ 27 



m 



g ^ ^var 



^ 16 r 32a, ..o.N 



The inequality derives from the fact that the variational method de- 

scribes the effect of the residual interaction between electrons, reducing the 
attraction by the nucleus of the electron cloud. 

If we introduce the ground-state energy E^j of the hydrogen atom, then 

= and = (14.137) 



The functional E{a) goes through an extremum. By inserting this value 
(14.137) in E{a) given by (14.134), we obtain the value of the variational 
energy: 



E = 

■^var 



m V a, 



8 %ar \16 



-b.70Eu- (14.138) 



First-order perturbation theory leads to the value 

7-> r-i n ^ 11 

with a = 

that is, by introducing 

= -SEh + 2 . 5 £;^ = -b.bOEH , 
a value that is quite close to the variational result: 






2m ’ 
(14.139) 



(14.140) 



^vart ~ ^pert ~ -0.20F?j^ . 



( 14 . 141 ) 
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3. Time-Dependent Perturbations 

Consider a quantum state initially in the eigenstate |(/?J of the Hamiltonian 
Hq, and a subsequent evolution of the system caused by the application of 
an explicitly time-dependent potential 

ind,\ m) = (^0 + A V{t)) I nt)) (14.142) 

with the initial condition 

I !f'(0)) = I . 

The system returns to an eigenstate \ (p^) of the Hamiltonian Hq when the 
action of the perturbing potential becomes negligible. As a result, we want 
to determine the transition probability of the initial state | (/?^) to the final 
state \ ^f)' 

P, ^ m) = PAi ^ f)=\ iVi I m) f ■ (14.143) 

This problem already came up in the discussion on the intermediate repre- 
sentation of quantum dynamics as we will see in Sect. 3.2 below. 

3.1 Analytical Method 

The projection of the quantum state | ^{t)) onto the complete orthonormal 
system of the eigenfunctions \ of the Hamiltonian Hq will give 

I \^n) with (7„(t) = I W{t)) , (14.144) 

n 

whereas evolution Eq. (7.142) will become 

in d, C„(t) = C„(t) + A Ckit) , (14.145) 

k 

with the matrix element of the interaction potential 

VAt) = {^n\V{t)\^,). (14.146) 

If A = 0, then we obtain from (14.142) the unperturbed equation with the 
solution 

C„(t) = 6„ exp , (14.147) 

where is a constant dependent on the initial conditions. 

If A ^ 0, then we can look for solutions of a similar form but with time 
dependent: 

Cn(t) = Kit) exp f) . 



(14.148) 
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Inserting this into (14.145), we obtain the perfectly equivalent differential 
equation: 

i ^ dt Kit) = A [exp (i t)] b^{t) , (14.149) 

k 

with Bohr’s angular velocity defined through the equation 

‘^nk = liEn-Ek)- (14.150) 

Now, let US look for an approximate solution by making a series expansion 
of the coefficient b^{t) appearing in (14.148): 

K(t) = + A + ■ ■ ■ = E *’!.'■’(*) ■ (''>•'51) 

r=0 

Inserting this into (14.149), we obtain, by identification of terms of the same 
order for r ^ 0, 

ihd,b^:\t) = Y, V„,(t)bi’-'Hi), (14.152) 

k 

whereas for r = 0 we regain the initial value (14.142): 

= Q and 6W(t) = C„(0) = ^„,. (14.153) 

The first-order term can be evaluated from this with (14.152): 

i h d, ^ e* v;,(t) = e* V„^{t ) . (14.154) 

k 

By integration over the variable t this will yield 

K^\t) = ^ KiiK dt'. (14.155) 

We infer from this the first-order coefficients (14.147) 

= t>n\t) exp (-^ t) , (14.156) 

and the first-order transition probability 

P^{i ^ f)= \ |2 = I 6^ |2 



(14.157) 
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3.2 Intermediate Representation 

Let us recall the results obtained with quantum dynamics (Chap. 6) for the 
intermediate representation: 

Vj{t) = U+{t,t,) V{t) , (14.158) 

i h ^^ \ I,t) = Vj{t) I I,t) , (14.159) 

(14.160) 

The evolution operator 17o(^>*o) determined from the time-independent 
Hamiltonian Hq and, hence, is written as follows: 

Uo{t,to) = exp Ho{t - to)^ • (14.161) 

We assumed in Chap. 6 that the intermediate states constitute a complete 
orthonormal discrete system. Now, let us examine the case in which the 
intermediate states constitute a complete orthonormal continuous basis, that 
is, satisfy the following conditions at a given point in time: 

j I I,t) dl{l,t 1 = 1 

(/, t I I', t) = (/, fo I h) = 6{I - 1') . (14.162) 

The evolution operator Uj{t,to) will therefore be written 

Ui(t,to) = j \I,t)dI{I,to I (14.163) 

and we can easily verify that Uj{t,tQ) is a unitary operator permitting the 
transition from | /, tg) I l^^at is, 

|/,g= |/,t). (14.164) 

The probability of transition from one state | a) = | a, tg) to another 

I /?) = I 6, t) can be obtained with the intermediate states (14.160): 

I lyto) = Uj{to,to) I a, to) = I 

I 1 &,i) - 1 (Pf,to) = \Vf)- 

We infer from this and (14.164) the matrix element 

(/ , to I Uj{t^tQ) I to) = (/ ,to I /, t) , 

and the 4th postulate of quantum mechanics will then give the probability of 
transition from the state | to | (^^), as the square modulus of the above 
matrix element: 

P, (z -^ /) = I (/',<o I I,t) p = KVf I Uj{t,to) I r (14.167) 



(14.165) 

(14.166) 
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The operator determined from (14.158) in the form 

I i 1 

Uj{t^to) = r exp -- / Vj{t') dt' , (14.168) 

L ^ ^to 

where the time-ordering operator r is responsible for ordering the intermedi- 
ate times of the series expansion of the exponential. 

The matrix element of ?7/(t, ^o) ^dl cause the matrix element of Vj{t) to 
be introduced; the latter must therefore be fully determined with (14.158) 
and (14.161), which gives 

= (</^/|exp V{t)exp . 

(14.170) 

The action of Hq on the states \ ipf) or \ will lead to the eigenvalues Ef 
and of the energy, leaving us with the matrix element 

=exp 

= exp ^{t-to){Ef - Ei) {<pj\V{t)\(fi). (14.171) 

We can then introduce Bohr’s frequency 

{Ef - E,) = h{vj -u,) = h vj, = h ujf, (14.172) 

to obtain the matrix element of the interaction in the intermediate represen- 
tation: 



{<fif I Vjit) I ifi) = exp [i - ^o)] {(fij I y(t) I ^Pi) . (14.173) 

The matrix element of the first-order evolution operator, for example, is ob- 
tained by the series expansion of the exponential (14.168), which leaves us 
with 



iff I I ‘Pi) " I I 



exp (i - to)) {(fj I V{t') I (p.) dt' , 



giving with (14.167) the first-order transition probability: 




V{t') 1 (fi) e* ‘"/i (‘'-‘o) dt' |2 



(14.175) 
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3.3 Example: Sinusoidal Perturbation 



Let us introduce a sinusoidal perturbation V{t'): 

V{t') = cos w t' (14.176) 

This will determine the matrix elements between the intial and final states: 

I I ^i) = {‘Pf I i Pi) cos w t' 

= i . (14.177) 

We use the initial time tg = 0 as the origin, thus simplifying the integration 
over the variable f in statement (14.175), and making it easy to obtain the 
first-order transition 



^’r (i - /) = jp K 



0 |2 



+ 



CVfi+UJ 






(14.178) 



If a; — 0, then the perturbation applied at instant tg = 0 is a constant equal 
to and leads to the transition probability (Fig. 1): 



Prii 






yfi 

Vf^i P 



sin tj2 



E, - E, P 



sm 



{Ef-Ei) 



2h 



(14.179) 




Figure 1 



The half-maximum height of the curve centered around the value cj = 0 for 
a fixed interval t is and the full width at half-maximum height proportional 
to J. When t becomes large, f) is only appreciably large for final 



states such as 



27T 



t 






27T h 



(14.180) 
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If we term At the time duration of the action of the perturbation then 
the transition probability will only yield appreciable values for 

AtAEr^h, (14.181) 

Here we arrive once more at Heisenberg’s uncertainty relation although time 
t in non-relativistic quantum mechanics is not an observable. This is a point 
we have already alluded to in Chap. 2 dedicated to wave mechanics. 

For ct; 7 ^ 0, we can neglect the first term of (14.178) for cj and 

t > l/^fi — ^ that is if the sinusoidal perturbation acts for a given length 
of time t significantly greater than 1/u). We obtain a response similar to the 
one obtained for a constant perturbing potential: 



F = 


sin (cjy^ — u;)t/2 

{Wfi-u)/2 J 


(14.182) 






(14.183) 



We also note from the relation 6{x) = limg_^Q ^ jr/g j response 

function yields, at the limit t ^ oc, a Dirac function centered on the energy 
Efi = = Ef - E{. 

jE/\ 

t, — j ^ 27t h t 8{Ef^ - E) . (14.184) 

This leads to Fermi’s golden rule: 

^ T I I' • 

The rate of transition, or transition probability per unit time, 

=r(i^f) = ^6{E- Ej,) I V% (14.186) 

is therefore constant, centered on the value E^ = E^ oi the unperturbed 
Hamiltonian. 

3.4 Feynman Diagrams 

Let us use the form (14.168) of the evolution operator, 

Ui{t, to) = T exp (-^ ^ Vj{t') d<') , (14.187) 
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and, following a series expansion with the time-ordering operator, 




(14.188) 



with ^1 ^ ^2 ^ ^3 • • • ^n* This is the Dyson series. 

Since \ a t^) = exp [~{i/h) t^] \ a) and \ j3 t) — exp[-{i/h) Ef^t] \ (3) the 

matrix element of the Uj{t^tQ) operator takes the form 



(/? t I I a to) = exp[^ {E^t - EJq)] {/3 | Uj{t,to) | a ) . (14.189) 

This leads to the matrix element of the evolution operator: 



{P t I Uj{t, to) I a*o) = I a) exp(- E^{t - to) 



+ ^/3 iP\V\a)exp 



t rti 



+ 



rj 



^o) 



dtj -l- . . . 



dt„ exp 



-E^(t-ti) 



X {/3|^l7i)exp +-E^^{t^-t2) \ (7i|y|72)...exp 



h 



Ejtn-to)\ 



(14.190) 

We further visualize this result with a Feynman diagram by choosing a ver- 
tical time axis and by representing each interaction at time tj, with a vertex, 
that is, with a junction point of two lines (see Fig. 2). 




Figure 2 
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Notation Rules for Feynman Diagrams 

i) each line A beginning at time t^ and ending at time ^2 contributes 
with: 






[h ^i)] 

0 



if ^2 - > 0 

if ^2 - < 0 . 



(14.191) 



It is thus possible to change the integration limits to -oo and -hoc, thus 
facilitating the calculation. 

ii) Each vertex linking lines j3 and a at time t;. contributes 

^{l3\V{t,)\a). (14.192) 



iii) We then integrate over all the intermediate times from -oc to -boo 
and sum up over all the intermediate states. 

The evolution operator is defined from tg) through 

(14.193) 

The series (14.190) will then take the following form: 



(/3i I K{t, to) 1 ato) = {(3 \ a)K^(t - to) 

+ ^Jdh K^{t - 1,){(3 \V{t,)\ a)K^{t, -to)... 

+ (^) Y dt, . . .j dt, Kpit - t,){l3\V{t,)\^) . . . mtMKitn - to) • 

(14.194) 



Now let us introduce the Fourier transform of the functions K. and : 



K,{u)) = j e ^ K.{t) dt and K.(t) = ^ ^ J tC{<jj) duj, 

(14.195) 

^(w) = y e-s ‘ K^{t) dt and K^{t) = ^ J KJuj) * dxj . 

(14.196) 



By using the step function (14.191) defining K^{t), we obtain 

i h 



K. 






e+K dt = 



oj - E^ + ir] 



ri 



0 . 



(14.197) 
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The series (14.194) then reduces to 



- Ul3t\K{u})\at^) = ® + i 

^ ' w - E^ + tt] w - Ej^ + ir] 






1 



UJ- E +iri 



(7|y|a) 



(/3|y|a) 



1 



1 



w - E^ + ir] 



LU - E^ + if] 



+ ... 



This result can be written directly in terms of operators: 



-- JC{uj) = + V 

h UJ — Hq irj UJ — Hq -\- irj uj — Hq + ir] 



+ ... 



(14.198) 



1 



UJ — H 

(14.199) 

To demonstrate the foregoing result, we first establish the identity: 



A + B A A^ A^ A^ A^ A^ ' 



(14.200) 



Working from the identity between operators: 

X{A ^-B) = XA + XB = 1 (14.201) 

we obtain, by isolating the term XA^ 



XA=1-XB. (14.202) 

By multiplying each of the right-hand members by we obtain: 

X = \-XBj, (14.203) 

and get back to (14.200) after iteration. We next set A = uj—Hq and B = —V, 
which gives 




1 

u — Hq — V + irj 



1 

UJ — H -\-irj 



(14.204) 



Each line in the Feynman diagram therefore represents the energy propaga- 
tion of the quantum state l/{uj — Hq-{- irj) and each vertex the interaction 
operator V in the total Hamiltonian H = Hq + V. This boils down to saying 
that the Feynman expression for the evolution operator Uj is none other than 
a perturbation expansion of this operator. 

Let us now write the eigenvalue equation of the total Hamiltonian 



H\^) = {H, + V)\^) =E\^), 



in a form that isolates the perturbation potential V : 



{E-H,)\^) =V\^). 



(14.205) 



(14.206) 
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This formally leads to a solution of the form 



~ — TT ^ I + constant . 

L — Hq 



(14.207) 



When F = 0, H = Hq and | becomes the unperturbed solution | (/?), an 
eigenfunction of Hq. This gives the following form to solution (14.207): 



+ (14-208) 



By iterating this solution, we obtain the expansion for the perturbed wave 
function: 



= i^) + 



1 

E-H, 






y I (^) + . . . . (14.209) 



Because the matrix element of the operator U j only translates the crossover 
of the state | with | If'), we arrive back at the matrix element (14.147) of 
the transition probability: 



I = {'Pi I Pf) + {Pi I y I Pf) 

This is the result we obtained with Feynman diagrams and to which we shall 
return in the discussion on the scattering of particles in the next chapter and 
in the study of Fermion systems Chap. 18. 




Chapter 15 
Scattering of Particles 



1. Scattering Operator 

A quantum system is prepared at an instant to enable the measurement of 
certain observables: energy, angular momentum, and q linear momentum. For 
a very brief period, the system enters into interaction with another quantum 
system (we are not interested in how this interaction is produced). At a later 
instant we again measure the system’s observables. It goes without saying 
that for most of the duration of the experiment (i.e., between instants and 
Iq) the different constituents of the physical system under observation are 
almost free (Fig. 1). 

This is precisely what happens in classical mechanics when we observe 
the asymptotic values of particles in interaction. 




r| rj 



Figure 1 



The free particles are characterized by their vector positions 

f{t)=fQ^vt. (15.1) 

The position vector of a particle k with momentum k will thus be: 

rk{t) = rt + vt t t-to 

Mathematically expressed, we say that the limit of the vector length between 
a current point of the trajectory and a point on the asymptote tends to zero: 
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with the asymptotic conditions: 



t +00 ex = out outgoing particle , 
t ^ —oo ex = in incoming particle . 

In quantum mechanics, we will similarly write 

lim I 1=0, 

t— )■ ± oo 



(15.4) 



(15.5) 



where is a free incoming {t -oo) or outgoing {t — ^ +oo) asymptotic 

state. 

If we introduce the Hamiltonian of the system, 

the free states at instant t are obtained from the initial free states •P'^(O) 
through 

^fit) = exp{-iHot)^f{0), (15.7) 

whereas the actual state ^{t) will require the total Hamiltonian to be intro- 
duced at instant t: 

^{t) = exp {-i H t) !?’(0) . (15.8) 

Condition (15.4) will therefore take the following form: 

lim I exp {-i H t) !f'(0) - exp {-i H. t) | = 0 . (15.9) 

i— OO 

We then prove the following result: 

m) = lim (exp {i H t) exp {-i t) W^^{0)) . (15.10) 

OO 

A state ^{t) with an incoming asymptotic state and an outgoing asymptotic 
state is termed a a scattering state. 

Using Eqs. (15.9) and (15.10), the uniformly bounded Moller operator 
(Prugovescki, 1971) 



Q = exp (z H t) exp (-z Hq t) 



enables us to write 



(15.11) 



lim I m) - n(t) 1=0. (15.12) 

t— >•=1=00 

There exists an incoming Moller operator Q_ corresponding to the incoming 
scattering waves and responsible for the transition from (0) to •?_(0): 

!^^_(0) = lim exp {i H t) exp {-i t) ^"(0) = f?_ !i^i"(0) (15.13) 

t — — OO 
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£ts well as an outgoing Moller operator corresponding to the outgoing 
scattering waves: 

!f'+(0) = ^ exp {i H t) exp {-i t) !f'7*(0) = /?+ !f'7*(0) . (15.14) 
A scattering operator is the operator product: 



(15.15) 



and we can determine the scattering probability of a state to another 
state using this operator: 



5 = f?* J?+ 



Pr K)= I <^i\S\ ^f) . (15.16) 

The scattering probability of a state to another state is equal to the 
square modulus of the matrix element of the scattering operator considered 
between the initial and the final ^^^{0) = scattering states. 



2. Transition Operator 

2.1 Definition 

Let us introduce the transition operator T with the scattering operator S 
using the relation: 

S = l-2niT. (15.17) 

This operator is zero if there is no interaction since in this case: 

H = Hq and Q = 1 hence 5 = 1 implies T = 0 . 

The matrix element {^f \ S \ will be written with the transition operator: 

= {^f\l-27TiT\ !?,) 

= I ^i) - 2n I T I . (15.18) 

2.2 Optical Theorem 

Now let us evaluate S*S and SS* from the definition of the transition oper- 
ator: 

5*5 = (1 + 27t j T+) (1 - 27t f T) = 1 - 27t i{T - T+) + T+T , 

55* = (1 - 27t i T) (1 + 27t i T+) = 1 - 2n i{T - T+) + 47 t^ T T+ . 

(15.19) 
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The operator S is therefore unitary, that is, it satisfies the condition S*S = 
SS* = 1 if and only if 

T+ - T = 27t i TT+ = 27 t i T+T = 2ni\T\‘^. (15.20) 

This can also be written with the imaginary part of the transition operator: 



Im {T} = -7T I T p 



(15.21) 



a result termed the optical theorem, by analogy with the relation obtained 
for the elastic scattering of electromagnetic waves. Some authors define the 
operator T from 5 = 1 + T, leading to the sign (+) in relation (15.21). 



3. Differential Cross Section 

3.1 Definition 

A beam of particles with a well-defined direction and energy impinges on a 
target (Fig. 2) 



X 



incident beam 

(TD 

source 

Figure 2 



Let be the incident flux, that is, the number of incident particles with 
velocity crossing a unit-area perpendicular to the incident beam per unit 
time. If iV- is the number of incident particles, 

^, = AT.z,.. (15.22) 

The number of detected particles in the direction uj = (0, will be 
proportional to the incident flux and to the aperture du of the detector: 




oc dw , 



(15.23) 
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By differential cross section we mean the proportionality coefficient for just 
one particle of the target. If Nj. particles in the target are in interaction, we 
will therefore write 

= a{uj) Nr^^^duj . (15.24) 

The differential cross section a(uj) has the dimensions of a surface and is 
expressed in barns (1 barn = cm^). The total cross section is obtained 

by integration over the solid angle: 



a = 




(15.25) 



3.2 Scattering Amplitude 



When two particles with mass and m 2 are in interaction, it is possible 
to isolate the motion of the center of mass R from the relative motion (see 
(3.8)) by setting M = m^-\-m 2 and l//z = 1/m^ + l/m 2 , and if we introduce 
the total wave function of the system ^ (f^, r 2 ) = f{R) ^{f}^ we obtain the 
system of differential equations: 



= m), 

V2 + y(rl) ^{f^ = En^. 



(15.26) 



The total energy is the sum of the kinetic energy of the center of mass and 
the relative energy: 

Etot = EcM + E. (15.27) 

The incident particle with mass is a free particle, described by a plane 
wave 

=A{r\ki). (15.28) 

During the interaction, the wave will be described by the Schrodinger 
equation of relative motion, 



1 2 

-IT + ^(0 ^E'^{r). 

^jjj 

If we eliminate the reduced mass in E and V by setting: 

= and y(.) = 



2^l 2/x 

the Schrodinger Eq. (15.29) becomes 

[V^ + - [/(r)] »Z^(f) = 0. 



2/x 



(15.29) 



(15.30) 



(15.31) 
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Now let us seek a solution (f) to the equation with an incident energy E-, 
a solution corresponding to an outgoing wave. 

At infinity, this will behave like a plane wave added to a 

scattered spherical wave e* '^/r with amplitude /(a;). 

The asymptotic form of the outgoing wave 1?^ (f^ is written as follows: 

Kir) . A + . (15.32) 

By scattering amplitude /(u;), we mean the amplitude of the outgoing wave 
function. If the interaction potential V{r) is spherically symmetrical, then 
the scattering amplitude will exhibit the same symmetry and will depend 
solely on the scattering angle 0. 



3.3 Relation Between (T^uy) and /(u;) 



The radial flux corresponding to a wave function is defined from the 
probabilty current (see (2.30)) by projection onto the unit vector in the di- 
rection r, that is ^ = J.e^, with the probability current 

j = — (!?'* vr) = Re I— r vii'l . (15.33) 

2fii i J 

An incoming plane wave A exp {—i k^'f) = A exp {—i r cos 0) leads to 
an incoming radial flux ^ • e^, which is easily evaluated as 



^in = Re 



— : A* A exp (-hi k^ r cos 0) exp (— i k^ r cos 0) 



0=0 









(15.34) 



The flux of the outgoing spherical wave ^ exp (i k^ r) will further yield 



^out = Re 



= Re 



{ 

{ 



— A* A f* 

fJL I 





kj T 



(15.35) 

(15.36) 



The terms in ^ are not taken into account because, far from the target, r 
is big and 1/r^ negligible compared to 1/r^. The interference term between 
the plane wave and the spherical wave is zero for 0 = 0 but oscillates rapidly 
with respect to r for 0 7^ 0, thus leading to a zero mean value which permits 
us to neglect it. 
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The flux of outgoing particles through a surface element dw away from 
the interaction zone (r large) is therefore 

= (15.37) 

and, by dividing by the flux determined earlier on in (15.34), 

(15.38) 

r 

we obtain the diflFerential cross section with respect to the scattering coeffi- 
cient: 



a uo 



(15.39) 



3.4 Elastic Scattering by a Coulomb Potential 



The Coulomb potential is of the form V (r) = e^/r, leading to the 

Schrodinger equation 






Zi Zo e 



y 2 ^ . 

2(1 



21 



ipci^^E Vc (f) . 



(15.40) 



We introduce the velocity of the particles through their relative kinetic energy 

k2 



^ ^ ^ 1 2 
E = — — = - uv^ 
2 ^ 



and a parameter that is inversely proportional to the velocity, 

7 = 






h V 



(15.41) 



(15.42) 



This will enable us to write the Schrodinger equation in the following simple 
form: 

+ k^~ — ) V>c (10 = 0 . (15.43) 



By setting 2 : = rcos0, let us seek scattered solutions along the direction © 
of the form 

(f) = e'^ ^ ^ f {r — z) = ^ ^ f (u) with r - z = u. (15.44) 

The differential equation satisfied by / (u) then reduces to 






{1 —i ku) ^ k 



dv? ' du 



/ (u) = 0 . 



(15.45) 
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By finally setting 

w = iku = ik{r-z), (15.46) 

we obtain a second-order differential Laplace equation 

( j 2 j \ 

w — ^ -\-{l-w) h i 7 ) f {w) = 0. (15.47) 

dw^ dw J 

The regular solution at the origin is the confluent hypergeometric series 
F {-ij , 1 ]w): 

{k r) = A ^ ^ F {—i 7 , 1 ; i k {r - z)) . (15.48) 

The hypergeometric series behaves at inflnity like the sum of a plane wave 
and a spherical wave: 



'•Pc i^='<Pin (^> 

whose asymptotic behavior for | r - 2 | — > 00 is given by 



(15.49) 



i’in = expf {{kz + 7 log /c (r - 2 )) 

7 r (1-1-17) 



i + - 



r 



+ ... 



i’out = 



k {r — z) F ( 1 - 27 ) 
i k {r — z) 



i k {r - z) 
expi {{kr — 7 log A: (r — z)) 



(15.50) 



(15.51) 



The function F is the factorial function F{x). 

Since z = r cos 0, the first term of the expansion of the outgoing wave is 
written ^ 

^out = - exp [i (fc r - 7 log 2k r] (0) (15.52) 

with the resulting Coulomb scattering amplitude (0): 



fc (0) = - 



exp [ 2 i (Tq] 



2k sin^ I 
F (1+Z7) 
r(i-z7)‘ 



exp 



0 

-i 7 log sin^ — -\-2i Gq 



(15.53) 



We can easily infer the Coulomb scattering or Rutherford scattering differ- 
ential cross section: 



(0) - I fc (0) P 

4fc2 sin^ f \ 4E J sin^ f 



(15.54) 



This is precisely the result obtained in classical mechanics by using Kepler’s 
laws to evaluate the scattering of an electrically charged particle with charge 
e on a nucleus with charge Z 2 e. 
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We notice in the foregoing result that: 

(i) (0) depends on the absolute value of the potential and not on the 
sign, 

(ii) at a given angle 0, (0) decreases with 

(iii) the total cross section is infinite since 



<^C {0)du = 



Zi Z 2 



sin 0 d 0 



(15.55) 



diverges at small angles. This is as a result of the presence of a screening 
effect at small angles and of the fact that the effect of the Coulomb electronic 
cloud becomes zero at distances that are sufficiently large compared to the 
radius of the atom. Rutherford scattering of charged particles has provided 
evidence in favor of the atomic nucleus being made up of electrical charges 
borne by particles (protons) and not being a charged fluid compensating the 
electric charge of the electrons. This type of scattering is today a general tool 
used by atomic, nuclear, and particle physicists. 



4. Scattering Amplitude and Interaction Potential 

If we normalize the plane wave (15.28) propagating in the positive r direction: 



the scattered wave will take the asymptotic form 






1 r r 

— z — e* f Co; ') - — 

( 27 t ) 3/2 r 






^ A kj - f 



(27t)3/2 



(15.56) 



(15.57) 



and the formal solution of Schrddinger Eq. (15.31) can be written: 



X V{r')^+ (f') . 



(15.58) 



Beyond the range of the interaction, that is for r))r', we can take an approx- 
imate value of the denominator: 



f — f' \ = \r^ + r'^ — 2r.f'\ =r 1 



2f.r' r' 2 -|i /2 



(15.59) 
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The spherical wave of the integrand thus becomes 

gi ki I f-r ' I h ) ^iki r 

— 

I r - f ' I r (l- ~ ^ 

The emerging momentum vector is defined by setting 



exp -i k 



r • r 



The emerging wave will thus take the form 






r 



1 

^ (27t)3/2 



L 2^%^ r 

xV{r') dr' . 




(15.60) 



(15.61) 



(15.62) 



By comparing this with the expression (15.57) for ^'^(f), we obtain an im- 
portant relation defining the scattering amplitude in terms of the interaction 
potential: 



/M = V{r’) if’) df' 



(15.63) 



We can take advantage of the fact that the interaction potential is diagonal 
in its eigenrepresentation, that is, in configuration space, 

{r\V\ r') =V{f^ 6 (r — r ') , (15.64) 

to write the scattering amplitude with the momentum fcyr of the plane wave: 

/(i^) = (27t)^/^ j (kf I f ') df' {f'\V\ f") df" 

x{f"\^+^{2nf/\ (15.65) 

which yields, following the extraction of the completeness relations for f ' and 



(15.66) 



The transition operator is the operator obtained by identifying the above 
matrix element with the matrix element between plane waves: 



/M = {kf\V\ !?+) 
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(^/ I ^ I K,) = (fc/ I T’ I K) • (15.67) 

We can next determine the scattering operator S with relation (15.18): 

{kj\S\k,) =8{kf-k,)-2T^i{kj\T\k,), 

= 8{kf-k,)-2i^i{kf\V\^t,)- (15.68) 



5. Lippmann-Schwinger Equations 



5.1 Transition Amplitude and Interaction Potential 



The resolvants of the operators H and with H = Hq-{-V are defined by 
the following relations: 






E — Hq ± i £ 



The easily verified identity between operators A and B, 

1 1 1 /r. 1 

A~B~B^ ~ ^ I’ 

yields with the Hamiltonian operators, that is, by setting: 

A = E-Hq and B = E-H^E-Ho-V, 
the formal relation linking resolvants Gq and G to the potential V : 



(15.70) 



(15.71) 



(15.72) 



G — Gq G V Gq 



(15.73) 



Similarly, by setting A = E — H and B = E — Hq, we obtain: 



G — Gq + Gq V G 



(15.74) 



Now, consider the eigenvalue equation of the total Hamiltonian operator writ- 
ten with H = Hq-\-V as follows: 



{E-Ho)\^) = V\i') 



(15.75) 



For a zero interaction potential V = 0, the eigenvalue equation of Hq will 
introduce an eigenfunction | ip) such that: 



{E-Hq)\p) =.0. 



(15.76) 
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The formal solution of (15.75) can be written by allowing the ±ie to tend to 
zero and omitting it: 

\^) = k) + (15.77) 

and by introducing the resolvant GqI 

\^)= \^) + Go V\^). (15.78) 

We thus obtain the scattering states with the formal relation: 

(15.79) 

It is interesting to note that the expansion of this relation by iteration yields 
exactly the result obtained from Feynman diagrams with energy propagators: 

!«?) - \ ^)+ GoV\ip)+ GoVGoV\<p) +.... (15.80) 

Since Gq = G — G V Gq from relation (15.73), we obtain with (15.79) 

\^) = \ GV \ ^)-GV GqV \ ^). (15.81) 

We obtain from (15.79) the value of the vector Gq V that is, 

G^V\^) = \ ^)~ \ ^), (15.82) 

which we insert into (15.81) to finally obtain 

\^) = \^) ^ GV \ ^) - GV \ ^) + GV \ ip) 

(15.83) 

This is the perturbation expansion of the state | with respect to the 
interaction V and the resolvant G — 1/{E - H). 

Now, let us compare the matrix elements of V and those of T using 
definition (15.67): 

{ip\T\ip) = {ip\V \ ^) = {ip\V\ip) + {^\V GV \ (15.84) 

which leads us to the Lippmann-Schwinger equation, relation between the 
transition operator T and the interaction operator V: 

(15.85) 
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The resolvant G, also called energy propagator or Green’s function, written 
with relation (15.74) as 

E-H ^ E-Hq-V "" E-Hq ^ E-Hq ^ E-H ’ 

enables us to iterate the statement of the transition amplitude: 



T = V + V 



E-H, 



v + y 



E-H, 



E-H, 



(15.87) 



5.2 The Born Approximation 

By truncating the expansion of the scattered wave If' after the first order, we 
obtain an identity between the matrix element of the transition operator T 
and that of the potential V : 

i<p\T\>fi) = 1 y I If') = {<p\v \ip) + {>p\V GV (15.88) 

The Born approximation takes into account only the first term: . 

(15.89) 

Let us calculate the matrix element of V between plane waves: 

(<^/ I y I ¥’i) = (kf\V\ k^) 

= j {kj^\f^df{f\V\f')df'{f'\k-) 

= (27t)-^ j y(f) dr, (15.90) 

If we introduce the Fourier transform of the potential, 

v{k) = (27t)“^/^ j V'(r) df^ (15.91) 

the matrix element (15.90) reduces to 

(^/ I ^ I ^i) = (27t)~^/2 v{q) with q = kf-k^. (15.92) 

In elastic scattering \ kj \ = \ k^ \ such that the transferred momentum is 
expressed by 

+ ^2 — 2 fc- • fcj = 2 k‘^ (1 - cos 0) = 4 sin^ 0/2 (15.93) 

where 0 is the scattering angle. The scattering amplitude is therefore written 
in the Born approximation as follows: 

f{u) = -^^ 2 ^ {y=>f \ V \ Vi) = -V27T ^ v{q ) . (15.94) 

Some forms of the interaction potential V (r) lead to an analytical expression 
for the scattering amplitude. 
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6. Phase-Shift Method 



Expressed in spherical coordinates, the Schrodinger equation for a central 
potential is written with relation (12.99) 






i (^+ 1 ) 



(/?^(r) = 0, 



(15.95) 



with the reduced forms of energy and potential 

2m E ,2 / \ 2m V (r) 

e = -^ = k\ u{r)^—^. 

The solution ^^{r) is the regular solution of the radial Eq. (15.95), and its 
asymptotic form is 






ap sin ( A: r — — + 8i 



am A. / 7^ TV i 

r — ► oo V Z 



(15.96) 



The phase shift 6^ will be determined by the radial equation whereas will 
be adjusted so that the wave function 



^ (r, 0) = ^ O) 



(15.97) 



has the desired asymptotic behavior. 

Let us expand f{0) over the Legendre polynomial basis by setting 

fm = E fp Pp (cos G ) . (15.98) 

e 

The scattered wave ^ (r, 0) is written with (15.57) as 

rP (r, 0) = e' + /(0) — . (15.99) 

r 

With Legendre polynomial expansion (12.71) of the plane wave, 

5 (15.100) 

£ 

and expansion (15.98) of the spherical wave, we obtain 

(r, 0) = ^ ([^^] 3 e{k r) + • (15.101) 
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Let us use the asymptotic form of the spherical Bessel function: 






1 



2i k r 



j (fc _ i (fc 



(15.102) 



Inserting this into expression (15.101) for the Legendre polynomial expansion 
of the scattered wave, we obtain 



^ (r, 0) 



E 



{2i + 1) 



2ik r 



('■ 



i (k -i (fc r-^)' 



+/r 



J k r~\ 



(cos 0) . 



(15.103) 



With the phases 



e“* ^ = {-iY and e* ^ = i^, 



(15.104) 



the asymptotic form of the scattered wave is written as follows: 



r ^ (r, ©) 



E 



/ x^_Li 2^+1 f 2t -\-l \ 



P.. 



(15.105) 

Let us identify this result with (15.96), the expression for the asymptotic 
behavior of the regular radial solution at the origin: 



a^ = i^ 

fe = —r— e ^ sin 6^ 



(15.106) 



By reconstructing the scattering amplitude (15.98), we obtain 
^=0 

= fl • 



e=o 



(15.107) 



The differential cross section is the square modulus of the scattering ampli- 
tude: 

a(w) = I /(w) |2 . (15.108) 

It is written with expansion (15.107): 

cr(w) = -^ ^2 ^ sin 5^ sin 5^/ P^, (cos 0)P^ (cos 0) . 

it' 

(15.109) 
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The total cross section will be obtained by integration over the solid angle 
(0, ip) and with the orthogonal Legendre polynomials, 

J ^ Pfiu) Pe'iu) du = , (15.110) 

we obtain the following result: 



^tot = ^ ^ (2^ + 1) Sin^ 6^ 



(15.111) 



For 0 = 0, Eq. (15.107) coupled with the fact that Pg{l) = 1, will give 
the scattering amplitude 



/(O) = i V (2^ + 1) e* sin 6 ^ , (15.112) 

* e 

with an imaginary part equal to 

Im {/(O)} = -^ ^(2^ + 1) sin^ 6^. (15.113) 

rC 



This leads to the optical theorem that we have already had occasion to discuss 
in Sect. 2.2 of this chapter. 






(15.114) 



7. Angular Distribution and Polarization 

7.1 Transition Amplitude 

In a nuclear interaction process, a nucleus A comprising Z protons and N 
neutrons may be in direct interaction with another nucleus a to produce a 
residual nucleus B and an emerging particle b. Suppose that B and b are 
identical to A and a. We then call the scattering elastic if the energy of the 
emerging particles is equal to those of the incident particles, and inelastic 
if the contrary is the case. If nuclei {A a) and {B b) are different, we say 
that there has been a nuclear reaction since there is a rearrangment of the 
nucleons involved in the entrance channel {A a) and the exit channel {B b). 

The transition amplitude is the matrix element of the interaction potential 
between the incoming and the outgoing waves, and we can write it in the 
following form: 



T= i^Bb\y\^Aa)- 



(15.115) 
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The particles involved in this reaction possess a spin or a total angular mo- 
mentum defined as: for the target nucleus, for the incident 

nucleus, for the particle b and = ^5 + 5^, and for the residual nucleus. 
The transition amplitude can be fully expressed by projecting the matrix 
element onto configuration space (Elbaz, 1985) but because we are only in- 
terested in the geometry inherent in the angular distribution or in the polar- 
ization of the emerging particles, we will represent the transition amplitude 
with a black box, with the incoming and outgoing angular momenta, derived 
from the kets or bras of the transition amplitude (15.115): 



T = 



I -- Ss 




Sb 



(15.116) 



7.2 Detection of Emerging Particles 

There is a statistical angular momentum density of states and in the 
entrance channel and a statistical detection efficiency of the angular momen- 
tum states and in the exit channel. The observation of the emerging 
and residual particles is proportional to the mean value of the detection effi- 
ciency tensor e. This can be written as: 

{e) =W = Tr{ge). (15.117) 

By introducing the statistical tensors of the entrance channel (initial density 
of states) and those of the exit channel (detection efficiency of the final state), 
we obtain the mean value of the detection efficiency tensor W: 



W= I T 



7.3 Distribution of Emerging Particles 

If we do not measure the polarization of emerging and residual particles, 
then there is no need to introduce the ITOs associated with and . We 
therefore have to link the extremities of corresponding kinetic lines. 

If the incident and target particles are not polarized, then there is no need 
either to introduce the irreducible tensor operators (ITOs) related to g^^' and 
g ^^ . This means linking corresponding kinetic lines. This particular case, the 
simplest imaginable, therefore corresponds to the following Wq diagram: 



Ja >< Jai 

Q S b ' 



T i- 



(15.118) 
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— 


1 


— 1 




Ja 


1 


T 


Sb ; 


f*"! 


. ! 


-ip 1 


1 






: 



(15.119) 



= E I ^ ( 15 - 120 ) 

cr,, HB 

Let /Xj and be the reduced masses of the incident and emerging channels, 



- = — + — and — = — + — , (15.121) 

Mi '^A tJ-f ms 

and and the moduli of the wave vectors of the incident and emerging 
particles, 

= and (15.122) 

The angular distribution of the emerging particles is written with Wq 



^ ^ Mi M/ h 

dQ {2nhy K 



(15.123) 



Notice that the angular distribution defines the relationship between the 
number of particles detected in a given direction and the number of incident 
particles. It is therefore a magnitude that is invariant under rotation of the 
system of axes considering that only the relative direction of incident and 
emerging particles are relevant. This is clearly visible in the diagram rep- 
resenting Wq. Rather than try to detail the foregoing diagram, we will be 
content here to show that, in the transition amplitude, the angular depen- 
dence of the incident particles and the emerging particles associated 
with the spherical harmonics Yi^rna (^a) Sive: 



A U 

U* L 













T = 


T 




A lb 

Icl I j , 




1 Sb 


■'Q * ^ 




[■ ^ 



(15.124) 



The Wq diagram associated with the angular distribution becomes, with 
(15.119), 




(15.125) 
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The contraction (12.53) of the spherical harmonics of the same angle intro- 
duces the intermediate orbital momenta and L^\ 




The pinch (11.109) over lines and introduces the Legendre polynomial 
(13.31) of the relative direction (fc^, k^)\ 




We only have to express Wq analytically to obtain the theoretical value of 
the angular distribution of the emerging particles for each type of nuclear 
reaction, or for elastic or inelastic scattering of particles (Elbaz, 1985). 



7.4 Polarization of Emerging Particles 



Consider the simplest case in which the incident particles a on nuclei A are 
unpolarized and in which only the polarization of emerging particles b is 
detected. It has been shown in Chap. 13 that the mean value of e can be 
expressed with ITOs associated with the statistical densities, 

is) (15.128) 

k X 



and that the statistical density of states ^ ^ associated with a detection 
efficiency * defined the components of the polarization vector (for parti- 
cles with spin ^), or more generally speaking, of the polarization tensor (for 
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particles with greater spins): 




The statistical polarization tensor of emerging particles is therefore ob- 
tained by introducing the intermediate momentum k and the statistical effi- 
ciency tensor in VF, giving: 




(15.130) 



By comparison with the foregoing diagram (15.129) and by normalizing the 
diagram (15.129) at the value Wq in the absence of any polarization measure- 
ment (we should in this case obtain Wq), we infer the polarization tensor: 



^kx 



A] 





>^0 


! 




Ja 


1 

1 


' T 


js 






A 


i 









(15.131) 



We must recall that, for particles with spin 



^00 - 

q\'A = T (P. 



V2 ^ 



and 



(15.132) 
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whereas for particles with spin 1, we obtain (Elbaz, 1985) 

^00 ~ ~ ~ T 2 (-^x ^ * -Py) ) 

^20 = ^ P» qLi = T iPy,), (15.133) 

^l±2 = I (Pxx - Pyy ± 2i P^y) . 

Just like with the angular distribution, it is possible to exhibit the angular 
dependence of the polarization. The only difference here is that the pinch of 
the orbital lines and will no longer be possible because of the kinetic 
line (fc x)- We thus obtain, by expressing the angular dependences of diagram 
(15.131), 




The pinch (11.120) on lines (L^ k) introduces a function of (fc^, fc^) that 
is no longer a Legendre polynomial: 



X — - 



La ka 
kx 




(15.135) 



Lb^kb 



= E 



Ma Mb 



M } iK) Mb iK) ■ (15.136) 



La X 



Notice here that the special value of this function: 



MdO iK’ K) — ^La Lf, Pla (^®® (^a> ^b)) 



(15.137) 



is the value used in the calculation of the angular distribution in (15.129). 
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The remaining closed diagram has the following graphical structure: 




(15.138) 



As an exercise, let us make a complete evaluation of the angular distribution 
and the polarization of the emerging particles for a nuclear reaction involving 
the direct transfer of a nucleon x of a nucleus to another nucleus A: 



A a ( — b x) — > B ( — A x) H- 6 . (15.139) 



This gives a transition amplitude of the following form: 



(^a. K) G (K, k) , (15.140) 

in which the radial integral will be of the form 

n {k^, kf,) = J dr {k^ r) Xia (K . (15.141) 



whereas the angular part (hidden in the black box of the transition amplitude) 
has the following graphical representation with an interaction potential of 
zero range: 




(15.142) 



The analytical transcription of this result is not hard to find although, for the 
time being of no use. In the meantime, we will note that, following relations 
(15.120) and (15.123), the angular distribution of emerging particles is written 



da 

dQ 



Mi h 1 
( 27 T fca [si j\] 



E 

MA mb 



MA MB 



2 



(15.143) 
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and by extracting the square modulus of the radial integral of the transition 
amplitude (15.141) we obtain 



da 

dQ 



h 1 

(27t Ti^y K [«a 3a\ 



n {K, Y. 

(^h MA MB 



G{L k) ? 



(15.144) 

The graphical statement of the sum is easily obtained with diagram (15.142): 



Ei= Y I G{K, k) I' 



MB MA 




(15.145) 



Following the extraction of the triangular deltas by pinch on the two kinetic 
lines (ji, j‘i), ^ 2 ^ 2 ) then (LT')? we are left with a diagram denoted 

— {Ja h} ^32 j'2 Jb h) ^ji j[ Ol h ^LV 

L-^]E^. (15.146) 

The contraction of the spherical harmonics will lead to the angular depen- 
dence of 




The analytical transcription of this diagram is all the more easy since all the 
poles are marked, making it possible to avoid introducing the reading orders 
at the poles or the direction of the kinetic lines and leaving the value outside 
the triangular deltas: 



E 2 



47T 



Pc (cos(fc„, fcfc)) 



/ 0 £\ / 0 L Ln / 0 0 ^\{K Lt 0\ E, L\ 

Ua 0 0) U; 0 0; £ lJ V 0 0 l )\ l , l , c ]- 

(15.148) 



X 
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It is also possible to rearrange the summation over the intermediate orbital 
angular momentum L in order to replace E 2 by which has the graphical 
expression 

L’a Lj, 



E3 = 




(15.149) 



leading to the simplest analytical form: 



(cos(fc„, k,))[C 



La L', 

0 0 



[Ll [Ll C^] 

An 47t 

2 



0 0 



(15.150) 



The angular distribution (15.144) therefore depends on the relative direction 
of the vectors and through the Legendre polynomial as we can see in 
E 2 or in E^, and is, in the final analysis, written with E^: 



da 

dQ 



Mi /^/ K 1 
K WaiW 

X [Ll Ll L'^ Lf l^\ 



h)\Hia h J 2 } K 3b h} 

a, l; iV (L, l; iV 

, 0 0 0 / V 0 0 0 j 



Pi (cos(fc<„ ^(,)) 



(15.151) 



The above example of the calculation of angular distributions of the emerging 
particles b in the direct nuclear reaction A A- a B b with a zero-range 
interaction potential is the simplest example imaginable. It shows however the 
procedure for obtaining the analytical statement of the angular distribution 
(or by using (15.38) of the polarization) for any form whatsoever of the 
interaction potential. 
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Born approximation 








Chapter 16 
Second Quantization 



The second quantization formalism is based on an assumed knowledge of 
the possible quantum states of a system and their occupation or otherwise 
by particles. Naturally, it takes into account all the postulates of quantum 
mechanics although it rests essentially on the algebra of the operators acting 
in the Hilbert space of states. Its use is indispensible in the description of 
quantum systems with a large number of particles: atoms, nuclei, as well as 
in quantum field theory. We will introduce the formalism with a discussion 
of the harmonic oscillator, then go on to generalize the method to boson 
and fermion systems, and finally return to the harmonic oscillator with field 
quantization. 



1. One-Dimensional Harmonic Oscillator 

The importance of the harmonic oscillator in quantum physics is two-fold. 
The first aspect has to do with the possibility of describing to a first approx- 
imation a bound system, such as a particle in a harmonic well. This yields 
precious information on energy levels, their spacing, and their degeneracy. 
This is the idea behind the nuclear shell model. The second aspect concerns 
the formalism actually used, based on the description of creation and annihi- 
lation operators, to construct a representation of quantum states in a discrete 
basis. 

This method underlies the second quantization formalism as well as the 
factorization method for solving certain types of differential equation. Finally, 
it is important to be familiar with the harmonic oscillator if we want to get 
to grips with the quantum field theory. 

1.1 Creation and Annihilation Operator 

Consider a particle with mass m in a harmonic potential well. The motion of 
the particle will be defined by the classical Hamiltonian 

H = ^ — h ^ m , 

2m 2 

where a; is the angular velocity of the oscillator. 



( 16 . 1 ) 
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We introduce a quantum creation operator: 

Im uj i 






X 



2^ \/2m Tt (ju 

and its transpose, the annihilation operator: 

Im uj i 



(16.2) 



a = (a+)+ = 



x-^ 



2^ y/2m h UJ 

The operator N = a^a (in this order) is the number of quanta operator: 
mu i \fimu i 



(16.3) 



N = a = 



X — 



2^ \/2m h u J \\l 2h 

The expansion of this operator product yields 



x + 



y/2m h 



u 



P 



N = 



m u 






1 



1 



^ ^ (^P - px) • 

2mhu ^ 2fi ^ ^ ^ ^ 



(16.4) 



The postulates of quantum mechanics provide the value of the operator com- 
mutator of X and p, that is [x,p] = ih, making it possible to write: 



1 



1 



N = ^ m ^ 1 . 

h u \2 2m 2 



(16.5) 



We recognize the Hamiltonian H in the term in brackets, which leads to the 
important relation 

= (16.6) 
or, by expressing the Hamiltonian with respect to N, 



H = 



AT + il 



h u 



(16.7) 



The search for the eigenvalues of the Hamiltionian H therefore reduces to 
the search for the eigenvalues n and the eigenvectors | n), of N. 



N \ n) = n \ n) . (16.8) 

The operator is Hermitian since = (a“^a)'^ = a = N, which defines 
the real eigenvalues n: 

n* = n = {n \ N \ n) = (n | a"*" o | n) . (16.9) 

The bra vector (n | a"*" is the transpose of a | n) and hence n represents the 
norm (positive or zero) of the vector a | n): 
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n = Norm (a | n)) > 0 



(16.10) 



The eigenvalues n are therefore positive or zero and a zero value of the norm 
implies that the vector itself is zero. 

Let us use definitions (16.2) and (16.3) and the commutator [x^p] to 
calculate the commutation relation between a and a"^: 

a a = [a, a“^] = 1 . (16.11) 

This yields the important relations 

Na = aa = (aa"^ — l)a = aa“^ a — a = a(a“^ a — 1) = a (AT — 1) , (16.12a) 
which correspond to the commutation relation 



[AT, a] = -a, (16.12b) 

and, similarly, with the creation operator, 

aa+ = (a+ a + 1) = {N + 1) . (16.13a) 

This is written in the form of a commutator as follows: 



[AT,a+] = a+. (16.13b) 

Thus, by applying relation (16.12) to the vector | n), we obtain 



AT (a I n)) = a (AT - 1) I n) = a (n - 1) | n) = (n - 1) (a | n)) . (16.14) 



The vector A | n) is the eigenvector of N corresponding to the eigenvalue 
(n - 1). We can therefore note that the vector a | n) is proportional to 
a vector | n — 1), which is also an eigenvector of N corresponding to the 
eigenvalue (n — 1), that is 



N {a I n)) = (n - 1) (a I n)) , 
A^ I n - 1) = (n - 1) I n - 1) . 

By comparing these results, we obtain 



(16.15) 



a I n) = c I n — 1) . 



(16.16) 



We may assume that the vectors | n) are normalized and proceed to write 



{n I n') 



(16.17) 



Now let us evaluate the norm of the vector a | n) using (16.16): 

(n I a I n) = (n — 1 | c* c | n - 1) = | c p (n - 1 | n - 1) = | c ^ , 
but following (16.10), the norm of (a | n)) is equal to n. We therefore choose 




420 Chapter 16 Second Quantization 

c = v^. (16.18) 

The annihilation operator a causes the eigenvalue to go from n of AT to the 
eigenvalue (n - 1), which corresponds to the eigenvector \n-l) of N, which, 
with the aid of relation (16.16), then becomes: 



a I n) = y/n | n - 1) 



(16.19) 



It can further be shown that | n) is an eigenvector of AT, but corresponding 
to the eigenvalue (n — 2) and we can continue in this manner to the pth-order: 



a I n) = y/n | n — 1) 

\ n) = a a \ n) = a y/n | n - 1) = y/n (n — 1) | n - 2) 



aP I n) 
If n = 0, 



= = v^n (n - 1) . . . (n -p + 1) \n-p) . 

(16.20) 

that is if Norm (a | n)) == 0, then the vector a \ n) will itself be zero: 



(16.21) 



The value 0 belongs to the series of possible values of n and considering 
that these values vary by one-unit jumps at a time, we infer that n can take 
positive or zero integer values n = 0, 1, 2 . . . . 

We can also show in an analogous manner, using relation (16.13), that 
I n) is an eigenvector of N corresponding to the eigenvalue n -f 1. 

The normalization of the vector | n) then leads us to write 



a I 0) - 0 



\ n) = \/(n-h 1) \n + l) 



(16.22) 



We can construct the vector | n + 1) by the action of the creation operator 
a“*“, or the vector | n — 1) by the action of the annihilation operator a (Fig. 1) 
from an eigenvalue n corresponding to the eigenvector | n) of N. 



a 



| 0 > 





OV Ai A2 



+ 










Figure 1 
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We thus formulate two theorems: 

Theorem 1: The positive real eigenvalues of N are the integers 0, 1, 2, . . . 

N \n) =n\n) n = 0,1,2,... (16.23) 

This leads to the eigenvalue equation of the Hamiltonian operator: 

H \ n) = ^ h uj \ n) “ h u) \ n) . (16.24) 

The eigenvalues of the Hamiltonian H are therefore discrete and are expressed 
as follows: 

+ ^ ^ hu. (16.25) 



Theorem 2: To the eigenvalue n corresponds the eigenfunction \ n) of N 
and any one of the eigenfunctions can be used to construct the others by 
application of the creation operator or the annihilation operator a: 

| 0 ) 



1) =0+1 


|0) 






2) 


il) 


= («^)“ 1 0) 


(16.26) 


n) = . . . 









In the space {AT}, or Fock space, determined by the vectors | 0) | 1) . . . | n), 
a vector can be constructed from the “quantum” vacuum | 0) using the pre- 
ceding relation: 



n) = (n!)-i /2 a+^\ 0 ) 



(16.27) 



We can also reduce the eigenvalue, one unit at a time, until we obtain a zero 
eigenvalue: 

a I n) = ^/n | n - 1) 

a I n — 1) = y/n — 1 I n — 2) 

(16.28) 



a I 0) = 0 . 



The eigenvalues of N constitute a complete basis in which we can represent 
the harmonic oscillator; this is the “occupation number {N} representation 
of energy quanta hi/” or Fock space. 
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1.2 {N} Representation 

The Fock space in this representation is therefore spanned by the enumerable 
infinity of vectors | n), eigenvectors of the operator N: 



N \ n) = n \ n) 

( n I n' ) = 

I n) ( n I = 1 



The transition from one basis vector to another is made by applying the 
creation and annihilation operators. 

In this representation, the matrix representing the operator N and that 
representing the Hamiltonian operator H = [N ^ l) /i a; are diagonal: 



0 , 1 , 2 ,... 



(16.29) 



H = huj 



■ 1/2 0 0 0 

03/200 
0 05/20 

0 0 7/2 



(16.30) 



The matrices representing the operators p and x are not diagonal and are 
constructed from a~^ and a using definitions (16.2) and (16.3): 



X = 



h 



2m u 



(a"^ + a) — 



2m oj 



p = i 



m h uj . , . . Im h uj 

(a“^ — a) = i 



ro 1 

1 0 y/2 

0 Vs 
V3 0 ViJ 



0 -Vi 
+v/I 0 -V2 

+y/2 0 



(16.31) 



-V3 



1.3 {X} Representation 

We can seek the eigenfunctions of the Hamiltonian H in configuration space 
by projecting the eigenstates | n) onto {X}, introducing in this way the wave 
function 

{x\n) =^^{x). (16.32) 

The ground state is determined by definition (16.21) of the quantum vacuum 
I 0), that is. 




1. One-Dimensional Harmonic Oscillator 423 



and by projecting onto {X}, we obtain the equivalent equation 

(x I a 1 0) = j {x \ a \ x') dx'{x' \0) = j a(x) 6{x - x') %{x') dx' 

= a(x) %{x) 

This yields with (16.21) the definition of the ground state %{x) of the oscil- 
lator; 



a(x) ^q(x) = 0 



(16.33) 



Expression (16.3) for the annihilation operator a(x) in configuration space 
leads to the equation 



m u> t p \ ^ 



(16.34) 



which, with the correspondence principle, yields the differential equation 



^Jx) = 0. 

2m (jj dx I ^ 



This is a separable first-order equation of the form 

d ^q{x) _ m (jU 



(16.35) 



(16.36) 



When normalized to unity, the solution is written as follows: 



^ , /m a;\ 1/4 /-m uj o 

“n— 



(16.37) 



The first excited state is obtained with relation (16.26) projected onto the 
configuration space: 



!f'i(x) =: (x I 1) ^ (x 1 a+ 1 0) - y (; 



X \ a'^ \ x') dx' {x' I 0) , 



!f'i(x) = a+(x) %{x). 

With the correspondence principle, we are led to the differential equation 



h d 



2m uo dx 



(16.38) 



By differentiating (16.37) and inserting th result into (16.38), we obtain the 
first excited state: 

^li^) = ^ ■ (16.39) 
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We can thus construct, step-by-step, the wave functions of the excited states 
of the one-dimensional harmonic oscillator in configuration space. 

To simplify the notation, we change variables and functions by setting 

^ = uJX)^{X\n). (16.40) 

The unit-normalized function Uj^{X), corresponding to the energy eigenvalue 
— (n+ h uj, is the solution of eigenvalue Eq. (16.24) in which H is 
expressed with (16.1) and we change coordinates according to (16.40): 

2 ^‘^'^niX)- (16.41) 

The functions u„(x) constitute by construction a complete orthonormal basis: 



£ <(X) u^(X') = '£{X'\ n) (n I X) = {X' | X) = 6{X'-X) , (16.42) 

n=0 n 

/ +00 ^+00 

ul{X) u^{X) dX = / {n\X)dX{X\p) = {n\p) ^6^^. 

(16.43) 

The projection onto configuration space {X} of relations (16.19) and (16.22) 
defining the annihilation and creation operators gives the first-order differ- 
ential equations constituting the recursion relations for the functions u„(X): 



Calculating the term-by-term sum of these two equations, we have 



(16.44) 



^ Unix) = u„_i(X) + ti„+i(X) . (16.45) 



We can use the recursion relations to construct the analytical form of the 
u^{X). This involves the introduction of the nth-order Hermite polynomials 
generated by the relation 

^n(^) = (-)” ^ n = 0,1, 2... 00 . (16.46) 

The Hermite polynomials have n zeros and a (-)" parity. We note the fol- 
lowing special values: 

/fo(X) = l, 

Hi(X) = 2X, (16.47) 

H^iX) = 4X2 - 2 . 
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The general form of the u^{X) with (-)’^ parity such as H^{X) is then 
written, after normalization, 

u„{X) = 2" H„{X) . (16.48) 



2. The p-Dimensional Harmonic Oscillator 

2.1 General Formulation 

In the one-dimensional problem, we constructed the eigenstates of the har- 
monic oscillator via the particle number operator N = a. We will gen- 
eralize this method to the case of a p-dimensional harmonic oscillator by 
setting 



Z=1 

liH, is defined in the space of states in terms of the variables and then 
the space of the dynamical states envisaged will be the tensor product of all 
existing that is, 

S = 8i ( 8 ) S 2 ( 8 ) . . . < 8 ) £p 

and the vector | n^, . . . , n^) = | n^) ... | rip) will be the eigenstate of the 
overall Hamiltonian, with, for each i state, 

Hi\rii) = + ^ huj \rii) i = l,2,...p. (16.50) 

This will lead, with (16.49), to the eigenvalue equation 

H \n^... Up) = (ni + . . . rip + 0 ^u; | . . . n^) . (16.51) 

The corresponding energy = {n + p/2)h u; = (n^ + . . . rip +p/2) h uj 
depends solely on the sum n = -h . . . of the p positive integers . . . n^. 
There exist = (n -hp — l)!/[n! (p — 1)!] different possible values and, 

hence, the eigenvalue (n-fp/2) h uu of the p-dimensional oscillator will be 
C^-^p-i-fold degenerate. 

We introduce the type i creation and annihilation operators. They satisfy 
the conunutation relations 

[a^, aj] = [af, at] =0 

[o^, at] = 5.^. 1 = 

Let I 0) be the eigenvector of the ground state, while | 0) = 
being the expression for the quantum vacuum. When relations (16.26) are 



(16.52) 

p times . 

0 ... 0 ^ 
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applied to each of the i states, we obtain an eigenvector of H: 

Oj I 0) = fl2 I 0) ... = flp I 0) =0, (16.53) 

|ni...np) =(ni!...np !)-'/" I 0). (16.54) 

The operator for the total number of quanta, n, eigenvalue of will be the 
sum of eigenvalues of the number of type i quanta Nf 

AT = 5] at a, - iV, . (16.55) 

2=1 i 

2.2 Two-Dimensional Harmonic Oscillator 

We can use the above case study, that is, Eq. (16.51) for p = 2, to set up a 
table of the eigenvalues and eigenvectors of H (Table 1). 



Table 1. Eigenvalues and eigenvectors of the two-dimensional harmonic oscillator. 



Eigenvalues 
of if 


Degeneracy 


Eigenvectors 
common to and N 2 


h (j 


1 


|00) 


2iTi u) 


2 


1 10) 1 01) 


3h u 


3 


1 20) 1 11) 1 02) 


fi uj 


n + 1 = Q+i 


1 n 0) 1 n — 1 1) . . . 1 n — s 5) 

... 1 On) 



A two-dimensional “angular momentum” is defined by the relation 

^ ^ («i P2 - 92 Pi) = * («i 4 - «2) • (16.56) 

The operator L commutes with i/; it is therefore a constant of the motion. 
We will show that N and L constitute another complete set of commuting 
(or compatible) observables. 
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We will introduce for the purpose two types of creation and annihilation 
operators: 

(ttj T * ^2) ) 

^± = ^{at ± * 4 )- 

It is now easy to determine the commutation relations: 




4] = [A+, A+] = o 



r = ±, s = ±. 



(16.58) 



We also introduce the type + and type - A_^ and N_ = At. A _ 

“number of quanta” operators. 

These eigenvalues can be studied in the same manner as above, in a one- 
dimensional space, and the study leads us to write 



N_^ I n_^ n_) = n^_ I n_j_ n _) , 

N_ I n_^ n_) =n_ \ n _) , 

with the eigenvalues n_^ and n_ being real numbers and integers: 
n_^ — 0,1,2,.. and n_ = 0, 1, 2, . . . . 

Using the definition of the vacuum of the + state or — state: 



(16.59) 



(16.60) 



I 00) - I 00) =0, (16.61) 

we obtain the eigenfunctions of and N _ : 

I n_) = (n+ ! n_ !)-i \ 00) . (16.62) 

The operators N, L and H can be expressed with A and A~^ using relations 
(16.56) and (16.57) and the definitions of N_^ and N_: 

L = i (a^a^ — af U2) = N_^ — N_ 

N = at di H“ CL2 Oj2 — H- N _ 

1 1 (16-63) 

H = {N^ + -l-^N_ + -l)nuj 

= + N_ 1) hu) = {N -\- 1) huj . 



The operators N_^ and N_ constitute a complete set of commuting observ- 
ables. This is also true of the operators L and N: 



[iV+, N_] = 0 and [L, N] = 0 imply [H, N] = 0 and [H, L]=0. (16.64) 
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We can therefore proceed to write the eigenvalue equations 

H I n_) ={n^ + n_ + l)hu}\n^ n _) , 

r I \ / ^ I \ (16.65) 

L I n_^ n_) = (n_^ — n_) | n_) . 

is interpreted as the number of particles with positive charge and N_ as 
the number of particles with negative charge, with operator L representing 
the total charge operator. 

In the theory of crystal vibrations, the motions of lattices are represented 
with the two-dimensional isotropic oscillators and the oscillation quanta are 
termed phonons. Type -h or type - phonons then represent traveling waves 
that are propagating in opposite directions. 



2.3 Three-Dimensional Oscillator 



We now write the Hamiltonian as follows: 

H = + = + + (16.66) 

The notation has been changed to avoid any confusion between the reduced 
mass fi and the orbital magnetic quantum number m. 

The eigenvalues of H will be (n -f |) huj and they are ^ (n-hl) (n-f-2)-fold 
degenerate. The base vectors will be in the Cartesian basis: 

I ^z) = (Px -ny'.n^ 0+"* | 000) . (16.67) 

In the standard spherical basis, the radial and angular parts separate and we 
write them with the spherical harmonics as follows: 

{r e ip\nem) = ^ ^ (r, 6>, </?) = u^{r) ^{6, ip) . (16.68) 

The quantum numbers n, £ and m assume the values: 

n > ^ + 1 azimuthal or principal quantum number , 

^ = 0, 1, 2, . . . orbital quantum number , (16.69) 

—£< m < -^£ magnetic quantum number . 



The functions u'^{r) are obtained by solving the radial equation and using 
a = One finds 



<(r) = 



a^+3/2 

7t1/4 



2n+m(^_ 1) I 

(2n -f 2^ - 1) ! ! 



1/2 

exp 



—a^ 



r^+l/2 

^n-l 



(a^ r^) . 



(16.70) 



2 
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These are unit-normalized functions 

CX) 

W (0 dr = I, (16.71) 

corresponding to the eigenvalue = /i a; (2n-f of the oscillator energy. 

The functions [p? r^) are ^th-order Laguerre polynomials. 

The three-dimensional harmonic oscillator plays an important role in the 
shell model of the nucleus (Ripka and Blaizot, 1978). 



3. Bosons and Fermions 



Let us define a particle as a well-defined quantum state, localized in space- 
time, and characterized by the elements that are conserved over time (invari- 
ants): restmass; charges [electric, weak (or neutral), leptonic, baryonic]; spin; 
parity .... 

Each species of particle % is defined by a statistical distribution function 
in a gas in equilibrium at the temperature T: 



/ = 



exp 



{\Jx^ + zf-Q-q 



(16.72) 



This function determines the numerical density n^, the pressure P-, and the 
energy density of these particles at a temperature T. The parameter q is 
a number equal to ±1, which determines the type, boson or fermion, of the 
particles. In the statistical distribution function, we have set 



p c 



rrij c- 
ksT 



and 






ksT 



(16.73) 



The parameter represents the chemical potential of a type i particle and 
kg is Boltzmann’s constant: 



kg = 8.617 658 10“® eV = 1.3801 



(16.74) 



The restmass m^ of a particle is equivalent to an energy with mass or 

to a formation temperature 

2 

T^ (in K) = = 1.16 10^° rui (in MeV/c^) . (16.75) 

Kb 



We thus speak of the 7r-meson with mass ~ 140 MeV/c^ or with for- 
mation temperature 10^^ K. The number of degrees of spin freedom for 
mass particles with spin is equal to (2 5^ -h 1); for particles with zero mass 
(at rest), such as photons, the number of degrees of spin freedom is = 2. 
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A knowledge of the distribution function f{x z- g-;e) completely determines 
the statistical characteristics of a gas of type i particles. By setting 



li- 

27t2 



ksT 
h c 



3 

= 9 (9i,T), 



(16.76) 



we obtain the numerical density, number of type i particles per unit volume: 

poo 

rii = 9 {9i, T) f (x Zi q) dx , (16.77) 

Jo 

the energy density, energy of type i particles per unit volume: 

Qi = 9{9i, T) f{x Zi q) x'^ ^Jx“^ + zf dx , 

and the pressure of the particles i in a volume element: 

1 f°° x'^ 

Pi = ^9{9i,T) / f{xz,^.,q)-r=^ 

Jo ^Jx^-\-zf 



dx . 



(16.78) 



(16.79) 



Because the overall densities and pressures are arithmetic sums over particle 
type of the above observables: 



i i i 

We will now examine the possible constituents of this gas of particles and 
their fundamental interactions. 



3.1 Fermions 

The matter constituting the Universe is made up of fermions. Fermions are 
particles with mass (at rest), spin and charge Q (leptonic, baryonic, 
electric, weak, color or gravitational). 

These particles obey Fermi-Dirac statistics for which the parameter q 
takes the value —1 defining the statistical distribution function f {x —1) 
= [expO + 1]“^. The wave function of a fermion system is antisymmetric 
with respect to the exchange of the position of two fermions, implying that 
fermions obey the Pauli Exclusion Principle. 

In Chap. 9, we described the two main classes of fermions in nature, 
leptons and hadrons, the former being insensitive to strong interaction and 
the latter being sensitive to all forms of fundamental interactions (Table 2). 

Electrically charged leptons (electrons, muons, tau) are massive whereas 
their corresponding neutrinos possess only a small mass and, maybe, even 
none at all. 
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Table 2. The standard model of fundamental interactions 




The masses attributed in 1996 to leptons and quarks, in GeV/c^ 
(= 1.782 662 70 x 10“^^g) are as follows: 





1st generation 


2nd generation 


3rd generation 


Leptons 


(7-10-9 
= 5.1 • 10-4 


m,, (3-10-4 
m„ = 0.106 


(4 • lQ-9 
- 1.777 


Quarks 


m„ = 5 • 10-9 
= 9 • 10-9 


= 1.350 
m, = 0.175 


m< = 175 ± 6 
rrif^ = 4.5 



3.2 Bosons Mediating Fundamental Interactions 

These are particles with integer spin obeying a Bose-Einstein statistical dis- 
tribution in which the coefficient q is equal to + 1, thus defining the statistical 
distribution function / (x 1) = [exp() — 1]~^ The wave function of a 
boson system is symmetrical with respect to the exchange of the position of 
two of them, and bosons are not subjected to the Pauli exclusion principle. 

By bringing together an even number of fermions, we can create a boson, 
for example, a deuteron comprising a neutron and a proton, or an a-particle 
comprising two protons and two neutrons. Perhaps even more interesting are 
the bosons that mediate the fundamental interactions, i.e. the gauge bosons. 
From the quantum-mechanical point of view, a fundamental interaction cor- 
responds to the exchange of virtual bosons between fermions. If the rest mass 
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of these bosons is then the range of the interaction will be 



he _ 197 (MeV fm) _ 3 • 10 kg m 

ttiq tuq (? (MeV) (kg) 



(16.81) 



Thus, a photon with zero mass confers an infinite range to the electromagnetic 
interaction, a meson with mass 140 MeV/c^ corresponds to a range on the 
order of 1.4 fermi (1 fermi = 10“^^ cm), whereas an intermediate boson with 
mass 90 GeV/c^ confers a range of about 2 • 10“^ fm, that is, about 10”^^ 
cm. 

The strength of the interaction between a fermion with charge Q and 
another with charge Q' is measured by the dimensionless number: 



^QQ' ^QQ' (MeVfm) 
he 197 (MeV&n) ’ 



(16.82) 



For the exchange of only one virtual boson (a first-order term in the Feynman 
perturbation expansion), a fundamental interaction can be expressed with the 
attractive or repulsive potential 



e-r/XB QQ< 

Vf = ±af = ± — 

j j rp her 



(16.83) 



Fundamental interactions with infinite range, carried by bosons with zero 
mass will thus be written as follows: 



Vf = ± 



1 

r 



(16.84) 



We can include in this category: 

i) The gravitational interaction carried by gravitons, bosons with zero 
mass, with a non-zero gravitational charge, and spin 2. This interaction is 
always attractive and has a strength characterized by the number 



Qg Q'g _ G mm' 
he he 



(16.85) 



By evaluating the gravitational interaction between a proton with mass 



rup = 1.672 623 IQ-^^kg 938.27231 (MeV/c^) , 
and an electron with mass 

= 9.109 389 10"^^ kg = 0.510 999 06 (MeV/c^) , (16.86) 



we obtain the strength of the gravitational interaction 

- 10-^2 (16.87) 

ii) The electromagnetic interaction borne by virtual photons, gauge 
bosons (see Chap. 8) of the electromagnetic field, particles with zero mass 
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and spin 1, which can be attractive (when the electrical charges have oppo- 
site signs) or repulsive (electrical charges of the same sign). The intensity of 
the electromagnetic interaction between an electron and a proton (attractive 
force) is easily evaluated as 



This is the finestructure constant of the electromagnetic interaction, which 
is known to great precision; expressed in MKS units, it has the value 

a = — = 1/137.035 989 5 . 

47T £q he 

Heisenberg’s uncertainty relation enables us to understand why the gravita- 
tional and electromagnetic interactions that are propagated at the speed of 
light c lead to forces behaving as 1/r^. Within a domain of size zi x ~ r, 
exchange bosons will have the following momentum: 

A X A ~ h that is Z\ . (16.89) 



The time required for a boson to cover the distance Z\ x = r, at the speed 
c, will he A t = r/c. We infer from this the force applied to the exchange 
boson: 

^Px .. 

At ’ 



F = 



(16.90) 



iii) The third force carried by massless bosons is the strong interaction or 
color interaction, carried by gluons G^, field gauge bosons that change the 
color j of a quark g to a color i\ 



G\qj=qi i7^j = l,2,3. (16.91) 

The strength of the strong (color) interaction is 

= 0.1134 ±0.0035. (16.92) 

The confinement force between the quarks, which is proportional to their 
separation, makes them unobservable outside the nuclei, in the free state. We 
notice that the series expansion of the fundamental interaction (16.83) yields 
± ^ as the first term, but only by further introducing a constant term 

in a^/A^, and then a term proportional to r in responsible for the 

confinement. This is the approximate form of the strong color interaction usu- 
ally chosen empirically, and which adequately accounts for the confinement 
of quarks inside the nuclei: 

Vf = - + Br, 



(16.93) 




434 Chapter 16 Second Quantization 



The coefficients A and B are determined in a purely phenomenological man- 
ner. 

The strong nuclear interaction is carried by massive mesons. These parti- 
cles represent a structure linked by the color exchange of a quark with flavor 
/ (that is of the u, d, 5 , c, 6, t type) arid color z(r, r/, g red, yellow, green) and 
of an antiquark /' (that is of the u, d, 5 , c, 6, t type) and an anticolor i (a 
complementary color of i): 

M = Y,hf'' (16.94) 

i 

Mesons are not colored (they may be considered as being white) and, hence, 
observable. Stable mesons possess spin 0 and isospin 0, 1, or In this way, 
we can observe the 7r-mesons with mass about 140 meV/c^ and isospin 1: 

7r~^ = u d 7T^ = (u u — d d) 7 t~ = u d, (16.95) 

the ry-mesons with mass 547.45 MeV/c^ and isospin 0: 



rj = (u u + d d) + C2 ( 55 ), (16.96) 

the iiT-mesons with isospin ^ and mass about 490 MeV/c^: 

= u s K~ = u s = d s and = d s ^ (16.97) 

and then the D-mesons with isospin constructed with flrst- and second- 
generation quarks and antiquarks and Anally the 5-mesons, also with isospin 
constructed with flrst- and third-generation quarks and antiquarks. 

The strong nuclear interaction is an effective color interaction that is 
analogous to the van der Waals interaction between molecules. Its strength 
is about one. 

iv) The weak nuclear interaction responsible for radioactive phenomena 
is carried by the intermediate bosons W~^ and Z^, gauge bosons of the 
weak interaction, particles with spin 1 and mass: 



my^r = 80.356 ± 0.125 GeV/c^ , 
m^o = 91.1863 ± 0.0020 GeV/c^ . 



(16.98) 



Intermediate bosons were flrst characterized at CERN in Geneva in 1984. 
These particles are not directly observable, because their lifetime is about 
IQ-^'^s and their path of about 10“^"^ cm is smaller than the diameter of 
the electron. Their existence can only be inferred from the products of their 
disintegration. Since then, these particles have been abundantly produced in 
e~^ e~ experiments with the LEP accelerator at CERN. The range of the weak 
interaction is about 10”^^ cm, and its strength about 1/30. One is inclined 
to think that the weak nuclear interaction is that part of the interaction of 
a fundamental interaction that can be termed hypercolor and a number of 
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theories (Elbaz, 1989) attributing a common sub-structure (termed rishon by 
H. Harari) to leptons and quarks have been developed. But in the absence of 
experimental evidence in favor of the existence of excited states of intermedi- 
ate bosons, such theories cannot yet be accepted. Experimental developments 
with future high-energy particle accelerators will no doubt provide answers 
to these questions. 



4. Fermion Systems 

Although the Dirac formalism is well-adapted to the description of individual 
quantum states, it is too cumbersome for the description of a large number of 
particles: fermions in one nucleus, or exchange bosons between the fermions. 
A better suited formalism has therefore been introduced. It is based on cre- 
ation and annihilation operators from a formal quantum vacuum and termed 
the second quantization formalism. It will be detailed in Sect. 4.3 below. 



4.1 Pauli Exclusion Principle 

Fermions, particles with half integer spin obeying Fermi-Dirac statistics, are 
described by antisymmetric wave functions and subject to an exclusion prin- 
ciple termed the Pauli exclusion principle: 

^ r^) = (f2, fj) . (16.99) 

Consider a quantum system comprising a large number of fermions in inter- 
action. This might, for example, be a nucleus comprising Z protons and N 
neutrons (with atomic number A = Z -h AT), or an atom in which the nucleus 
with charge Ze interacts with the Z electrons of the electron cloud. Taken 
individually, each fermion can be described by a wave function (xj of the 
quantum state at point x^. The system formed by the individual wave 
functions (xj is a complete orthonormal system. We can therefore form, 
from these functions, an overall wave function of the n fermions which should 
be antisymmetric in order to satisfy the Pauli exclusion principle. We will, 
for example, write 

^al3y... (3^1. (o:i) {X 2 ) ■ ■ ■ 

" ES P 3 ^■■■) ‘fee i^i) fi3 i^j) ■ ■ ■ (16.100) 

where defines the parity ±1 of the permutation P{i j . . .) of the n particles, 
and A the antisymmetrization operator. 
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For a two-fermion system, for example, we have 

Kp (^i> ^2) = K (a^i) {X2) - i^2)‘P0 (a^i)] > (16.101a) 

and for a three-fermion system, 

^a 0 -y (a^l> ^2, X3) = ^ (Xi) (Xa) (Xg) 

+ ^a {^2) <fi0 i^a) V>-y (a^i) 

+ ^a <P0 (a^i) <^-y 

- (a^l) <fi 0 (2:3) (Xj) 

- ( h ) (2^2) ¥^7 (2^1) 

-¥>a (2^2) ¥2/3 (221) ¥^7 (X3) . (16.102a) 

We can also fix the positions X2, and and then modify the position of 
the occupied states to obtain an equivalent form of these wave functions: 

0 (2^1, X2) = [<Pa (2:1) ¥’/3 (2^2) - ¥2/3 (2:1) <Pa (2^2)] (16.101b) 

and for a three-fermion system: 

!^a /3 7 (^1’ ^2> 2:3) = (xj ip^ (X2) (X3) 

+ ¥ 2/3 (2:1) (X2) y 2 „ (X3) 

+ ¥27 (Xi) </ 2 „ (X2) (X3) 

- ¥ 2 « (Xi) ¥ 2 ^ (X2) (X3) 

- ¥27 (Xi) (X2) V2„ (X3) 

- ¥2/3 (22l) ^oc (222) ¥>7 (223) (16.102b) 

It is easily noticed that the antisymmetrized wave function thus constructed 
can take the form of a determinant of the individual wave functions; it is 
called the Slater determinant: 

1 ¥2« (221) ¥2a (2:2) 

!^a/3 7... (22l> 2;2...) = ^ ^^(2:1) ... . (16.103) 

^ ¥27(221) ... 

It follows from the above that ^ will change sign if two states corresponding 
to two columns or two rows of the Slater determinant are interchanged, and 
that = 0 if two states are identical. This is the Pauli exclusion principle. 
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4.2 Occupied States 

Let us write the wave function as follows: 

{Xi,X2,X3,...) = \a 13^...) (16.104) 

This simply means that the states a (3 7 . . . are occupied in 
Xi X 2 x^... (in that order) just like in (16.101 b) and (16.102b), for ex- 
ample. A more orthodox notation would in fact be ^ ^ (x^ ^2, X3 , . . .) = 

X 2 , X 3 , . . . \ a /3 j . . .) in which we specify the projection space. 

Because the wave function is antisymmetric, the permutation of two in- 
dividual states will change its sign 

|a/? 7 ...) = - \ f3 a y = - \ a ^ (3 ...) . (16.105) 

We will, more generally, write 

I a /3 7 . . .) = Ep \ P a (3 'y . . .) . (16.106) 

If we make an even number of permutations Sp — +l and 6p = —1 for an odd 
number of permutations of the states a, /? . . . at positions x^, X2 . . . . 

The problem at hand now is to expand the operators in this represen- 
tation, in particular, the single- and two-body potentials v (rj and 
Ekj ^ respectively. 



4.3 Creation and Annihilation Operators 



a) Occupation Number 



Let us first define an “occupation number” operator expressing the fact 
that A is occupied or not occupied: 

\ a (3 . . . X. . .) = I a /3 . . . A . . .) , 

\ a P . . . not A . . .) = 0 . 



(16.107) 



b) Creation Operators 

The operators are diagonal in the above representation; they are not 
enough to constitute a complete set of commuting operators. We therefore 
introduce an operator cj creating a particle in the state a, that is, an operator 
such that when applied to a state in which a is not occupied, will transform 
the overall quantum state into a state in which a is occupied, is a creation 
operator. 

To simplify the notation, we also introduce a vacuum state | 0) in which 
none of the states a, /?,... is occupied. This therefore defines the creation 
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operator through the relation c+ | 0 ) = j a), or, more generally speaking, 
|a/? 7 ...) -cjc+c+... | 0 ), (16.108) 

I a /? 7 . . .) = \Xa(3j...). (16.109) 

Definition (16.109) should be compatible with (16.101), antisymmetrical if 
the order of the states a in Xi and (3 in X 2 is changed: 

I a ^ 7 . . .) = c+ I 7 . . .) = -c^ 4 I 7 . . .) . 

We therefore obtain the relation between the creation operators: 

4 4 = ~4 4 • 

In this case, we say that the creation operators anticommute: 

(16.110) 

The Pauli exclusion principle is reflected by the fact that two identical states 
cannot exist together: 

(16.111) 

since (16.111) will be equivalent to (16.110) ii a = l3. The Pauli exclusion 
principle is therefore contained in the anticommutation rule for creation op- 
erators. 





c) Annihilation Operators 

We define the Hermitian operator conjugate of cj, that is, 
(Ca I 0))+ = ( I «))+ and (a | = (0 | . 

This is represented by the more general form 

(a /? 7 ... I = {0\ ...c^cpc^, 

(a /? 7 . . . I c;^ = (A a /3 7 .. I . 



(16.112) 



(16.113) 



By taking the Hermitian conjugates of (16.110) and (16.111), we further 
obtain 
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What does the state \ ot (3 . . .) then represent? This is easily found out 
by calculating its inner product with a state | a' /?' . . .), that is, the matrix 
element {a' [3' . . . | C;^ | a /? 7 . . .). 

Following definition (16.113), (a' /?' ..,\c^= {X a' 13' ... ], which gives 
the value of the inner product as 

(a' /?' ... I C;^ I a /? 7 . . .) = {X a' /3' ... | a /? 7 . . .) . 

The inner product will be zero except where the states A a' /?' ... are the 
same as the states a (3 . . ., in which case the inner product ±1 will follow 
the parity of the permutation. Therefore, a /? 7 ... should contain A. 

If A is moved to the first position, then we can write 



\ X a l3 ^ . . .) = \ a (3 ^ . 

\ a (3 ^ ... not A . . .) = 0 . 

Thus, the operator will act on a ket as an annihilation operator just like 
cl acts on a bra as an annihilation operator. 

Usually, we would observe the action of the operators on the kets alone 
and we would say: 



(16.115) 



cl is a creation operator for the state A of a ket 
is an annihilation operator for the state A of a ket 



4.4 Operator Algebra 

We can easily use the above definition to write the following relations involv- 



ing the product of the operators c^ and cl : 

Ca Ca I A a /? . . .) = \ Xa f3 ...), (16.117) 

\ Xa ^ ...) =0, (16.118) 

cl \ a P ... not A . . .) = 0 , (16.119) 

cl \ a P ... not A . . .) = \ a P . . . not A . . .) . (16.120) 



If we compare results (16.117) and (16.119) with definition relation (16.107) 
of we infer the equivalence between the operators: 

(16.121) 

We also note by action on a quantum state containing A: 

(ca Ca + 4 Ca) \Xap ...) =c^cl \Xa ...)+ \ X a P . . .) 

= 0 + \ X Oi P • • •) , 
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which yields the anticommutation relation 

Ca 4 + 4 Ca = {ca, 4} = 1 > (16.122) 

and with relation (16.121), the operator expressed with Uy 

c^ct = l-n^. (16.123) 

Now let us seek the commutation rule for the creation and aimihilation op- 
erators for the different states A and fi: 

C;^ I not A . . . not /r) = 0 = c_)^ | not A . . . not /x) , 

\ fi a I3 j ... not A ) = 0 = c+ I « /5 ... not A) , 

Ca I ^ ^ /3 • • •) = 0 = c+ I A /X a /3 . . .) , 

C;^ I A a /? . . . not /x) = \ /jl X a f3 . . .) = -| /x a /? . . . not A) , 

C;^ I A a yS ... not /x ) = | a /3 7 . . . not fi . . . not A) , 

= I ^ a ^ ... not A) . (16.124) 

We notice that in all cases -\-c^ c^ — 0, giving in the final analysis, and 
by recalling (16.110), (16.114) and (16.122), the anticommutation relations 



K. <} = o, 


(16.125) 


0 

II 


(16.126) 


{ca> = 1. 


(16.127) 



4.5 Creation and Annihilation Operators for an Arbitrary State 

Consider a quantum state a that is not a member of the set a /3 7 ... 
of occupied states, the latter constituting a complete orthonormal system 
permitting the projection of the quantum state | a) onto such a basis. 

We use the usual notation of occupied states with the antisymmetry 
operator A and the individual wave functions 

4 I « /5 • • •) = \ aaj3 ...) 

■■■ (16.128) 

By using the Dirac notation for the individual wave functions, we can intro- 
duce the complete set A of the occupied states: 

(^) == (a: I a) = ^ (a; I A) (A I a) 

A 

= S (a:) (A I a) . 

A 



(16.129) 
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Inserting this expression into (16.128), we obtain 

I a a /? . . .) = ^ I A a ,5 . . .) (A I a) , (16.130) 

A 

or, better still, by introducing creation operators and : 

c+ I a /? . . .) = c+ I a /? . . .) (A 1 a) . (16.131) 

A 

Because this result is true irrrespective of the state \ a f3 . . .), we are left 
with 

(16.132) 

The operator will then cause a state A among all the possible vacant states 
to be occupied. 

Using the Hermitian conjugate of definition (16.132), we also obtain 

(16.133) 

The anticommutation relations for the creation and annihilation operators of 
any state whatsoever can be determined with the aid of (16.125), (16.126) 
and (16.127) and definitions (16.132) and (16.133): 

{<. = E (4, 4) I «> (^' 1 i>) =0. 

A A' 

{Ca> cj = ^ {c;,, Cy} {a ] A) (6 | A') =0, 

A A' 

= I I (16.134) 

A A' 

= («l A) (A'l&) 

A A' 

= 5] (a I A) (A|6) = (a I 6). 

A 

We thus obtain the anticommutation relations for the creation and annihila- 
tion operators of an arbitrary state: 

{4, c+} = 0, 

{*'a> ~ ® ’ 

{Ca. c^} = {a\b)l. 





(16.135) 

(16.136) 

(16.137) 
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4.6 Single-Body Operator 

Let y be a single operator describing the interaction of the particles with the 
force center: 

V^Y^Vi. (16.138) 

i 

We can examine the action of the potential on a quantum state | a) by 
projecting it onto the set of occupied states forming a complete orthonormal 
system: 

I a) = ^ I a') {a' | a) , (16.139) 

a' 

and by projectiong onto the configuration space: 

(^1 I «> = XI I I I «) • (16.140) 

a' 

Because the quantum states labeled a and a' are not dependent on z, the 
matrix element is the same for every L It is therefore denoted {a' \ v \ a), 
meaning that the single-body potential is the same irrespective of i: 

{^1 I a) = X I («' I I «) ) 

^ (16.141) 

V>a (^l) = X (^l) (a' I I Q;) • 

a' 

Let us determine V \ a (3 . . .) by examining the action of V in the space 
^ 2 , . . .) in which the quantum states a /3 .. . may be located: 

^ (a^l) <P/3 {X 2 ) • • • = X (^ 2 ) • • • • (16.142) 

i 

The action of on an individual state has already been expanded in (16.141): 
Vi ‘fa ( 2 : 1 ) = X I ^ I ( 2 ^ 1 ) , (16.143) 

a' 

but if the are acting on the state /3, then we similarly obtain 

Vi fn {^ 2 ) = X I ^ I (^ 2 ) • (16.144) 

/?' 

By using these results in (16.142), we obtain the following expression: 

^ fa (a^l) fp {^2) • • • = X I ^ I (^1) '^-8 (^2) • • • 

a’ 

+ X i ^ I (^ 1 ) '^0' (^ 2 ) + • • • 

0 ' 

+ X h U) (a^l) • • • f\' {Xk) • • • , 

A' 



(16.145) 
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or, by returning to the notation based on occupied states, 



F I a /? 7 . . .) =y^{a'\v\a)\a'l3j ...) 

a' 

+ '£{P'\v\l3)\aP''r •••) + •••. (16.146) 



Each of the occupied states can be expanded from a reference state with the 
creation and annihilation operators: 



I a' /? 7 . . .) = c+ I a /? 7 . . .) , 
I a /?' 7 . . .) = c+, I a /? 7 . . .) , 



(16.147) 



thus transforming relation (16.146) as follows: 



F I a /? 7 



^ (o' I V I a) c+, 

. C.' 

+ X] I " I ^0 + 

0' 



a 13...). (16.148) 



Because this result holds irrespective of the reference state \ a (3 ^ . . .), we 
infer the expression for the single-body potential in the representation of the 
occupied states: 



y = i>^ \ V \ n) 4 

X ^ 



(16.149) 



The matrix element (A | ^> | /x) can be evaluated by expanding the single-body 
operator in configuration space in which the interaction operator is diagonal, 
that is, local: 



{X\v\ ^i) - {X \ x) dx {x \ V \ x') dx {x' I /x) 

= y {^) «(a:) (a;) dx. (16.150) 

The functions ^\{x) and ^y^{x) are individual wave functions at point x, 
obtained by solving the nonrelativistic Schrodinger equation for a potential 
well (whether spherical or harmonic or Woods-Saxon, etc.). 
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4.7 Two-Body Operator 



We will proceed in a similar manner to determine the two-body operator 
which is dependent on the relative position of the two particles i and j: 

V = Y, v{ij) = ^ ^ • (16.151) 

i{j 

We can describe the action of on the two quantum states a and (3 at 
positions and by projecting onto the complete orthonormal system of 
the occupied states: 

i^i) 'Pn i^j) = {ot' 13' \ V \ a 13) . (16.152) 

Oi' / 3 ' 

Here again, (a' /?' | | a (3) is independent of the labels ij of the particles 

and has replaced the matrix element (a' /?' | | Q( /?). The sum extends 

over all the one-particle states that could be occupied. 

We should perhaps add that the symmetrical role played by the coordi- 
nates i and j is represented by the equality of the matrix elements: 

{a' (3' \ V \ a (3) = {(3' a' \ v \ (3 a) . (16.153) 

With the preceding elements, the action of the interaction operator F on a 
two-particle state can be written as follows: 

y Pa P0 i^j) ■ ■ ■ 

= {a' (3' \ v\ a/3 >(/?„, (xj {xj) (x^) . ■ . + 

a' ( 3 ' 

+ Y (a' 7 ' I ^ I « 7) Pa> i^i) P0 i^j) Py i^k) ••• + ••■• (16.154) 

a' 7 ' 

This amounts to using the following notation for the occupied states: 

V \ a ^ -y ...) — 13' \ V \ a (3) \ a' J .. .) 

a' /?' 

+ Y (a' 7 ' b I a 7 ) I a' /? 7 ' •••) + ••• , (16.155) 

a' 7 ' 



or, by introducing a reference state and the creation and annihilation opera- 



tors 

I o' /?' 7 . . .) = c+, c+, c„ I a ^ 7 . . .) , 

I a' /? 7' . . .) = c+ c+ c„ I a /3 7 . . .) . 



(16.156) 



These results are used in (16.155) and, because the reference state appears 
in both terms of the equation, we obtain the expression for the two-body 
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operator: 

^ = S 4 (A M I • (16.157) 

\ yi V Q 

The sum A /x is over all states capable of being occupied, whereas the sum 
over V and q includes all pairs of unordered states capable of being occupied 
such that 



cl cl {\ ^l\v\u Q)Cg C^ 

A /z 

= XI 4 4 ^ I ^ I ’ (16.158) 

A n 

since the matrix element is invariant by simultaneous permutation of the two 
index pairs: 

{X IjL \ V \ u q) = {jjL X \ V \ g u) . (16.159) 

We use the anticommutation relations between the creation and annihilation 
operators to obtain the equivalent form 

X 4 ^ I I 

A /i 

= X 4 4 (/^ A I V I ^ z/) , (16.160) 

A fi 

or, by changing the name of the index A to /x and vice versa, we obtain the 
result 

X 4 4 ^ I ^ 1 ^ 

A y 

= X 4 4 ^A M h I e I^) • (16.161) 

A y, 

If we swap indices u and g, the sum over /x and u will remain the same. We 
can therefore sum up over all u and g and then divide the result by two: 



^ ^ X 4 4 (A M I k . 

\ y V Q 

If we antisymmetrize the matrix element, that is, if we set 
{Xfi\v\v q) = {\ii\v\vq)-{\ii\v\qv), 



(16.162) 



(16.163) 



this will confer the matrix element with the following symmetry properties: 
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and lead to another form of the two-body operator: 



(16.165) 



Single- and two-body potentials are of prime importance in the study of 
quantum systems. Consider, for example, an atom with two outer electrons 
(Fig. 2). The interaction of an electron of charge — e with the nucleus of 
charge -f-Ze will be described by a single-body potential that is dependent 
solely on the distance to the center of nucleus, whereas the residual interaction 
between the two outer electrons will depend on the position of each of the 
electrons, that is, on the relative distance F(| — f 2 |). (See Chap. 14 on 

the perturbations of the energy levels of hydrogenic atoms.) 

In most n-body problems, it is sufficient to introduce single- or two-body 
potentials. The effects of three-body interaction potentials are sometimes 
taken into account, but anything beyond that is simply discarded. 




Figure 2 



4.8 Wick’s Theorem 

In the second quantization formalism for fermion systems, a quantum state is 
always expanded from an arbitrary reference state termed the vacuum state. 
It is the state in which all possible states possible are empty | 00. . .0). It 
is simply denoted | 0). If, for example, we want to describe oxygen 17 from 
oxygen 16 by adding a neutron, the reference (or vacuum) state will be oxygen 
16, and it will be denoted | 0). It is a “relative” vacuum filled with all the 
quantum states of oxygen 16’s nucleons but which has no part to play in the 
structure of oxygen 17. 

The calculation of single- or two-body potential matrix elements will 
therefore always lead to the manipulation of a large number of creation and 
annihilation operators, acting on the vacuum. We can use the anticommu- 
tation relations step-by-step. There is a theorem, the Wick’s theorem, for 
obtaining the result more rapidly. 

Let us use the calculation of the matrix element {a \ V \ (3) = 

(0 I I 0) as an example and replace V with the expression (16.49) 
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for single-body potential in second quantization: 

(0 I ^ I 0) = ^ (A I r; I /i) (0 I c„ 4 | 0) . (16.166) 

A ^ 

The anticommutation relations make it possible for us to write 

c+ = c„ c+ {8^ ^ c^) , (16.167) 

which leads to the matrix element 

(0 I y I 0) = 5]] (A I u I [(0 t ^ c+ I 0) 

A /i 

- (0 I c, c+ c+ I 0)] . (16.168) 

We further note that | 0) =0 since the state | 0) represents a vacuum state 
I 0000 . . .) in which no state is occupied. The second term in the brackets is 
therefore zero. 

If we again use the anticommutation relation to express the first term in 
(16.168), we obtain the mean value over the vacuum: 

(0|c„c+|0) =<5,<,(0|0)-(0lc+cj0) 

= (16.169) 

Inserting these result into the matrix element (16.168), we obtain 

(0 1 Ca y 4 I 0) = ^ (A I V I m) (0 I cj I 0) ^ 

A fj, 

= (16.170) 

A ^ 

which, we must admit, is a forseeable result: 

{a \V \ l3) = {a \ V \ f3) . (16.171) 

If we wish to calculate (0 | | 0), we can proceed in the same 

manner to obtain the result. However, this procedure is long and tedious. So 
we will use Wick’s theorem to show how such calculations can be significantly 
simplified. 



a) Normal Product 

Calculating the normal product of creation and annihilation operators boils 
down to simply all on the left and all c on the right. A - sign is added if the 
rearrangement requires an odd number of permutations. A normal product 
is either denoted N{ ) or enclosed between two colons. 
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Examples: 

^ (4 4 Ck Q c+) = : c+ c+ Ck c+ : = cf c+ c+ , 
^ {4 Cj Cfe QC+ ) = : ct Cj. Cfe Q C+ : = ~4 c+ Cj Cg , 
Let us, in particular, note the normal products of two operators: 



N {cl c^) = : cl 4 := cl , 
N (cj C 2 ) = : Cj C2 : = Cj C2 , 
iV (Ci 4) = : Cj 4 : = -4 Cj , 
N {cl C2) = :clc2:=clc2. 



(16.172) 



b) Properties of Normal Products 

i) The mean value over the vacuum | 0) of a normal product is zero. 

ii) Anticommutative: 

N{clcfc^) = -N (c+c+Cfc). 

iii) Distributive with respect to the sum: 

N [(A Ci + fic+) cl cj] =N [Xci cl c+]+N [/r c+ c+ c+] 

= X N {Ci cl cl) + n N (ct cl cl) 



c) Contraction 



The contraction of two products is simply the mean value over the reference 
state of their product. A contraction of Cj is represented as c^. It is easily 
noticed that: 



cl 4= (|c+c+ I) =0, 

^1 ^2 ~ ( I ^1 ^2 I ) = 0 , 
4 ^2= ( I C2 I) =0, 
4 — ( I ^1 I) = ^12 • 



(16.173) 



The contraction of two operators is an inner product that commutes with all 
other operators and the only non-zero contraction is that of cJ (in this 
particular order) which equals 6 -^ 2 ^ 



d) Normal Contracted Product 

The normal contracted product will be defined by the product of the contrac- 
tions and the normal product of the remaining operators, assigned a parity 
coefficient (— )^ where is the permutation parity that brings the contracted 
products next to one another. The contracted operators, which are mean val- 
ues (and, hence, numbers), are therefore extracted from the normal product. 
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Exapmles: 

~ ) ’ 

4 S' 4 s = (-) s~s ^ (4 4) • 



e) Wick’s Theorem 



The product of creation and annihilation products is equal 
to the sum of all of their normal contracted products 
(including the uncontracted term) 



f) Example 



What is the value of the matrix element of the operators taken 

between the vacuum states? 



Ca 4 s 4 = 4 4 “ s 4 4 + 4 4 



+ c„ 4 N (c^ c+) -c^c^ N (c+ 4) + c+ N (c+ c^) 

+ N (c„ 4)c^c-^ -N (c„ c^) 4 4 + iv (c„ 4) 4 
+ iV(c„4c^4). (16.174) 

We thus obtain, by evaluating the mean value of these operators: 



(0 1 4 4 1 4 4 “ s 4 4 
+ c« 4 4 4 (0 1 ^ (Cp 4) 1 

-44; (0 1 N (4 4) 1 0) +44" (0 1 jv (4 c4 1 0) 

+ (0 I IV (c„ 4) I 0) 44 - (0 I AT (c, c4 I 0) 44 
+ (0 I AT (c„ 4) I 0) 4 + (0 I AT (c„ 4 cp \ 0) . (16.175) 

The mean value of a normal product is always zero and the only non-zero 
contraction is cj = (522- Thus, the only contribution to the result comes 
from the first contraction which yields 

(0|c„4c^4|0) =4 A 4/3- (16-176) 

In fact, to apply Wick’s theorem to the calculation of a mean value, we simply 
look for contractions in the form of with a non-zero 6-^2 contribution to 
the result. 
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g) Matrix Element of a Single-Body Operator Q 

If we calculate the matrix element of the single-body operator Q using 
(16.149) of the operator, we will write 

{a\Q\P) = {0\c,Qc+\0) 

= E <0 I c+ c+ I 0) (A I g I m) , (16.177) 

A 

and by applying Wick’s theorem to the results obtained in (16.176): 

(a I Q I /?) 

X 11 



(0 I <3 I 0) - {a\q\ (3) 



(16.178) 



h) Matrix Element of a Two-Body Operator V 

To calculate (a ^ | F | 7 ^), we will write in second quantization (see (16.165)) 

(0 I c,, F 4 c+ I 0 ) = 1 E (A M I w k ^) 

X 11 11 Q 

(0 I 4 4 Cg 4 4 I 0) . (16.179) 

We apply Wick’s theorem to this operator product by conserving only terms 
like Cl C 2 — 6 12 ill order to obtain the non-zero contracted products 

^/3 ^X ^fi ^7 ^OLX^^^^Q'^^v6~^otX^(3^^Q6^v') 

~ fi ^(3 X 'y ^11 6 

(16.180) 

Substituting into the two-body matrix element (16.179), we obtain the four 
antisymmetrized matrix elements 

j {{a P \ V \ 6 j) — {a f3 \ V \ j 6) - {(3 a \ v \ 6 'y) 

-h (/3 a I i; I 7 5)) (16.181) 

and by using the symmetry properties of these matrix elements, we are left 
with the mean value of a two-body operator: 



(0 I 7 4 4 I 0) = {a I3\v\6'y) 



(16.182) 




5. Boson Systems 451 



5. Boson Systems 

Bosons are particles with integer spin that are not subject to the Pauli exclu- 
sion principle; they are therefore represented by symmetrical wave functions. 
This replaces the anticommutation relations with commutation relations. The 
results obtained, in fact, generalize the conclusions of the study of the har- 
monic oscillator whose “associated particles” constitute a typical boson sys- 
tem. 



5.1 Occupied States 



The occupation number n- of the state is no longer limited to 0 or 1 by 
the Pauli exclusion principle: 



= 0,1,2,... < AT. (16.183) 

The vectors | ri 2 . . . . . .) for all the possible sets such that J2i '^i = ^ 

form a complete basis spanning the Hilbert space: 



(nj . . .n^ . . . I n'l . . .n' . . .) = . . ,(5„. „/ 

\ =-l. 

'tT'X • • ''Tl% • • • 



(16.184) 



5.2 Creation and Annihilation Operators 

We introduce the annihilation operator which destroys a particle occupying 
the quantum state | n^). 

aj ni . . . . . . (N)) = ^ | - 1 . . . (iV - 1)) . (16.185) 

Because the operator only acts upon the number of states | n^): 

[a„a^.] = 0. (16.186) 

The matrix element of the operator is easily obtained with (16.185) where 
represents the colunrn index and n — 1 the row index: 

K - 1 I I (16.187) 

By returning to (16.185), this can also be written as 

(n'l . . . n' . . . {N') | a J rij ri2 . . . . . . (AT)) 

\/^ ni ^n '2 «2 ' ’ ' — 1 ‘ " ■ ' (16.188) 
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We define the boson creation operator, Hermitian conjugate of a-, using its 
matrix element 



K - 1 I a, I n,)+ = J = (a+)"r ^ = ^ = (n, | af | n, - 1) . 

(16.189) 

The action of the operator a'l on the state | — 1) can also be written 

directly, that is 



o-i I rii) , (16.190) 

or by changing the label n- into + 1: 

at I n^) = I n, + 1) . (16.191) 



This will imply the definition of the operator af acting on a (W)-occupied 
state ket: 



a+ I ni . . . . . . (N)) = y/n~TT \ . . .n^ + 1 . . . (N + 1)) . (16.192) 

The commutation relations between the creation and annihilation operators 
can be derived from relations (16.185) and (16.192): 



[at, 




o 

II 


K 


4] 





(16.193) 



5.3 Particle-Number Operator 

Consider the Hermitian operator product of the operators af and a^ in 
this order: 

Ni = ata^. (16.194) 

Its action on a vector | . . .) will give, with the foregoing definitions, 

the eigenvalue the number of particles in the state A^. It therefore repre- 
sents the occupation number operator for the state A-. 

af aj ni . . .n^ . . .) = af | . . .n^ - 1 . . .) 

= %/nT ^ I ni . . . . . .) 

= n^\n^...n^...). (16.195) 

We infer from this the eigenvalue equation 



Ni I =rii \ 



(16.196) 
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The operator for the total number of particles will be obtained by summing 
the operator AT- over all possible states i: 

N = (16.197) 

i 

It is easy to use definition (16.194) of N- and commutation relations (16.193) 
to derive the commutation relations satisfied by the operator Nf 



Wi, N ^]=0 
[N„ aj]^[N„ a+] = 0 
[Ni, a+] = at 
Wo «il = -«t 



(16.198) 



5.4 Occupation Number of the State i 

If we apply (16.196) to an eigenstate | n^) of iV-: 

W I ^i) = rii I nt) , (16.199) 

we obtain, by raplacing af with the conunutator [N^, af], the following 
vector: 



nt = iW, 



of] 






= {N,at-af N,)\n, 
= Ni at I n- 



at n. 



nt). (16.200) 



Collecting the terms at \ nt) will further yield: 



Ni {at I nt)) = {n^ + 1) (a+ | n-)) 



(16.201) 



In other words, af \nf is an eigenvector of corresponding to the eigenvalue 
(n^ + 1). We will also show that \nf) is an eigenvector of N- corresponding 
to the eigenvalue (n- — 1): 



W {ai I nt) - (n^ - 1) (a^ | n^)) 

The norm of the vector Oj | n^) can be determined as 



(16.202) 



Norm (fli I nt) = (n- | a+ a J nt = | N^ \ nt = . 



(16.203) 
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The norm of a vector of the Hilbert space is always positive or zero and when 
it is zero this implies the nullity of the vector itself, thus leaving us with 



> 0 

= 0 I =0. 



(16.204) 



The eigenvalues of are therefore positive integers and zero. 

The eigenvalue zero corresponds to the zero norm of the vector | 0), 
hence to the vector | 0) which is itself zero. This constitutes the definition 
of the quantum vacuum or zero-particle state irrespective of the value of i: 



I 0) =0 Vi 



(16.205) 



By the repeated action of or af on one of the eigenvectors of AT., we obtain 
a set of vectors each corresponding to an eigenvalue of the spectrum: 



a * 


| 0 ) 


= 0 , 






1 


4 




1 - 1) . 




4 1 


4 


= s/^i 


TT 1 n, + 1) 


5 


^*1 


4 


= 1 ' 


Ui) with 


-4 


1 


4 




j/ and 1 


4 {' 



Ui 



(16.206) 



These results generalize the relations obtained in the framework of the har- 
monic oscillator. The creation and annihilation operators are no longer di- 
rectly linked to the position and momentum operators. It is therefore impos- 
sible to obtain the corresponding wave functions in the configuration space 
from the foregoing relations. 



5.5 Creation and Annihilation Operators at Point r 
a) Definitions 

Let us introduce the annihilation operator of a boson at point f at a given 
instant t. 

= ^ (f) ^ (f I Ai) . (16.207) 

i i 

The Hermit ian conjugate operator will be written as follows 

(0 4 4 = Y 4 (\M- ( 16 . 208 ) 

i i i 
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This operator creates a boson at point f. (Particular attention should be 
paid to the notation: and are now operators and no longer wave 

functions.) 

These operators satisfy the commutation relations 

(fO, (f ')] = S (f - f ') 1 , (16.209) 

(f), ^ (r ')] = (^, (r ')] = 0. (16.210) 

Let us demonstrate, for example, the first of these relations using definitions 
(16.207) and (16.208) of these operators 

[W (f), (f')] = K 4] (16.211) 

Using commutation relation (16.193) and definitions (16.207) and (16.208), 
we obtain 

(r), (r ')] = ^x, (0 1 % ir') = E K {r') 1 

ij i 

= E I 

i 

= 6 (f-f ')1. (16.212) 

The total number of bosons (16.147) can be expressed with the boson creation 
and annihilation operators at point r. We artificially introduce a Kronecker 
symbol of the form 

I \) , (16.213) 

in the equation for the operator expressing the number of bosons occupying 
the state | AJ: 

Ni = af = E 4 “i = E I ■ (16.214) 

j 3 

By using the projector / | f) dr (f | = U over configuration space, the total 
number of bosons N = N- becomes 

AT = a+ (A^ I \) ai = Y^ j a+ {\j | r) df (f | A^) 
ij ij 

"" E / (^ a* • (16.215) 

ij 

By using definitions (16.207) of !f"(f) and (16.208) of we are left with 

(16.216) 
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The operator product (f^ ^ (f) can therefore be interpreted as the particle 
density operator at point r. 

If we use definition (16.197) and the commutation relations, we also easily 
obtain 

[iV, (r)] = (r) . (16.217) 

It is readily shown that (f) | 0) is a one-boson state at point f since we 
obtain, with the foregoing relation 

[iV, !P^+ (^] I 0) = (r) I 0) , (16.218) 

and by expanding the commutator 

N (r) I 0) {f^ N\0) + (t^ I 0) . 

The definition of the vacuum N^\0) =0 shows that ^i\^) = | 0) =0, 

which finally leaves us with 

N (f) I 0)) - (!P^+ (rO I 0)) . (16.219) 

As a result, (f^ | 0) is an eigenstate of N corresponding to the eigenvalue 
1. The operator (f) therefore creates a particle at point f. Similarly, the 
operator ^ (f) will destroy a particle at point r. 

b) Fock Space 

It is usual to introduce Fock space (or, rather, the Fock representation) in 
which the vacuum | 0) is a quantum state with no bosons at any point r: 

^ (f^\0) = 0. (16.220) 

The base vectors of Fock space are: 

I 0) vacuum state , 

I fi ) a particle at f . , , , 

^ (16.221) 

I ^1 ^ 2 / particles at and T 2 respectively, 

I . . . f^) N particles at . . . f^, respectively . 

The basis S of Fock space is therefore the row of the base vectors: 

5 = [ I 0) I fi) I fi f2> . . . I fi . . .!>)] . (16.222) 

The action of ^ (f) and (f) on the Fock states is given by one of these 
relations: 

(fi . . . (iV - 1) I If' (r) = W (f ri . . . (N) 



(16.223) 
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and if we transpose this equation, 

(r) I fj .. . {N - 1)) = Vn I f rj . . . (N)) . (16.224) 

The action of the annihilation operator at point r of a Fock space ket is, in 
fact, written 

^ (fO I r'l-'-^JV+l (-^ + 1)) 

, N+l 

= ^ I ^1 • • • re-1 r^+i ■ ■ ■ ^n+i W) (16.225) 

and, by transposing this equation, 

. iv+i 

{fi . . .fjv+i (A^ + 1) I (f) = 

X (fj . . . . . . f;v+i (A'') I . (16.226) 

We infer from this the formal representation of the Fock space operator matrix 
elements. 

Let V be an operator which does not change the number of particles and 
which is diagonal in configuration space: 

I F I 

= F (fi,...,r;^) 6 (fi -f ;)... 6 (f)v -r )v). (16.227) 

This operator is represented in Fock space by the integral 

y = ^ J dr^...df^W+ (f^) . . . «f'+ (rj V (fj, ...,?>) 

(16.228) 

Case No. 1: V is a sum of single-particle operators: 

N 

y (fi, . . . ,f^) = y] ^ (fj . (16.229) 

i=l 



Substituting into (16.228) and using (16.216), we obtain the simple form 

y = [ !F+ (f) (f) iF (r) df. (16.230) 
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Case No. 2: F is a sum of two-particle operators: 

(fi, . . . ,fV) = ^ ^ (r-;, f^.) = • (16-231) 

i{j ij^i 

In this case, we obtain in Fock space: 

^ j df'df^'^{r') (f) V (r, f ') iP" (f) 1? (f ') . (16.232) 

The form of single- and two-body operators in Fock space will be very similar 
to those of single- and two-body operators for fermions and is obtained by 
replacing the creation and annihilation operators by the operators that create 
and annihilate a boson at a given point in space-time. 
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Since 1982, numerous authors (see Kibler, 1993) have developed a quantum 
algebra based on the introduction of deformed numbers (qp): 

M = = e C. (A.l) 

For n G N — [0] we obtain the expression for the deformed number n {qp): 

[n] =q^-^+ pq^-^ + p^ q^~^ + . . . + qp^~^ + p^~^ (A.2) 

with, in particular, the first three deformed numbers {qp): 

[0]=0 [1] = 1 [2]=q + p [3]=q^ + qp + p‘^ . (A.3) 

Deformed operators (gp), creation operators a“^, annihilation operators a, 
and occupation number operators N are defined by their action on the Fock 
vector space !F = { \ n) : n G N}, that is by generalizing relations (16.206): 



a I 0) =0, 

a I n) = vlfil I ^^-l), 
o"'' I n) = \/[n + 1 ] I n + 1 ) , 
N \ n) = [n] \ n) . 



(A.4) 



This will yield, by iteration, the deformed quantum state (qp) with N = a“^a: 



|n) =-^(a+)"l0), 

vN! 

in which the deformed factorial {qp) is written: 



(A.5) 



[n]! = [n] [n-l]...[l]. (A.6) 

The operators a, and N obey the usual commutation relations (16.11), 
(16.12) and (16.13): 

[a, a+] = 1 , [AT, a+] = a+ , [N, a]^-a. (A.7) 

Relations (A.7) can be used to show an important property of these operators: 

a a+ = [AT + 1] and a+ a = [AT] . (A.8) 

This will lead to the expression for the commutator of the quantum algebra 
annihilation and creation operators: 

[a,a+]-[Ar + l]-[AT]. 



(A.9) 
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The general form of a Q-commutator can be written as: 

[a, a+]g = aa+ - Q a+a {q^ {q-Q)~P^ (p~ Q)) , (A.IO) 

which gives, for arbitrary parameters p and q, 

[a, a+]g = p^, [a, a+]p = and [a, a+]i = {q^ («-!)- {p ~ 1 )) • 

(A. 11 ) 

A particularly interesting case is obtained for Q = g and p = 1 since 

[a, a'^]q = aa'^ - q a^a = 1 (A. 12 ) 

leads to the commutation relations for g = 1 , and for g = -1 to the anti- 
commutation relations. We can use the {qp) deformed operators to introduce 
a position operator and momentum operator p^ which are also [qp) de- 
formed, by drawing the analogy between relations (16.2) and (16.3) of the 
one-dimensional harmonic oscillator: 



Pk = ^ 



h p uj 



{a+ - ttfe) and 



Xu = 



2p u 



+ = 1,2, ...,d. 



(A.13) 

The parameters p and u represent respectively the reduced mass and angular 
velocity of the (gp)-deformed harmonic oscillator. 

The commutation relation between these operators is obtained from (A. 8 ) 
and (A.9): 



K-Pfc] = iWk + 1] - [A'fe]) 

(gN, (A.14) 

q-p 



The generalization of Heisenberg’s uncertainty relation to the (gp)-deformed 
algebras shows that, for p = q~^ ^ 



l^k,Pk\ = 



cosh ((ATfc + i 1 ) log q) 
cosh (5 log q) 



(A.15) 



and if q 1, we regain the usual expression for this commutator. The 
Hamiltonian of the (qp)-deformed oscillator is written, with (A.13), in the 
usual form 



__ 1 9 1 9 9 

= ZJ ^ Pfc + 2 ^ ^ = 1" Z] 



2 

hw 



k=l 



+ + (A.16) 
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and the eigenvalues, expressed with the deformed numbers {qp), reduce to 

= T S + K + 11 = E (« + 1) - (p + 1)) . 



In the special case p = q we obtain 



E. 



def 



hw A sinh ((nfc -h q) 



fiw 

'Y 2^ 



k=l 



sinh (i 5) 



(A.17) 

(A.18) 



Ever more attention (Goodison and Toms, 1993) is now being paid to the 
^-commutators generalizing the commutation and anticommutation relations 
with the definition 



K) 41? = 4 ~ 9 4 “i = 4 ^ 

in which 5 is a real number between -1 and +1, with the boundary values 
corresponding to boson statistics {q = + 1 defines a commutator) and to 
fermion statistics {q = -1 defines an anticommutator). For \ q \ = 1^ the 
statistics are those of Bose-Einstein or Fermi-Dirac. For [ ^ | >1, the Fock 
space states have a negative norm, showing that the structure of the Hilbert 
space is no longer present whereas for |g| < 1 the Hilbertian structure of the 
Fock space persists, but the many-state particles no longer have a well-defined 
symmetry for the exchange of these particles. 

We are therefore going to make a detailed study of the statistics for which 
\ q \ < 1 and develop a field operator iP'(x) on the basis of the creation and 
annihilation operators obeying a g-commutator: 

-f'(x) = 4 = E 4 (A-20) 

j 

with the ^^-commutations 

[a*> af]q = [b^, bf]g, - 1 | 5 | and | 5' | < 1 . (A.21) 

The functions F^{x) and Gj{x) are complete sets of positive frequency func- 
tions that are solutions of the Klein-Gordon equation. The expansion of the 
functions G^{x) in the basis of the functions F^{x) will introduce Bogoliubov 
coefficients and : 

G,(x) = + A,- 4(^) • (A-22) 

J 

Substituting this expansion into ^(x), we obtain the annihilation operator 
in terms of bj and : 



^ ^ ^ji “ 1 “ l^ji • 
j 



(A.23) 
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Let us now make use of the Priedmann-Robertson-Walker space-time with a 
flat space metric imtil time and thereafter set (see Chap. 20) 

= dt^ - B?(t) {dx^ + dy^ + dz ^) , (A.24) 

with the definition of the quantum vacuum, before and after the change of 
Universe-scale factor at time 

for t <t^ R{t) = and | 0 , in) = 0 Vz , 

for t <t^ R{t) = i ?2 and | 0 , out) = 0 Vj . 

The Bogoliubov coefficients become diagonal in such a hypothesis: 

^ij ^ij and . 

The g-commutation relation for the operators associated with their ex- 
pression in terms of the operators bj will lead to the fundamental relation 

^ij = ( I 1^ - 9 I A 1^) /?i {bi bj - q bj 

+ /3*a* {bf 6+ - 9 6+ bf) + (1 - q'q) P* pj bf b^ 

+ iq' - q) o^i 0!j bf bi . (A.27) 

The mean value over the vacuum | 0, out) of this expression eliminates all 
operator terms, leaving the constraint 

1= \ai\^-q\^i\\ (A.28) 

The quantmn states for t)t-^ are defined with the creation operators on the 
vacuum of the outgoing states: 

bt bt I 0, out) = \ k £, out) . (A.29) 

By using the g-commutator of operators b and 6"^, the orthonormalization of 
the states | k £, out) will yield the following relation: 

{k e, out I mn, out) = 6,,^ + q' 8^^ . (A.30) 

For symmetrical states, it is important that q' = +1 whereas antisymmetrical 
states impose q' = —\. States | k £, out) do not have a well-defined symmetry 
for I g I <1. 

By introducing relation (A.27), and using constraint (A.28) on the vacumn 
state I 0 out) in order to eliminate constant terms, it is easily shown that we 
are left with 

/?* ( I *i,out) -q I it, out)) = 0, (A.31) 

and because the quantum states | ij, out) and | ji,out) are linearly indepen- 
dent; 

/3* Q! j = 0 and hence o;^ Pj = 0. (A.32) 



(A.25) 

(A.26) 
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This will leave (A.27) with only the following non-zero terms: 



{q' - q) a, a* b+ 6, + (1 - qq') 6+ 6^ = 0 . (A.33) 

This relation is satisfied irrespective of the values of i and j, and hence, in 
particular, for i = j: 

{(?' - g) I a, 1^ + (1 - qq') \ /3, l^} bf 6, = 0 . (A.34) 



The mean value taken over states | i, out) leads to the expression 

{(g' - g) I + (1 - gg') 1 A P) (*>out | bf b^ \ i,out) = o (A. 35 ) 

and the non-zero norm of the vector | 0, out) leaves us with the condition: 

(g' - g) I 1^ + (1 - gg') I A P = o • (A-36) 

When associated with constraint (A.28), this fixes | p and | (3^ p with 
respect to q and q': 



? = 



i-qq' 

I — q^ 



and 



A 



g-g 

1 - q‘^ 



(A.37) 



whereas the product j3^ must remain zero following relation (A.32). 



• If = 0 and ^ 0 then qq' = 1, which is incompatible with the initial 
hypothesis \ q \ <1 and \ q' \ <1. 

• If 0 and = 0, then q = q' although this leads to | P = 1 and 
the positive frequency solutions for t < remain of positive frequency 
for t > tj, even if there is a dynamical evolution such as the expansion of 
the Universe. 

• The only possibility then is to have the bosons = +1) or fermions 
(g = — 1) at time t < and to retain the same type of particles at time 
t > tj, q' = -hi or q' = -1. 

Statistics other than Bose-Einstein or Fermi-Dirac are incompatible with 
the Big Bang theory in its simple model as presented here. 




Chapter 17 
Boson Fields 



A system with a large number of particles (or degrees of freedom to be 
more formal) can be described in its classical discontinuous (corpuscular) 
aspect with the equations of analytical mechanics (see Chap. 1): Lagrange’s 
equations, the Hamiltonian formalism, the Poisson equation, etc., or in its 
quantum discontinuous aspect with the second quantization formalism (see 
Chap. 16). It can also be described globally in its classical continuous aspect 
using Hamilton- Jacobi equations or Maxwell equations for the electromag- 
netic field or, more generally, in terms of classical fields. 

We begin the discussion here by developing these remarks further. Then 
we will quantize these fields using the second quantization formalism, and the 
creation and annihilation operators at point f thus become field operators. 
We shall also study boson systems, boson fields, which, in principle, are not 
subjected to the Pauli exclusion principle. 



1. Classical Field Theory 

To describe the continuous evolution of a physical system with an infinite 
number of degrees of freedom, it is often expedient to introduce a functional 
(a field) if (t, x) such that a value of the field is defined at each point in 
the space x. The meaning of such a functional in physics will be adapted 
to suit each field treated, probability amplitude of presence, amplitude of 
an electric field, etc. Next, we introduce a fundamental scalar function in a 
fiat Minkowski space characterized by the metric ^ that is dependent on 
the functional (f{x^) with x^ = {x^, x'^) = {t, x) and its first derivatives 
ip{x^) = d (f {xf^) f dx^ . To simplify the notation, the four-vector x^ is 
denoted x and the functional associated with the field under study ^p{x). By 
analogy with the analytical mechanics of a system of discrete point particles, 
we will assume that there exists a Lagrangian density, a fundamental scalar 
function 

C d, ^{X^) (17.1) 

containing all the information on the physical state of the system and the 
associated observables. 
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In essence, this Lagrangian density, integrated over the whole space, 
should lead to the usual Lagrangian of the system: 

L = y if) d^x (17.2) 

and the functional (^(x) will play the role of the generalized coordinates of 
analytical mechanics (cf. Chap. 1) in the Lagrangian density. 



1.1 Variational Principle and Field Equations 

Using relation (17.2), the Hamiltonian action takes the form 

5 = J Ldt^ j Cd^xdt^ j Cd^x. 



(17.3) 



We postulate the existence of the following variational principle: Field equa- 
tions correspond to a stationary Hamiltonian action: 



(55 = 0 



(17.4) 



for zero field variations at the boundary of the integration zone. 

Now, let us evaluate the variation of the Hamiltonian action (17.3): 



8S = 6 j Cd‘^x = j 6Cd^x. 



(17.5) 



Because the Lagrangian density depends on the variables ^{x) and (^, we 
obtain 

6C = ^Sip+^-6d^<p. (17.6) 

d ip dd^p ^ 

The last term can also be written 

^ ^ a ^ ^ ^ ^ i: 

^ 9. d. 6 ip 



dd^ip dd^ip ^ 



= d„ 



sA-d, (^1 (17.7) 



Putting this form into the Hamiltonian actions (17.6) and (17.5), we obtain 

dC 






^ [dd.ip 



By setting 



f (x) = 6 >p, 



6 pj (fx . 

(17.8) 

(17.9) 
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the integrand of the second integral will take the form of a current quadriver- 
gence f (x) (x), and the introduction of Ostogradsky’s theorem will 

transform this volume integral into a surface integral which cancels itself out 
on the boundary surface ^ of the integration zone. This corresponds to the 
conservation of the current (x). This is Noether’s theorem associated with 
the invariance of the Lagrangian density during an overall transformation, 
as we will have occasion to see in detail in the next chapter. The variational 
principle (17.4) is therefore written as follows: 



6 S 







6 (f d^x = 0 'i 6 (f . 



(17.10) 



Thus reformulated, the least-action principle implies that the integrand must 
be zero irrespective of 6 which leads to the Euler-Lagrange field equations: 



dC dC 



(17.11) 



1.2 Hamiltonian Formalism 



The canonical conjugate momentum of the field (/?(x) is defined by the relation 



, , dC dC 

o Oq (p a (p 



(17.12) 



and the Hamiltonian density H takes the same form as the Hamiltonian H 
of analytical mechanics: 

H = 7Tip-C, (17.13) 

yielding, following integration over the entire space, the Hamiltonian 

H= f HSx. (17.14) 



Using an analogous procedure to that used in Chap. 1, we obtain Poisson- type 
field equations 

= ^,= {7T, 7i}. (17.15) 



2. Massive Scalcir Fields 

2.1 Field Equation 

A real scalar field (p (x^) = (p (x) is associated to a spinless particle with 
mass m and the Lagrangian density of the field is written (using the notation 




470 Chapter 17 Boson Fields 



^ = l (d^V’d>^<P-m^<P^) • (17.16) 

The Euler-Lagrange equation of this field or the propagation equation of the 
field associated with spinless mass particle is the Klein-Gordon equation 

(d^d^ + m^) ip = (0 + m^) (p = 0. (17.17a) 

Since the d’Alembertian O = — V^, we are led to the field equation 

+ ») = 0. (17.17b) 

In a (H ) signature of the Minkowski space- time, usually chosen in field 

theory, the Lagrangian and Hamiltonian densities are written 

^ ^ ( 0 ^ - (V pf - , (17.18) 

^ (tt^ + (V p)^ + p^) . (17.19) 

If the scalar field (p{x) is not restricted to the real field the Lagrangian density 
for a complex field will become 

C = d^pd>^ p* p* p (17.20) 

and the variation with respect to (p or to p* will lead to the same Klein- 
Gordon equation (17.17) for the field p (x) or its complex conjugate p* (x). 
By multiplying (17.17) by p* and the Hermitian conjugate of (17.17) by p, 
we obtain through term-by-term subtraction: 

P* ^-P^=<fi*V^<fi-<pV^p\ (17.21) 

which may also be written in the form 

d, (p*d,p-pd,p*) = v- (p*Vp-pVp*). (17.22) 

However, the condensed notation 

p* d^p- pd,p* = p* dtP, (17.23) 

is often used. With the arrows indicating which function is differentiated, Eq. 
(17.22) is also written as follows: 

dt dtp)=^- {p* V p) . 



(17.24) 
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There thus exists a complex function from which the following quantity can 
be constructed: ^ 

q{x) (17.25) 

whose integral over the whole space is conserved in time. Equation (17.22) can 
then, in fact, be written in the form of a hydrodynamic continuity equation: 

dt q{x) + V • J = 0 with J = (f V • (17.26) 

Unfortunately, the form taken by g{x) in (17.25) shows that the function is 
not necessarily positive definite. We will therefore choose among the possible 
solutions of (17.17) those that fulfill the condition: 

g{x) > 0. (17.27) 



2.2 Solutions of the Propagation Equation 

Let us introduce the Fourier transform of the field function: 
ip{x) = j exp(-i k.x) (p{k) d‘^ k , 

with the following notation for the scalar product: 

k • X = x^ = x^ — k • X = t - k • X . (17.28) 

Substituting into the Klein-Gordon equation (17.17), we obtain 

0 = (□ + w?) ^{x) — j exp {-i k • x) [-fc^ + m^] c/?(fc) k . (17.29) 

This imposes the following constraint on the values of the four- wave- vector 

0 = —k^ + = —k^ k^ -\-m^ = —k^ -h k ^ , (17.30) 

a constraint that can also be written in the following different form: 

fcg = = k ^ -h and k^ = u; = ± yjvn? | k P . (17.31) 

There exist two possible solutions, corresponding to the positive and negative 
values of the frequency a;. Solution (17.27) is written thus: 

V^(a:) = VP^.(x)-h(p_(a:), 

V?±(x) = 

The function g{x) c an be expre ssed with positive frequency solutions, that 
is, for /cq = a; = + -f- 1 k p )0 and definition (17.25) here becomes 



(/p(fc) exp \-i {± uj t- 



(17.32) 



q{x) = 



(17.33) 
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By integrating over the entire space using (17.32), we obtain 

J q{x) x = (27t)^ J 2uj (f*{k) (p{k) d!^ k>0. (17.34) 

Analogous reasoning will lead to the same result with the negative frequen- 
cies. We therefore impose the orthonormalization condition on the field func- 
tions of the wave vector k: 

y* X (^k(x) i dt ^k'(^) = (k - k') (17.35) 

and the orthogonality condition on the positive and negative energy field 
functions: 



d^ X (p*_ i = 0 . 



(17.36) 



A free spinless particle with mass m is thus described by a plane wave 



\/2w(k) 



exp (— i k • x) . 



(17.37) 



The general solution of the Klein-Gordon equation can therefore be written 
with (17.32) and (17.37) and a unit-normalization of (17.35): 






[a(k) exp {-i k- x) + a*(k) exp (i k- x)] . 



— 3/2 I /K~7T\ \ " a./ ^ yv n. - . 

(27t) / J v2o;(k) 

(17.38) 

The conjugate momentum, calculated with definition (17.12), is of the form 



7t{x) = (f{x) 



(27t)3/2 j ^2u;(k) 



a;(k) [a*(k) exp {i k • x) — a(k) exp {-i k • x)] . 

(17.39) 



These expressions will prove extremely useful in the definition of the quantiza- 
tion procedure. It should be noted here that some authors prefer to introduce 
the normalization (27 t)“^ in (p{x) in (17.38), which leaves a (27 t)^ coefficient 
in equation (17.35). The coefficient (27 t)“^/^ allows one to normalize (17.35) 
to unity. 

The form (17.38) of the functional is not invariant with respect to the 
Lorentz group, and it does not eliminate the negative energy contributions. 
It is therefore necessary to find a procedure that eliminates undesirable so- 
lutions. 

Let us recall the fundamental property of the Dirac function: 



6 (x^ - a^) = — — I {6 {x- a) 6 {x-\- a)} . (17.40) 

z \ d \ 
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By introducing Heaviside’s step function: 



6{x) = 0 if X < 0 

= 1 if x>Q (17.41) 

we eliminate the a(0 contributions by noting that 

6 {x^ - a^) 0{x) ” ^ ^ a > 0 . (17.42) 

We can therefore write the following equality: 
j k 8 {k^ - m^) 6 {u) = j (f k duo 8 {uj‘^ -k^ ~ w?) 9 {uo) 

= J d!^ k J 8 {uo - \/k^ + m?) 6 (uo) + 8 {uo \/k^ + m?) 9 {uo) . 

(17.43) 

Because the last term makes a zero contribution to the integral as a result of 
property (17.42), J d"^ k 8 {k'^ -m?) 9{uo) can be replaced with f d^k/2uo. To 
eliminate negative energy contributions, we will have to replace the Fourier 
transform (17.38) with the functional (p{x) by 



= \2^)V2 j k-x) + b*{k) exp (i k ■ x)] , 

(17.44) 

which modifies relation (17.34), while leaving the definite integral posi- 
tive. This boils down to replacing a(k) by (1/Y^2a;(k)) b{k) and a*(k) by 
l/{^y2co{k)) b*{k) in equation (17.38) of the functional (p{x). 
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The Higgs scalar field was introduced to describe the process of acquisition 
of mass by some gauge bosons during the spontaneous symmetry breaking of 
gauge fields. Consider a complex scalar field with Lagrangian density 

= (17.45) 

in which the Higgs potential V {(p* p) is chosen in the form 

V (<p* = m2 {if* ip) + h{<fi* iff m2 < 0 h>0. (17.46) 

Particular attention should be paid to the fact that M is not the mass of 
the boson associated with the Higgs complex scalar field, but rather a simple 
parameter. 

If we introduce the density by setting 



Q = P p= \p 



2 



(17.47) 
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for > 0 the potential V{g) is symmetrical and has only one minimum for 
^ = 0 whereas for < 0, there is a second minimum: 

tv(p) 




Im(p 

Recp 



Q = ^* = -M^/2h = ^ > 0 . (17.48) 

The variation of with respect to (f* leads to the Euler-Lagrange equations 
of the Higgs scalar field: 



0 = 



6 C 



H 



6 (f* 



d V 



(17.49) 



and, by introducing the d’Alembertian of the Minkowski space and the partial 
derivative of the Higgs potential (17.46), we have 



□ -f (f -\-2h (f {(p* (f) = 0 . (17.50) 



For a constant value p — Pq of the scalar field, we obtain the obvious 
solution 

o T r 

0 = ^ = if (M^ + 2h (fi* ip) . (17.51) 

• If m 2 0, only the solution pQ — 0 is possible, which corresponds to the 
only minimum of the Higgs potential, 

• If < 0, the solution p^ = 0 is unstable and a second solution is 
possible: 

eo = ’PoV>*o = --^ = Y^^' (17.52) 

We can obtain from this the solution p^ describing this fundamental state: 

(0 I I 0) exp {i /?) . (17.53) 

This solution breaks the global symmetry of the gauge field (see Chap. 8): 

p ^ p' = exp (z a) (17.54) 



since, for the ground state, (17.53) becomes during the transformation: 



p'o= (0 I (^' I 0) = (0 I exp {i A) ^ exp {i /?) | 0) 
= exp (i A) exp (f /3) ^ ^ (/?o • 



(17.55) 




3. Higgs Fields 475 



The minimum (/?q of has broken the initial symmetry, and is no longer 
invariant under global gauge transformation. This process is termed sponta- 
neous symmetry breaking and it confers a mass to gauge bosons. 

Now let us replace p with p-\-pQ\n the field equation (17.50). For sim- 
plicity we choose the phase (3 to be zero, and separate the real part p^ from 
the imaginary part P 2 of the Higgs field: 



+ (/?0 



V2 



{v + <^ 2 ) • 



(17.56) 



Inserting this into the Lagrangian density of the Higgs field, we obtain 



We separate the real and imaginary parts, which gives two coupled equations: 



+ T’l) + ^ [(■'^ + + <^ 2 ] + V\) — 0 ) 

df, </?2 + (/52 + /i [(tJ + + V2\ T’2 = 0 • 



(17.57) 



If we use the value (17.48) of these equations can also take the 

form 



9^ 9^ 7^1 - ipy = -h (3u + v + + ifl ) , 

9^ 9^ ¥>2 = (2v T’l 7^2 + 7?? ¥2 + 7 ^ 2 ) • 



(17.58) 



The right-handed terms represent interaction terms of real scalar fields p^ 
and P 2 - The real field p^ has therefore acquired mass (the coefficient of 
p^ in the (17.16)-type field equation) whereas the field P 2 remains a field 
with zero mass m 2 : 



m\ = -2M^ > 0 , 

m^ = 0 . 



(17.59) 



This Higgs process is extremely important in the definition of the mass of 
gauge bosons, and has received spectacular confirmation through the deter- 
mination of the mass of the intermediate bosons W~ and Z^. The Higgs 
boson, a neutral scalar boson with mass m^ = \/— 2M^ has yet to be experi- 
mentally confirmed and is currently the object of intense research activity at 
the major particle accelerators. 

The most recent research findings of particle physicists assign an upper 
and a lower limit to the mass of this boson (assuming that it really exists 
and conform to the proposed process): 



60 - 62 GeV < m^ < 200 - 250 GeV . 



(17.60) 
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4. The Electromagnetic Field 



The functional usually chosen to describe the electromagnetic (e.m.) field is 
the potential four-vector: 

A>^ {x'') = (x) = A^) = {4>, A) . (17.61) 

The antisymmetrical second-order Faraday tensor 



9. \ (17.62) 

next determines the electric field E with the components 

Fo , = -F, = Oo A, -d,Ao = -(d,A + (V <P),) (17.63) 

and the magnetic field B with the other components: 

F, ^ F, = A^ - A -(V A A), . (17.64) 

The Faraday tensor is invariant under gauge transformation (see Chap. 8): 



F F = F 

/XIX fl l> “^/xz/’ 



(17.65) 



and the Jacobi relation applied to the antisynunetric Faraday tensor: 



9^F^, + d,F,^ + d,F^, = 0, (17.66) 

leads to the first group of Maxwell equations: 

B + V A E = 0 and V-5 = 0. (17.67) 

Because relation (17.65) does not determine the vector potential uniquely, 
we introduce a gauge condition, for example, the Lorentz gauge: 

A>^ = do A° + di A^ ^ (f) + V ■ A 0 . (17.68) 

The second group of Maxwell equations can be obtained from the Lagrangian 
density of the e.m. field in interaction with the existing electric charges rep- 
resented by a four-current-density: 

J/^ = (J0, F) = (P, /), (17.69) 

= \ ■ (17.70) 

The free electromagnetic field likewise corresponds to a zero four-current J^. 

The variation of ^ with respect to the vector potential leads to the 
Euler-Lagrange equation of the e.m. field: 

H' 



(17.71) 
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corresponding to the second group of Maxwell equations 

= g and dtE + J = VAB. (17.72) 

Relation (17.71), together with the Lorentz gauge condition (17.68), leads to 
the propagation equation of four-potential: 

DA^ = r. (17.73) 

In vacuum, the propagation of e.m. waves is described by the d’Alembert 
equation 

DA^ = 0. (17.74) 

The analysis made for the Klein-Gordon equation is therefore valid if one 
considers photons as particles with zero mass. Inserting over the Fourier 
transform of the vector potential 

Afj, {x) = J k (k) exp {-i k • x) (17.75) 

into the covariant form of the d’Alembert equation (17.74) imposes a four- 
wave- vector with zero length: 



= fcg — k ^ = 0 and /cq = ^ I ^ I • (17.76) 

The vector potential can therefore take the form of (17.38) for each compo- 
nent. 

Normalized positive frequency waves will, for example, be written 

\ M ^ % « “P (-> ‘ • (17-77) 

Let us introduce the polarization of the e.m. waves with the unit vector 
that is by expanding a (k) in this base: 

a^(k) = 2; e^^k)a, (k). (17.78) 

A 

We demonstrate that the Lorentz gauge condition is satisfied A^ (x) by writ- 
ing, with (17.77) and (17.78), 

= 12 J ^ • 

(17.79) 

We obtain from this the constraint relation which augments (17.76) with the 
condition 

Fe^" = 0. 



(17.80) 
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Of the four degrees of freedom A of e^, only three are therefore independent 
since the vectors are orthogonal to k^. Constraint (17.76) also imposes 
that one of the vectors orthogonal to should be the vector k^ itself. There 
are therefore two linearly independent vectors e^, with the third being 
proportional to k^: 

= (17.81) 

The proportionality coefBcient A can be chosen zero by a suitable gauge trans- 
formation. We are then left with only two non-zero polarization vectors that 
are orthogonal to the e.m. wave propagation direction. This is the transver- 
sality property of e.m. waves (or the transversality of the mediating boson 
photon of e.m. waves). 

The vector potential is therefore written in the general form 
A f \ _ ^ f ^ 

X (k) Oa (k) exp(-i k.x) + (k) a^(k) exp(i k.x)] .(17.82) 



5. Quantization of a Boson Field 



5.1 Schrodinger Canonical Quantization 



The state of a field at instant t is described by | '^(t)) and (p{x), and 7t{x) 
become operators obeying commutation relations of type (17.85). The de- 
scription of a field takes the form of a functional {(^ \ '(p) = t). 

Because the operators ip{x) and 7t{x) are acting on | (p) and \'ip),we obtain 



(p{x) \<p)^ip\ip), 

s ^ 

7t{x) 'ip{(f,t) = -ih - — . 

0 <p 



(17.83) 



The correspondence principle associates the functional derivative -ih 6/6 p 
to 7 t{x). The evolution of 'ip is given by the Schrodinger equation 

W {(p, -in E) = (17.84) 

The square modulus of ip{ip, t) represents the probability density that a field 
will have the configuration p{x) at instant t. 
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5.2 Heisenberg Canonical Quantization 

We postulate that the field (p {x^) and its conjugate momentum tt (x^) satisfy 
at a given instant the same types of commutation rules as the position and 
momentum operators: 

Vp if == 0 , 

[it (x,t), TT (y,t)] = 0 , (17.85) 

[p 7T (y,t)] = i6^ {x-y). 

If we consider that a(k) is an operator in (17.38) and (17.39), and replace 
a*(k) with the operator a'^(k), the foregoing relations will lead to the com- 
mutation relations 



[a (k), a (k')l = 0, 

[a+ (k), a+ (k')l = 0 , (17.86) 

[a (k), a"*" (k')] = 5^ (k - k') . 

The Hamiltonian density (17.18), expanded with forms (17.38) and (17.39) 
of (x) and tt (x), will yield, following integration over space variables, the 
Hamiltonian 

if = ^ J k LO (k) [a~^ (k) a (k) + a (k) (k)j . (17.87) 

The Hamiltonian is therefore in the form of a superposition of harmonic 
oscillators of wave vector k, whereas the operators a (k) and (k) are in 
the form of boson creation and annihilation operators of wave vector k. 



5.3 Vacuum Energy 

The quantum vacuum is defined by the equation: 

a (k) I 0) = 0 

and a wave vector boson k will be obtained by the action of the operator 
a~^ (k) on the quantum vacuum: 

(k) I 0) = I k) . 

An n-boson vector state k is obtained by the repeated action of the creation 
operator 

|n(k)) =^a+(k)”(k)|o) 



(17.88) 
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and we go from | n (k)) to | n(k+ 1)) or | n (k- 1)) by applying the creation 
and annihilation operators: 



a+ (k') I n (k)) =6^{k- k') (n (k) + 1 )V 2 | n (k) + 1) , 
a (k') I n (k)) = (k - k') (n (k))^/^ | n (k) - 1) . 



(17.89) 



This simplifies the calculation of the matrix element of H: 

in' (k') \H\n (k)) ^6^{k- k') {n (k) + 1} u; (k) 6, . (17.90) 

The trace of the Hamiltonian operator, the integral over all the k vectors of 
the above mean value is easily evaluated: 



The integral is divergent since n (k) = 0 for the vacuum, and the trace for a 
field with mass m becomes 



1 

2 




(f k _ 1 

(27t)3/2 “ 2 




\/k^ + m2 



k 

(27t)3/2 



= 00 . 



(17.92) 



The energy of the vacuum is infinite. To eliminate this discrepancy, the vac- 
uum energy is chosen by convention to be zero: 



77 I 0) =0, 



(17.93) 



and to obtain this result, we replace all products of creation and annihilation 
operators with normal products (see Chap. 16): 



1 : a'*' (k) a (k) + o (k) a'*' (k) := a'^ (k) a (k) , 

/ d^ k 

^cu(k) a+(k) a(k). 



(17.94) 



The trace of H no longer has a constant term: 



TV:ff:= y„(k)o,(k)j^ 



(17.95) 



The normal product has therefore subtracted the vacuum energy, and the 
boson field energy is no longer infinite. 
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5.4 Normalization of Boson States 



To eliminate the negative energy contributions, we replace the boson creation 
and annihilation operators as in (17.44): 



a (k) by b {k)/^/2uj (k) , 
a"*" (k) by 6'*' (k) / \/2w (k) . 

This transforms the commutation relations (17.84) as follows: 

[b (k), 6(k')] = [6+ (k), b+ (k')] = 0, 

[b (k), 6+ (k')] = 2uj (k) 6^ (k - k') , 

but not the definition of the quantum vacuum: 

6 (k) I 0) =0 and (0 | ft''" (k) = 0 . 



(17.96) 



(17.97) 



(17.98) 



A boson wave vector k is then written from the quantum vacuum 



6+ (k)|0) - Ik). 



(17.99) 



We obtain from this the normalization of the k wave boson states in the form 

(k I k') = (0 I 6 (k) b+ (k') I 0) = (0 I [6 (k), b+ (k')] I 0) 

= (0 I 2w (k) 6^ (k - k') I 0) (17.100) 

and because the vacuum is a unit-noralized state, 

(0 I 0) =1, (17.101) 

we infer the desired relation: 

( k 1 k') = 2a; (k) 6^ (k - k') . (17.102) 



5.5 Absorption of a Boson 

The absorption probability amplitude of a boson can be evaluated from the 
expression (17.44) for the boson field function and the foregoing relations: 

(0 I (x) 1 k) = I ^^-^{(0 I b (k') I k) exp i-i k' ■ X) 

+ (0 I 6“^ (k') I k) exp {i k • x)| . (17.103) 

The last matrix element is zero following (17.98) and the first matrix element 
is given by (17.99) and (17.100), which, in the final analysis, leaves us with 
the absorption amplitude 
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(0 I (p (x) I k) = exp {-i k-x), (17.104) 

and, using the Hermitian conjugate 

(k I (x) I 0) = exp {ik-x). (17.105) 

In order to describe the e.m. field, we will have to introduce the polarization 
A of the photon: 



^ '' ' 

+ * (k) b+ (k) exp {ik-x)Y (17.106) 

This leads to the absorption amplitude of a photon: 

(0 I A>^ {x) I k\) = (k) exp {-i k-x). (17.107) 

The absorption of a photon in a volume V in which the field energy is uj will be 
obtained by replacing the normalization coefficient (27 t)^/^ with yj2uj (k) V. 

The creation amplitude of a photon with momentum k and polariza- 
tion A is obtained from the Hermitian conjugate of (17.107), that is with 
(k A I A^{x) I 0). 




Chapter 18 
Fermion Fields 



The Pauli-Schrodinger equation which replaces by (a • p )^, or tt^ by 

{a • tt)^ — jl • enables us to take into account the spin of a particle (see 

Chap. 9). Yet it is a nonrelativistic equation in which the mass energy is not 

2 

taken into consideration, since E = whereas the relativistic energy is 
written (in c units) 

E‘^=p^+m?. (18.1) 

The correspondence principle replacing E hy i d and p by — i V (in ^ = 1 
natural units) leads to the Klein-Gordon equation (see Chaps. 5 and 17) 

{i ^ (x, t) = {—i V)^ ^ (x, t) + 1? (x, t ) . (18.2) 

It is usually written in the form 



{—d'f + - m^) ^ (x, t) = 0 , (18.3) 

and by introducing the (H ) signature in the Minkowski space with 

X = (t^x) — = (x®, x) and the d’Alembertian 

□ = ^2 _ y2 ^ (^3 4) 

the Klein-Gordon equation describes the propagation of the presence proba- 
bility amplitude of a spinless particle with mass m: 

(□ + m^) (x) = 0 . (18.5) 

The Dirac equation is a first-order differential equation with the primary aim 
of taking into account the relativistic covariance and including the spin of a 
particle with mass m. First, we examine the case of the free particle, then 
that of an electrically charged particle in interaction with the electromagnetic 
field and, finally, the quantization of a fermion field. 
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1. Dirac Equation of a Free Particle 

The linearized relativistic energy (18.1) is written in natural units 

E = V • pi- m . (18.6) 

We therefore assume a priori the existence of a Hamiltonian with analogous 
form: 

if = a -p 4- /3 m, (18-7) 

in which a is a vector operator and /3 a scalar operator to be determined. 
The eigenvalue equation of the linearized Hamiltonian will then be 

E ^{x) = H ^{x) 

= {a-p + m (3) ^{x ) , (18.8) 

or, using the correspondence principle (1.242) of wave mechanics, 

i ^{x) = (a • p + m /3) ^{x ) . (18.9) 

Let us once more apply the operator E to Eq. (18.8) to determine the form 
of the operators a and (3\ 

E‘^ ^{x) = (a • p + m /3) (a • p + m /3) ^{x) 

= (5 • ^{x) + m /3 {d-p) ^{x) 

-\-m {d- p) ^ ^{x) -f m^ /3^ ^{x ) . (18.10) 

By comparing term-by-term with the eigenvalue equation written with (18.1), 



we obtain two expressions for E’^ 

p;2 ^ (p2 ^ 

= {d • p)^^ ^ /3^ ^ i- {m /3 {d • p) + m {d • p) /3) ^ . (18.11) 

We infer the following relations: 

a^=:]L, /32 = 1, (18.12) 

a,l3 + f3a, = 0, (18.13) 

+ ^3 ^ 1 . (18.14) 

and /3 are Hermitian matrices if H is Hermitian and ^{x) = ^{x^) 



= x) = ^ (t, x) is an n-row colunrn vector or spinor if the matri- 

ces d and /3 are n x n matrices. 

The right or left multiplication of relation (18.13) by /3 shows, with 
(18.12), that 

a, = -pa,f3. (18.15) 
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The trace of each member further yields 

Tra^ = -Trfiaif3 = -Tra^. (18.16) 



This forces the matrices a to be traceless. The same reasoning with (18.13) 
and the multiplication by shows that /3 is also a traceless matrix: 



Tr == 0 , 
Tr /3 = 0. 



(18.17) 



The matrices and /?, whose square is the identity matrix following (18.12), 
will have + 1 or — 1 as eingenvalues (real values). Because the trace is the 
sum of the eigenvalues (diagonal elements of the matrix), there should be as 
many + 1 eigenvalues as — 1 . The matrices and f3 are therefore of even 
dimension. Four 2x2 matrices (that is the three matrices and matrix 
/?) cannot simultaneously satisfy relations (18.12) and (18.14). We therefore 
have to introduce at least 4x4 matrices and a 1 x 4 spinor. Dirac sets: 



7 ^ = /? and 7 * = /? 



(18.18) 



The Dirac Eq. (18.9) is written with the correspondence principle 

i (do + a^ dk) ^{x) -m l3W{x) = 0. (18.19) 

Following multiplication from the left by the matrix /?, and by using relations 
(18.18) and (18.12), we introduce the Dirac 7 matrices: 

i (7° ^0 + 7*" '^(x) - m ’I'ix) = 0 . ( 18 . 20 ) 

Using the usual covariant notation, this equation reduces to 



= 0 /x = 0,l,2,3. (18.21) 

The following notation is often used: 

4 (we read A slash) = 7 ^ = 7 ° Aq + 7 ^ A- = 7 ^ Aq - 7 • A . (18.22) 

This gives the simpler condensed form of the Dirac equation of a free particle 
with mass m: 



{i ^ — m) ^{x) = 0 



(18.23) 




486 Chapter 18 Fermion Fields 

2. Dirac 7 Matrices 

Relations (18.12), (18.14), and (18.18) lead to the anti-commutator of Dirac 
matrices 

{ 7 ^^, Y] = 7 ^ 7 ^ + Y 7 ^ = 2r/^ ^ E . (18.24) 

The Minkowski metric tensor r]^ ^ has a (H ), or (-2), signature. It is 

represented by the 4x4 matrix 



/I 


0 


0 






-1 


0 


0 


0 


0 


-1 


0 




0 


0 


-1/ 



(18.25) 



This signature is different from that usually employed in general relativity 
theory, the (+ 2 ) signature, but is more convenient because of the form of the 
d’Alembertian it introduces. 

The 7 ^ matrices satisfy the relations of: 

i) hermiticity ( 7 °)+ = 7 ^ and ( 7 °)^ = 1 (18.26) 

ii) antihermiticity ( 7 ^)"^ = — 7 ^ and ( 7 ^)^ = 1 (18.27) 



as can be seen in the definitions and by setting = u in anti-commutator 
(18.24). We condense these relations by writing: 

7 /"+ = 70 7 ^ 70 , = (18.28) 



We often introduce the right and left parts of a ®^(x) spinor with the 75 
matrix: 

(18.29) 

This matrix obeys the following relations: 

{ 75 . 7 ^} = 0 , 75 = 1 . 7 ^ = - 7 “ 75 7 ° • (18.30) 



75 



= i 7® 7^ 72 ..^,3 ^ ^ ^5 ^ 



It is easily seen from definition (18.29) and relation (18.30) that 



\ (1 ± 75) 



2 



= ^(i ± 75)- 



(18.31) 



A spinor can always be separated into a right part and a left part by 
setting 

^ (1 + 75 ) ^ and i (1 - 75 ) O' . 



(18.32) 
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A possible representation of the 7 ^^ matrices, proposed by Dirac (other forms 
have been proposed by Weyl and Majorana), is as follows: 



7 



k 



0 

-a^ 0 



and 7 *^ 



1 0 

0 -1 



(18.33) 



where cj*' are the 2 x 2 Pauli matrices and 1 the 2 x 2 identity matrix. 

The Dirac Eq. (18.23), expanded as (18.20), is written with the corres- 
pondence principle, and by introducing the constants % and c, 



i h = c ( 7 ^ + m c) ^ , 

( 7 ° - - 7 ^“ P* - m c) = 0 . 
c 



(18.34) 



We introduce the covariant and contravariant four- vectors: 



p'^ = /) = (I , p'') = (I , p) , 

P^, = Pm‘'P"' = (Po’ Pk) = ( 7 . -p) . 



(18.35) 



thus transforming the Dirac Eq. (18.23) into 



( 7 ^ - m c) ^ = {'jl> — m c) ^ = 0 



(18.36) 



In the chosen signature (18.25), that is the (- 2) signature, and for ^ = c = 1 , 



p^ = id^ and p^ = id^, 



(18.37) 



and with the expansion 



= 7 ^" Pu = 7 *^ Po + 7'' Pfc = 7° - 7 • P , 



(18.38) 



= ^ = 8^) = (»0, V), 



a' = >?'"s„ = 5 ^ = (9“. a‘) = (a„,-v), 



(18.39) 



we easily derive the Dirac equation. 
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3. The Adjoint Dirac Equation 



The spinor !f'(x) = 



\^4{x)J 



will have the row of conjugate components as 



its Hermitian conjugate: 

^+{x) = {^*{x) ^*{x) ^;{x) ni^)) . 

We introduce the adjoint vector 

^{x) = 7^ , (18.40) 

whose components are easily obtained with the expression for the 7® matrix: 



^{x) = {n n n n) ( J \) = m n - n - n ) • (18.41) 



To obtain the adjoint Dirac equation, we use the fundamental equation 

i = d' {-i V -\-m /3 ^ . (18.42) 

We take the Hermitian conjugate: 

-i = iV + (i. (18.43) 

By multiplying from the right by 7^ = (3^ with (7^)^ = 1, we obtain 

= (18.44) 

The adjoint Dirac equation is written in its covariant form: 



i {d^ S^) 7^ + m (z ^ + m) = 0 



(18.45) 



4. Lagrangian Density and Field Equations 

The least-action principle enables us to obtain the field equation, that is the 
Dirac equation, with the Lagrangian density: 

C = i^ -m^ ^ 

= i^ -m^ ^ 

= ^ {i ^ — m) ^ {i ^ -\-m) ^ . 



(18.46) 
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The Lagrangian density is often written in the symmetrical form 

C = ^ -mj 

= i (i ^ 7 ^ gi- - i ^ 7 ^" !?■) - m ^ •f' . 

The variation with respect to ^ leads to the Dirac equation: 



^=0 

6 ^ 



{i ^ — m) ^ = {i d - m) ^ = 0 . 



The variation with respect to ^ leads to the adjoint equation: 

^ ^ 

= 0 => ^ {i ^ + m) = i {d^ + m ^ = 0 . 

The conjugate momentum is next defined in the usual way: 

dC dC . , , 

^ ~ d ~ 

This leads to a Hamiltonian density 

H = 7t 4^ — C = i^'^ {Oq^) — ^ {i ^ - m) ^ ^ 

but the Dirac equations satisfied by the spinor ^ cancel out the 
finally leaving the Hamiltonian density 

W = i !?+ ^0 = i i?7° ^0 If'. 

The integration over the whole space leads to the Hamiltonian 



H= / H(f x^i / do ^ 



5. Probability Density 

The probability density, square modulus of the wave function, is written 

j^{x) = g{x) — ^~^{x) ^{x) , (18.54) 

and by using the identity ( 7 °)^ = 1 and the adjoint ^{x) of the spinor, we 
also obtain 

q{^) = fix) = ^{x) f !f'(x) . (18.55) 

We introduce a probability current density in an analogous form: 

j^(x) = !f”*"(x) a^. If'(x) = !f'(x) 7 * !f(x) . 



(18.56) 
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This amounts to introducing the probability four-current: 



j^{x) = ^{x) 7 ^ ^{x) 



(18.57) 



Now, let us directly evaluate the time evolution of the probability density: 

i g{x) = i 8 q f{x) 

= i Oq ^~^{x) ^{x) 

= i ^^{x) ^{x) -h i {Oq ^~^{x)) ^{x) . (18.58) 



We next evaluate the right-hand part with Dirac equation (18.43) and (18.42), 
which leaves us with 



i j^{x) = -iV • ^~^{x) d ^{x) . (18.59) 

This is the vector expression of the hydrodynamic continuity of the proba- 
bility four-current j^{x): 



9^ fi^) = 0 



(18.60) 



It is also possible to obtain this relation by evaluating the term-by-term sum 
of equation (18.48) left-multiplied by ^ and (18.49) right-multiplied by the 
spinor 



0 = ^ir + {d^ = 7'^ m - 9^ f{x) . (18.61) 

To identify the probability current j^{x) with the electric current, we simply 
multiply j^{x) by the electric charge e, which leads to an electric charge 
density: 

j^{x) = q{x) = ^ = e ^'^{x) i^{x) . (18.62) 

The electric charge is then obtained by integrating the density j^{x) over the 
whole space: 



Q 



-I 



(f X f{x) 



I 



e dr X ^{x) 7^ ^{x ) . 



(18.63) 



One should note here the very useful Pauli-Krofink relation applying to the 
matrices M = 1 , 7 ^, 7 ^, 7 ^ 75 , 



M 'il^) 'll; = {^ M xp)'ip - (l^^ M 75 V^) 75 - 0 . 



(18.64) 
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6. Gauge Invariance and Noether’s Theorem 



The conservation property (18.60) is easily understood with Noether’s theo- 
rem as the outcome of a global gauge invariance. 

In effect, in a global gauge transformation (see Chap. 8), we have 

= exp {-i A ^j{x) . 

The first-order expansion in A will give the variation: 



^'(x) - ^^{x) = 6 ^,{x) = -iA ^j{x) . (18.65) 



Let us evaluate the Lagrangian density variation 6 C of the spinor 

field: 



6C = l^6^, + , 4 ^ S {d^ 









= d. 



dC 



6 ^, 



d C d C 



H' 



6 . (18.66) 



The Euler-Lagrange equations, after canceling the second term, lead to the 
field equations. The variational principle therefore also forces the first term 
to be zero. By replacing 6 1?^ with its value (18.65), we obtain the expression 
for the conserved four-current: 

df, f - 0 with f{x) = -i 0 ^^ Tij . (18.67) 

The Dirac spinor field described by the Lagrangian density (18.47) is invariant 
under the global gauge transformation 

^{x) ^'{x) = exp {—i q A) ^{x ) , 

^{x) = ^(x) exp {i q A) , (18.68) 

C ^ C' = C. 

and the partial derivative with respect to ^ is written 

(18.69) 

This effectively leads to the probability current (18.57), since (18.67) gives 
-i {i^ ^ = ^ ^ = f[x) . (18.70) 

This current is conserved and relation (18.67) is termed Noether’s theorem. 




492 Chapter 18 Fermion Fields 



7. Interaction with the Electromagnetic Field 

The interaction of a particle with mass m and electric charge e with the 
electromagnetic e.m. field with electric vector 

(18.71) 

at 

and magnetic vector 

B = V A A (18.72) 

is described in classical mechanics by replacing p with the kinematic momen- 
tum n (see Chap. 1 , Sects. 12.3 and 16.3): 

2 2 

p n = p-eA H = (18.73) 

2m 2m 

The correspondence principle next leads to a nonrelativistic Schrodinger 
equation. 

The relativistic approach consists in replacing the Einstein energy equa- 
tion (18.1) with 

{E -e^f = (tt^ + m^) . (18.74) 

If we introduce the tt^ component of the kinematic four-momentum 

7 T^ = (E - e ^) , (18.75) 

the Einstein equation (18.74) becomes 

(7r0)2 = (7r2+m2). (18.76) 

The Klein-Gordon equation for a spinless particle interacting with the e.m. 
field, expressed in ?i = c = 1 natural units, will therefore be 

{id^-e ^ = -eAf^^m^^, (18.77) 

The procedure for writing the relativistic wave equation will be the same as 
that used in Sect. 1 , if the linear form is used as the departure point: 

{d • 7T + m (3) ^ ^ ^ (18.78) 

which naturally leads to the same 7 matrices and to the Dirac equation for 
a particle interacting with the e.m. field: 

0 = {ijt - m) ^ = ( 7 ^ 7T^ — m)^ 

= {id^-e A^) -m]^ 

= (i ^ — e JJl — m)'^ . (18.79) 

Let us recall the remark made in (5.91) in connection with the correspon- 
dence principle: The principle introduced in (18.37) should be used in a (— 2 ) 




8. Local Gauge Invariance 493 



signature: 

i and — > i d^. (18.80) 

Similarly, if we introduce the operator associated with the kinematic 
momentum the correspondence principle will yield 

7T^ ^ iD^. (18.81) 

The covariant differentiation operator will therefore have to be written 
in the presence of the e.m. field: 

D^ = d^ + ieA^ (18.82) 

in order to obtain form (18.79) of the Dirac equation. 

The Lagrangian density for a particle with spin ^ and mass m in the presence 
of the e.m. field is written, as in (18.46), by replacing with 

Cdem = — (18.83) 

and by adding the Lagrangian density of the free e.m. field, that is, 

^EM = with F^^ = d^A^~ A^, (18.84) 

we obtain the Lagrangian density of the e.m. field interacting with a particle 
of mass m and electric charge e, the basis of quantum electrodynamics (QED), 



^QED — ^EM + ^DEM 

= ~F^^F'^'^ + F{ii:^-m)F. (18.85) 



8. Local Gauge Invariance 



We notice here that the Dirac Lagrangian density is not invariant under a 
local gauge transformation since, in such a case. 



= exp {-i e A{x)) ^ (x ) , 

/ 

F W = F (x) exp {i e yl(a;)) , 
and the transformation of the Lagrangian density is written 

C = F {i^-m)F C = f' {i^-m)F' . 



(18.86) 



(18.87) 



After expansion, we obtain with (18.86) and the definition (18.70) of the 
current (x) 



C ^ C = C + ef A{x) . 



(18.88) 
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This clearly shows that the Dirac Lagrangian density is not conserved under 
local gauge transformation. 

If the differentiation operator is replaced in (18.87) by the covariant 
differentiation operator in the presence of the e.m. field (18.82): 

^ D^ = d^, + ieA^, 

the Lagrangian density becomes invariant under local gauge transformation. 
Let us now use the Lagrangian density : 

C^ = C~e f A^ = i^ -e^ 

= i ^ {d^Ai e A^) W — m 
= ^ {i -m) ^ . (18.89) 

In a local gauge transformation we have 

A^ ^ A'^ = A^ + d^A{x), (18.90) 

f ^ 

By using (18.87) and the above relations, we notice that 

C[ = £i . (18.91) 

The Lagrangian density 

^DEM — ^ {i — m) ^ (18.92) 

of a fermion interacting with the e.m. field is invariant under a local gauge 
transformation: 

^ ^' = exp {-i e A{x)) ^ , (18.93) 

A^ ^ A'^ = A^Ad^A{x), (18.94) 

^DEM ^'dEM ~ ^DEM = ^^ (^ -9 ~ ^) ^ • (18.95) 

It is interesting here to note that ^ behaves like ^ under the local gauge 
transformation: 

D', ^' = {d^Aie a;) exp {~i e A) ^ (18.96) 

= {d^ A i e A^ A i e A) exp {-i e A) ^ (18.97) 

= exp {—i e A) ^ . (18.98) 

The comparison of relations (18.86) and (18.98) demonstrates the result pos- 
tulated. 
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9. Electron Spin 



Poisson’s equation, in association with the correspondence principle, gives 
the time evolution of the observables (see Chaps. 1 and 6): 



dA 

dt 



A ^ 9 A 



(18.99) 



Using the form (18.8) of H we infer the two equations of motion: 



^ [^fc. ^ (a • ^] = . (18.100) 

n^ = ±[n,,H] + ^ = e{E, + {d A B \) . (18.101) 

By inserting the value r = v = a from the first of these equations into the 
second, we obtain the quantum expression for the Lorentz force (obtained 
directly in (1.175)): 

^ == 4: iP~ e A) = e {E-\-v A B) . (18.102) 

dt dt 

The angular momentum of the electron in the e.m. field is described by the 
operator L, which is not explicitly time dependent, 

L = f A 7T , (18.103) 



and its time evolution is obtained with (18.99) as 

L^^ = \[L,H] = dAif. (18.104) 

dt i Ti 

We introduce the electron spin operator using the Dirac matrix commutator 

= (18.105) 

and the components associated with the Pauli matrices: 

CT. = CT-^'' = 1,2,3. (18.106) 

By using the anti-commutation relations (18.24), equations (18.12) and 
(18.14) give, for example. 



a2 



(18.107) 



whose time evolution is fixed by (18.99): 



[<J3, H] = ^ [-iai Q2> a.7f] 



i h 



i h 

= --{a A 7t)3. 



(18.108) 
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We infer from this the general vector relation 



dt 




= —{a A tt) . 



(18.109) 



By comparing relations (18.104) and (18.109), we notice that the operator 
J = Z+ |(jisa constant of motion. 

The description of the relativistic motion of the electron in an e.m. field 
implies the existence of a spin S = ^ h a for this particle. 

Pauli matrices were introduced in the Dirac Hamiltonian (18.8) without 
any reference to the spin. The latter appears to be indispensable in the co- 
herent description of the motion of the electron in an e.m. field. It is the 
same spin a which we find in the nonrelativistic Pauli-Schrodinger equation, 
a nonrelativistic limit of the Dirac equation. 



10. Solutions for a Free Electron 

Let us look for the solutions of the Dirac equation 

{i ^ - m) ^ = {i - m) ^ = 0 (18.110) 

for a free electron, in the form of plane waves by setting 

^{x) = ^{x^) = u{p) exp {-i p • x) (18.111) 

with the scalar product 

E 

p - X = x^ = p^ x^ — p • X = — t — p ’X. (18.112) 

The Dirac equation (18.110) thus leads to the formal equation 

(7^ - m) u(p) = 0 , (18.113) 

describing a system of homogeneous linear equations in ^^(p) when the ma- 
trix element is introduced: 

(7° -la is) Mp) " • (18.114) 

The condition for the existence of non-trivial solutions is that the determinant 
should be zero, which yields the relation 

{Po - = 0 , (18.115) 

leading to the double root 



p„ = ±(p^ + m“)>''^ 



( 18 . 116 ) 
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We therefore obtain four possible solutions, two with positive eneregies u(p) 
and the other two with negative energies i?(p), with each of the spinors nat- 
urally having four components. By setting E = (p^ -f and c = 1 we 

obtain: 

^j{x) = Ui (p, E) exp {-i p' x) = (p, E) exp [-i {Et - p • x)] , 

^ii{x) = U2 (p, E) exp (-i p- x) = U2 (p, E) exp [-i {Et - p • x)] , 

^Iiiix) = (p, -E) exp {i p • x) = (p, -E) exp [i {Et + p- x)] , 

^iv(x) = (P> -^) exp (2 p • x) = ^2 (P> -^) exp [* {Et + p- x)] . 

(18.117) 

The positive energy solutions ii(p) satisfy the Dirac equation 

{]/) - m) u(p) = 0 , (18.118) 

and the negative energy solutions the equation 

{]/) -f m) i;(p) = 0 . (18.119) 



The solutions corresponding to the free particle at rest are obtained by setting 

p = 0 and p^ — = — m c. (18.120) 

c c 

The Dirac equations (18.118) and (18.119) are then written 

( 7 ^ Po “ '^( 0 ) = ( 7 ^ - 1 ) m u{0) = 0 , (18.121) 

( 7 ^ Po + ^) ^(0) = ( 7 ^ + 1) m ^’(0) = 0 . (18.122) 

The Dirac matrix 7 ^ of the form (18.33) leads to the solutions 







/o\ 




/o\ 




000 


to 

II 


0 0 


II 


1 ^2(0) - 

U/ 


0 

0 

Vi/ 



(18.123) 



The solutions ^q{x) can therefore be written with (18.111). The solution 



W^{x) = Ai 



/ 1 \ 

0 

0 

Vo/ 



exp (— i m t ) , 



(18.124) 



for example, describes a positive-energy state, with a spin projection +|. 
The solution 



— A 



0 

Vo/ 



exp (—2 m t) 



(18.125) 
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also describes a positive-energy state, with a spin projection 
negative-energy states with spin projection will be 



— ^III 


(o\ 

^ 1 exp{imt) and ^Q^(x) — Ajy 


o o o 




Vo/ 


Vi/ 



whereas the 



exp (imt) . 



(18.126) 

To obtain the solutions corresponding to an electron in motion, we note that 
(18.118) and (18.119) also permit us to write 



(j^ + m) (j^ - m) = 0 . (18.127) 



This shows that u{p) must contain + m), and ?;(p) must contain {]/> — m). 
The positive-energy normalized solutions should be written 

^r(P) = \ ^r(O) r = l,2, (18.128) 

yj2m{E + m) 

whereas the negative-energy solutions are 

yj2m{E + m) 

The adjoint solutions will be u^{p) and ^^(p). The positive-energy states and 
the negative-energy states are normalized: 



«r(P) ^r'(P) = Kr' . 
^r(p) ^^r'(P) = ^rr' ■ 



(18.130) 



(The reader’s attention is drawn here to the order in which the states and 
adjoint states are written: ix^/(p) u^{p) would define a matrix and not a 
number, as it should in an orthonormalization relation.) The positive-energy 
states are orthogonal to the negative-energy states: 



^r(P) V(P) =0. 
Vr(P) V(P) =0- 



(18.131) 



In the Dirac representation, the solutions for a free electron moving in any 
direction whatsoever may be written, with p^=p^±i Py and p^ = p^ 



“i(p) 






m 



f E + m\ 
0 
P3 

P+ 



and U 2 (p) — 



1 

\/E + m 
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whereas for negative-energy states we obtain 






1 

\^E + m 



/ P3 \ 

P+ 

E + m 

Vo/ 



and 



Vi (p) = 



1 

y/WTm 



f p- \ 

-Ps 

0 

\E -\-m/ 

(18.133) 



11. Charge Conjugation 

To interpret the negative-energy states that are inevitably present in the solu- 
tion of his fundamental equation, Dirac assumed that all states of this type are 
already occupied, thus forming a “sea of negative-energy states” . A positive- 
energy electron cannot make the transition to an already occupied negative- 
energy state (Pauli exclusion principle). Conversely, a negative-energy state 
can absorb energy (a photon), and move into a positive-energy state, leaving 
a hole in the sea of negative-energy states. 

The vacuum | 0) will be termed the fundamental state corresponding to all 
the negative-energy states being occupied and all the positive-energy states 
being unoccupied. 

The holes in the sea of negative-energy states can be interpreted as quan- 
tum states characterized by quantum numbers that are all opposite to those 
of positive-energy quantum states. For a long time, Dirac thought these holes 
were simply protons, reducing in this way the number of particles known in 
his time to two. It required the discovery by Anderson of a particle with the 
same mass as the electron and with a opposite electric charge to establish the 
existence of the anti-electron or positron. Negative-energy states are there- 
fore antiparticles with the same mass as particles but with opposite quantum 
numbers. The absorption of a photon by a negative-energy state with a tran- 
sition to a positive-energy state is therefore interpreted as the annihilation 
of a photon and the creation of a particle-antiparticle pair. 

The spinor ^ describing a particle with electric charge e in an e.m. field 
obeys the Dirac equation 



= 0 (18.134) 

and the spinor describing the antiparticle with the same mass, but with 
electric charge — e, has a Dirac equation of the same form 

= (18.135) 

The transformation responsible for the transition from to ^ is termed 
charge conjugation. 
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The Hermitian conjugation of the Dirac equation (18.134) gives 

0 = !?+ (-i^+-e4+-m) = !f'+ {^-i A^-m) . (18.136) 

We introdi^e ( 70 )^ = 1 on the right-hand side of and then use definition 
(18.40) of ^ to write 

0 = ^ 7 O ( 7 /')+ - e 7 O ( 7 '')+ >1^ - 7 “ rn). (18.137) 

By multiplying from the right by 7 ^ which commutes with 9^, and m, 
we are left with 

0 = W {-i 7 ° ( 7 ^)+ 7 ° a^ - e 7 ° ( 7 ^^)+ 7 ° A^-m), (18.138) 

but, following relation (18.28), we can also write 

7 ® (t'")^ 7 ° = t'' , (18.139) 

thus expressing equation (18.138) in the following alternative form: 



0 = ^ {—i ^ — e J^ — m) . 



(18.140) 



By transposition (changing of lines into rows) it then becomes 

{—i — e — m) = 0. (18.141) 

Let us define the charge-conjugation operator C by 



C (ni^Y c-i = -7^^ 



-(7^)^ ^ C-i 7'^ C 



(18.142) 



J’ 

By introducing C~^ C = 1 on the left-hand side of ^ in (18.141), and 
left-multiplying the equation by C, we obtain with the above definition 

(i^-|-e4-m) Ci^^ = 0. (18.143) 

Comparing with the Dirac equation (18.135) permits us to set 

= (18.144) 

with T/g a phase factor which may be chosen equal to 1 : 



= C ^ 



(18.145) 
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The charge conjugate of a positive-energy solution with spin up will be a 
negative-energy solution with spin down and vice versa: 



(p) = C U^(p), 
,(p) = Cv ^(p) 



In Chap. 8 on the invariances and symmetries of physical laws, mention 
was made of the invariance of PT. The invariance under charge conjuga- 
tion should, in actual fact, be added to this invariance, thus making CPT 
one of the most important symmetry properties of elementary particles. 

Spinors that are equal to their charge conjugates 






(18.147) 



are termed Major ana spinors. 



12. Hydrogen Atom 

Let us return to the discussion of the hydrogen atom as a means of testing 
and comparing the Schrodinger, Dirac, and Klein-Gordon equations for de- 
termining the probability amplitude and the energy levels of an electron in 
the e.m. field of a proton. 



12.1 The Schrodinger Equation 



By introducing the Coulomb field of the proton with the Coulomb poten- 
tial o/r, with the structure constant of the electromagnetic interactions (see 
(16.89)) 



a = 



An Eq h c 



- 1/137, 



we obtain the usual Schrodinger equation (for h = 1) 

^ = 0, 

2m r ) 

which can also be written in spherical coordinates as follows: 
02 



^ 2 

d r d r J r 



L‘^\ 2a m ^ ^ 

7T 1 H h 2m E 






(18.148) 



(18.149) 



The expression for in terms of spherical harmonics will yield the eigen- 
values ^(£ + 1) of and the principal quantum number 0 < n < ^ - 1, which 
leads to the energy levels of the hydrogen atom (see Chap. 12): 



^ni “ 



a^ 



-m 



2rP ' 



(18.150) 
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These energy levels exhibit a degeneracy of the order: 

n— 1 

^(2£ + l) = n^ (18.151) 

This is the fundamental result of atomic spectroscopy, the basis of Mendeleev’s 
classification of chemical elements. 



12.2 The Klein-Gordon Equation 



The Schrodinger equation is not relativistic. The above results can be im- 
proved upon by using the Klein-Gordon equation, that is, by discarding the 
electron spin. We therefore replace the operator i in the Klein-Gordon 
equation (18.3) by + a/r, which defines the Klein-Gordon equation of a 
spinless particle with mass m and electric charge -e, in the e.m. field of a 
proton: 



(b+2) +v^ 






^> = 0. 



(18.152) 



Expressing this in a spherical coordinate system thus gives 



2 

d r dr 



r2 



+ 



2a E 



a 






m 



if'(f) = 0 . 



(18.153) 



This equation is identical to (18.149) if we make the following changes: 

a^, 



j2 



E 



a — > a 



E 



m 

E‘^-m? 

2m 



(18.154) 



The eigenvalues of the operator = L'^ - a^ are of the form A (A + 1) with 



X = i - 6 i and ^ ^ = 1 ^ + 2 1 ~ 






1/2 



. (18.155) 



The principal quantum number u replaces the quantum number n; the quan- 
tum number u - (X + 1) = 12 - {i- 6 £ + 1) must be an integer, but, following 
what we saw in the preceding paragraph, the quantum numbers n- {£ + \) 
should also be integers. This therefore fixes the possible values oiv -n-\-6 t 
integers: 

1 / = n — 6 £ V and n integers. (18.156) 

By replacing by {El ^ - m?)/2m and a by {E^^)/m in (18.150), we 
obtain the corresponding energy levels Ej, which we write in the form g 
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using the value (18.156) of the quantum number: 

^ _ m m m ^ 

” ' ■ [1 + aV(n - 6 “ n3 (2^ + 1) + • • • • ^ 

The first term is the mass energy, which is discarded in the nonrelativistic 
Schrodinger equation. The second term corresponds to the solution (18.150) 
of the Schrodinger equation and the remainder are correction terms. 



12.3 The Dirac Equation 



To include the relativistic effects and the spin of the electron, we use relation 
(18.127) in which we replace = = This leads to a Klein- 

Gordon equation modified by taking into account the spin of the electron in 
the e.m. field of the proton: 

(y -h m) (^ - m) iP' = (^^ - m^) 

= [{i ^ — e 4)^ - = 0 . (18.158) 

By using anticommutation and commutation relations (18.24) and (18.105) 
for the Dirac matrices 7, the Faraday tensor of the e.m. field appears in 
a contraction with the spin operator thus transforming (18.158) as 
follows: 

\id^-eA>^) {id^-eA^)-^-a^'' F^.-rv?] ^ = 0. (18.159) 

The only non-zero component of the vector potential is Aq\ 

= (18.160) 

e r 

which leads to the expression for the corresponding electric field: 

E^-V Aq = ^ ^ since - =: Fq ^ = -d^ A^ . (18.161) 

If we use expression (18.105) for the tensor ®, that is, 




0 

0 -a^ 



(18.162) 



we obtain the spin term of the modified Klein-Gordon equation (18.159): 



E„ = * En i e 



a-E 0 ^ 
0 —a • E 



The eigenvalue equation (18.159) is therefore defined with components 
and 1?_ of the wave function in a two-dimensional space, the spin space of 
the particle. The component will describe the wave function of a particle 
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with mass m, charge e and energy E, and a spin in the e.m. field of 
the proton, and the component the wave function of a particle with spin 
I \ — Using (18.161), the Klein-Gordon equation thus becomes 



2d L^\ 2a E 

rv O d” r\ O I O 



d f 2 r d r 






This is equation (18.153) with an additional spin term 



a • r . (18.165) 

The orbital angular momentum L is no longer a good quantum number, and 
the wave functions 3^^ will have to be projected onto the coupled spherical 
harmonics basis, since the total angular momentum J = L+^(jisa constant 
of motion (see Chap. 12, Sect. 10 or Chap. 18, Sect. 9). The application of 
the Wigner-Eckart theorem to the matrix element of the irreducible tensor 
operator a.f in the coupled basis readily yields: 

((< i) = r ‘I K 5 II II <<' 5 ) • 

(18.166) 

with the analytical value of the reduced matrix element 

((<l)3 ll II («' i) 3 ) 

= Hee](-riV6r (J I (,') {( i (18.167) 

The orbital momentum can only take the values £ ± 1 for the 0” to 
exist, whereas j = i ± ^ are the only possible values of j. We notice then 
that the only non-zero reduced matrix elements couple the orbital momenta 
i = j — ^ and i = j + The direct calculation of matrix elements (18.167) 
or the replacement of i with j in (18.153) and (18.154) lead to the same 
results. By defining the eigenvalues of the matrix representing the operator 
=F ^ in the form A (A + 1), we obtain 

1 1 r 1 1 

A = ^i = (i + 2)“ O' + • (18.168) 



This simply generalizes (18.155), whereas, by using (18.157), the energy levels 
reduce to 



[l + ay{n-6 



m a^ m 3 m 

2n^ {2j 4- 1) 8 



(18.169) 

The electron spin is only introduced then by the replacement for the or- 



bital angular momentum £ = 0,1,2... by the total angular momentum 

jf = i , I , I , Experimental results confirm this fine structure of the 

energy levels of the hydrogen atom. 
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13. Coulomb Elastic Scattering 



The perturbation expansion of the transition amplitude (15.66) and the Feyn- 
man diagram method (see Chap. 14) are, of course, valid for the scattering 
of electrically charged fermions (electron, positron, or proton, for example) 
by an atom with electric charge Ze. The initial and final wave functions will 
be relativistic solutions satisfying the Dirac equation (18.79), which can be 
rewritten in the form 

{]/) - m) ^ = e . (18.170) 

This defines the interaction potential as the operator e = e acting 

on the wave function 

Let us evaluate the Fourier transform 4(p) of the four-vector-potential: 



4ip) = 
4 W = 



j d^x 4 (x) exp (ip-x), 



(18.171) 



The electrostatic potential responsible for the Coulomb scattering has the 
following non-zero component 

^ = 7° ^0 = > (18-172) 

such that the Fourier transform jjL{p) is written with (18.171) in the form: 



4ip) = -j 



X 



7 Q Ze 
47 t r 



exp {i p x) 



with — p-x. (18.173) 



The integration over the variable t leads to the Dirac function 2ir 6{E)^ and 
the integration over the angles 0 and (p in the relative direction of the vectors 
p and X finally leave us with 



7 ® Ze 

4=-2n6 {E) (18.174) 

The first-order transition amplitude between the initial and final states, {x) 
and (x), of expansion (15.66), that is, in the Born approximation, is writ- 
ten with the potential e 4 ’^^ l^he form 



Tfi = -ie j x'^^ (x) 4 (a;) (x) 



(18.175) 
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Replacing (x) by (pj exp {-i-p^-x) andlf'^ (x) by Uy (p^) exp {ip^-x), 
we obtain the first-order transition amplitude 

Tf,^2n6{Ef-E,)u^{Pf) L J u, (pj- (18.176) 

The momentum transferred during the elastic scattering can be expressed 
with the scattering angle 9: 



I p/ 1 = I Pi I =k, 

I P/ - Pi P = sin^ ^ > (18.177) 

Ef = E^ = E . 

We shall skip the details of the calculation of the term | Uy (pj) 7^ (pj P 
yielding the value 2 {E^ + m^), which leads to the relativistic 

Coulomb elastic scattering cross-section: 



d a 

Jq 



{Z af 



4 rM 

sin^ (9/2 ^ 

(Z af 1-v^ sin^ 9/2 
4 sin^ 9/2 



cos 9] 



(18.178) 



For nonrelativistic particles, we have v 0 01 k/m — ^ 0, which leads to 
the classical Rutherford scattering. 



14 . Quantization of a Fermion Field 



A set of fermions with spin | and mass m can be described as a spinor 
field ^ {x^) = ^{x) = ^ (t,x) associated with a Lagrangian density C (cf. 
(18.47)) and a Hamiltonian density H (cf. (18.52)). 

In the second quantization formalism (see Chap. 16), one defines a quan- 
tum vacuum | 0), and field operators ^ (t, x) and (t, x) annihilating or 
creating particles occupying the possible quantum states. 

The fermion creation and annihilation operators acting on a quantum 
state a obey the definitions 



cj I 0) = I a) , c+ I a) = 0 , 

cj 0) =0, c„ I a) - I 0), 



(18.179) 



whereas the operator represents the number of fermions in the 

state I a), since the application of relations (18.179) leads to the eigenvalue 
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equations: 



N^\ a) = I a) , 
I not a) = 0 . 



(18.180) 



The operators and cj obey the anticommutation rules that are specific to 
fermion states: 



{^a’ ^(3} ~ {^a ’ ~ ^ ’ 

K, c^} = (5„^ 1 . 



(18.181) 



The fermion field operators will be defined with the individual wave func- 
tions (solutions of the Dirac equation) and fermion creation and annihilation 
operators: 



^ (i. x) - ^ {t, x) , 



a 

{t, x) = Y,Kit, x)4. 



(18.182) 



a 



The use of relations (18.182) and the anticommutation relations (18.181) 
leads to anticommutation relations for the field operators themselves: 



{t, x), ^ {t, x'} = {!?+ {t, x), !f'+ {t, x')} = 0, 
{!? {t, x), •?+ {t, x'}=^3 



(18.183) 



The quantization procedure applied to the field operators ^ (t, x) and 
(t, x) and to the conjugate momentum (see (18.50)): 

7T (t, x) (t, x) , (18.184) 



therefore leads to anticommutation relations at a particular instant t: 

{t, x), {t, x')} = (x - x') , 

{(P' {t, x), 7T {t, x')} = i 6^ (x — x') . 

Let US now examine how these spinor field operators can be constructed. 
There is one positive-energy (or negative-energy) spinor for each fermion (or 
antifermion). We therefore set 

x) = (p) exp {-i £„ {p • a;)) (18.186) 

with p.x = and = +1 for the positive-energy solutions (fermions), 

e^ = —1 for the antifermions (negative-energy solutions). The individual wave 
functions (p) are solutions of the Dirac equation (18.118) or (18.119): 

(P) = 0- (18.187) 

The positive-energy fermion states are denoted (p) (where r is the projec- 
tion index with spin projection r = 1,2) and (p) are the negative-energy 
states. 
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Each fermion with energy E and spin ^ or will occupy an elementary 
volume dV in configuration space, and Pauli’s principle states that only one 
fermion can exist in this volume dV. We may consider that there are 2E 
fermions per unit volume (or that a fermion with energy E occupies a volume 
1/2E). The normalization of the spinor field can therefore be written in 
configuration space as follows: 

j {t, x) ^ (i, x) dV = 2E. (18.188) 

This changes both the positive- and the negative-energy orthonormalization 
relations, (18.130) and (18.131) respectively, which become 

(p) (p) = 2E (5^, , 

yW (p) (p) = -2E 6,, , (18.189) 

(p) (p) = (p) (p) = 0 . 



The Fourier transform of the field operator of the spinor ^ (x^) can be written 
in the form 




d^ p 1 



X (p) (p) exp {-i p.x) + d* (p) (p) exp {i p.x) . 

(18.190) 

The spinor ^ is obtained by replacing the term in brackets with its complex 
conjugate, whereas u and v become u and v. 

The quantization of the Dirac field is obtained by replacing the coefficients 
and d* with the fermion or antifermion annihilation and creation operators 
b^{p) and ^^^(p) of spin projection ± energy 2E, and momentum p. 

By substituting for ^ (t, x) and (t, x') in (18.183), we obtain the 
anticommutation relations for the creation and annihilation operators of in- 
dividual states of fermions (or antifermions): 



{K (p), K' (p')} = (2^)" (2£^p) 6,,, 6^ (p - pO , 
{dr (P), d+ (p'} = (27 t)3 {2Ep) 6, ,, 6^ (p - p') . 



(18.191) 



All the other anticommutators are zero. 

The integration over configuration space can be replaced by an integration 
in phase space by using the Fourier transform (18.190) of the field operators: 



^ (P) = S ^ K (p)^^'’Hp)exp {i E^ t) 



(p) (p) exp(-z Ept)\, (18.192) 
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whereas with the procedure described above the operator ^ becomes 
^ (p) = S ^ (p) (p) exp {-i Ep t) 

r P 

+ (-p) if (-p) exp(i Ep t) . (18.193) 

The Hamiltonian density is represented with (18.52) using the operator 

n = = (18.194) 

and the energy associated with the fermion field via the eigenvalue of the 
Hamiltonian 

H = J H x — i J X ^ (x) ^ , (18.195) 

Parceval’s relation allows us to write 

j <f xW {x)(p (x) = j (p) </3 (- p) , (18.196) 

and by considering (p{x) as Oq ^ (x), we obtain, after some transformations 
and a redefinition of the energy zero, the Hamiltonian operator 

^ = E J (p) K (p) + dt (p) d, (P)] • (18.197) 

This is, to within a normalization constant, the form (17.65) of the Hamilto- 
nian of a field in which the creation and annihilation operators are fermion 
creation and annihilation operators. 

The electric charge can also be evaluated with the charge operator Q as 
defined in (18.63): 

Q = ^ / ( 2^)3 ^2E ) 

If we bear in mind that b and b^ are the annihilation and creation operators 
associated with the particles, and d and d~^ those associated with the an- 
tiparticles, we obtain the expected result: the electric charge is equal to the 
charges of the particles, minus the charges of the antiparticles. 
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15. Dirac Equation - Schematic Summsury 





Chapter 19 

Quantum X-Dynamics 



The theories describing the interaction of fermions (quarks and/or leptons) 
with gauge boson fields are usually designated quantum X-dynamics where 
X is the relevant gauge field. It is thus that quantum electrodynamics (QED) 
describes the interaction of the electromagnetic field with electrons, and quan- 
tum chromodynamics (QCD) the interaction of quarks with the color gauge 
field or strong nuclear interaction. The GSW standard theory of electroweak 
interaction of Glashow-Salam- Weinberg ought to be described too as quan- 
tum electroweak-dynamics; however, in current usage the term (GSW) stan- 
dard model of electromagnetic and weak interactions is preferred. It describes 
the interaction of quarks and leptons with the electromagnetic gauge field 
(Abelian gauge field with symmetry U{1)) and with the weak gauge field 
(non- Abelian gauge field with symmetry SU{2)) in the same procedure. This 
GSW standard model is one of the most significant advances of the last 
twenty years and although, properly speaking, it is a topic that is beyond a 
masters program, we thought it might be a good idea to take a cursory look 
at its most significant results and its use in demonstrating a Higgs process 
for the acquisition of mass by the intermediate bosons W that carry the weak 
interaction. 



1. Quantum Electrodynamics 



Quantum electrodynamics (QED) is a quantum and relativistic description 
of the interaction between the electromagnetic field, the Abelian gauge field 
with synunetry C/(l), carried by gauge bosons (photons), and electrons, first- 
generation electrically charged leptons. 

QED is today the physical theory with the most thorough experimen- 
tal verification. The magnetic moment, expressed in terms of spin, electric 
charge, and mass, 

^ e h ^ , 

yields experimental values that are in excellent agreement with the theory 
(see Chap. 9). The gyromagnetic ratio g is equal to 1 in classical theory 
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and 2 in Dirac’s theory and the latter has been confirmed by experiment 
(De Rafael, 1976). The first-order corrections of perturbation theory predict 
a modification in powers of the finestructure constant a of electromagnetic 
interactions (see Chap. 16): 

a = — = 1/137.035 989 5 . (19.2) 

ATreQhc 

The evaluation of the corrections to the fourth-order (by summing about 900 
Feynman diagrams), leads to the theoretical value of the gyromagnetic factor 

gth - 2 ^ 1 Q _ Q 323 43 49 (-)%0 (19.3) 

2 2 7T Vtt/ Vyr/ Vtt/ 

yielding, with (19.2), the theoretical value 

= (115 965 5 ± 3.3) 10"^ , (19.4) 

whereas experiment gives the result 
<2 

= (115 965 7.7 ± 3.5) 10"® . (19.5) 

We will not go into the details of QED and instead refer the interested reader 
to more specialized textbooks (Elbaz, 1989; Le Bellac, 1988). 

The Lagrangian density of QED is written in the form (cf. 18.85) 

^QED = + (19.6) 

with expression (18.55) for the electromagnetic current. It is also written 

^QED = -\F^,F^^‘' + ^{iI^-m)^ (19.7) 

by using the covariant derivative (18.82) of the electromagnetic field: 

D^ = d^ + ieA^. (19.8) 

It was shown in (18.95) that the second term in is invariant for a local 
gauge transformation: 

G {x) = exp (-^ (a:)) , (19.9) 

and since F^ ^ is also invariant for this type of transformation, £qed is in- 
variant under a local gauge transformation: 

^ = g {x)'F , 

\ = (^) > 

■^QED ^QED = ■^QED • 



(19.10) 
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The canonical quantization rules (17.82) naturally apply to the e.m. field 
and if we consider the potentials {x) as generalized coordinates, then the 
conjugate momenta tt^ {x) will be the four-vectors 



7T^ = 7T^ ° 



dC 



dC 



— ( 



(19.11) 



didAJdx^) d{dA^/dt) 

The conservation of the momentum tt^ is another way of stating Gauss’ law: 

= = = (19.12) 



The canonical quantization of the e.m. field raises the issue of the choice of the 
gauge appearing in the expression for the propagator of the e.m. field, which 
we write here in the following form, without any attempt at demonstration 
(Leader and Predazzi, 1982): 



i 

¥ 






K 



(19.13) 



Feynman’s choice is a = 1, whereas Landau’s is a = 0. 

The Feynman rules for transcribing diagrams of the different expansion 
orders of the Lippman-Schwinger transition amplitude: 



T = P + + (19.14) 

are next applied with a few modifications. They form the basis for the cal- 
culations of QED which have met with spectacular success. We have already 
had occasion to implicitly use the first-order statement of the transition am- 
plitude in the calculation of the relativistic Coulomb scattering (Chap. 18). 

An important aspect of QED concerns the renormalization procedure for 
eliminating divergences through the introduction of the concept of effective 
electric charge e^, which is different from the naked electric charge, or equiv- 
alently of the e.m. interaction coupling constant (Q^), which is different 
from the e.m. finestructure constant a. In fact, a = (0) and the Q- 

dependence of a ^ (Q^) is written 

iQ ) ^ (m ) VM / 

The momentum /x is a reference momentum and Q is the transferred momen- 
tum. 
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The coupling constant (Q^) describes the evolution of the effective 
electric charge with respect to the distance between two charged particles. 
The summation at every order of perturbation therefore describes the polar- 
ization of the vacuum and the screening effect experienced by the charged 
particle in interaction. With every successive increase in comes an in- 
crease in the number of charges seen by the exchanged photon and, if the 
finite value of is very high, the coupling constant will become infinite. 



2. Elementary Introduction 

to Quantum Chromodynamics 

Quantum chromodynamics (QCD) describes the interaction of quarks with 
flavor / (associated with the electric charge | e or e), mass m^, color a 
( = 1, 2, 3, = r, y), and Lagrangian density 

(19.16) 

with the gluon gauge field associated with the non- Abelian transformation 
group SU{3)^ of covariant derivative (see Chap. 8): 

= gW^^d^-igT^W^ a = l,...,8. (19.17) 

The Lagrangian density of QCD is written in a totally analogous form to 
that of QED (with summation over a and a): 

^QCD = Fr + Y. n ^ - ^f) H • (19-18) 

/ 

The problem of choosing a gauge is as crucial here as it is in QED, and 
following renormalization, the coupling constant of strong interactions is 
also dependent on although tending to zero for Q oo: 

= number of flavors = 1 , . . . , 6 . 




0 
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For > 16, we once more obtain an increasing function of Q‘^ just like in 
QED. The asymptotic freedom — > 0 for Q — > oo) exists only for a 

number rij < 16 (that is for less than 8 generations of quarks). By introducing 
the scale parameter 



A = 11 ^ exp 



-127T 

(33-2n^) (/x2) 



(19.20) 



the coupling constant of strong interactions can take another form equivalent 
to (19.19): 



(Q^) = 



127T 

(33-2uy) log ^ 



(19.21) 



For the perturbation expansion of QCD remains valid because 

is small, which is no longer the case for 
The scale parameter yl, which is experimentally determined, is of the order 
of 0.1 GeV, giving a coupling constant for strong interactions on the order of 
0.1 for Q on the order of 10 GeV. This justifies the use of QCD in high-energy 
physics, at least in the energy regime covered by present-day accelerators. 



3. The GSW Standard Model 



The Glashow-Salam- Weinberg standard model of electroweak interactions 
represents one of the most significant advances of the last twenty years in our 
knowledge of the structure of matter. It describes the e.m. interaction by a 
gauge field with symmetry C/(l), and the weak interaction by a gauge field 
with symmetry SU{2). However, the originality of the theory derives from 
its unified description of these interactions in a gauge field with symmetry 
SU{2)^ X U{1). Because the e.m. interaction has an infinite range and the 
weak interaction a finite range, these characteristics needed to be further 
associated with a process conferring mass to gauge bosons. Quite naturally, 
Higgs spontaneous symmetry breaking was used and the results obtained 
were experimentally confirmed beyond doubt. We will be content here with a 
very simplified description of the GSW model, referring the interested reader 
as usual to more specialized texts (Leader an Predazzi, 1982; Zee, 1982). 
For example, we shall be considering only first-generation fermions (leptons: 
electrons, neutrinos; hadrons: quarks u and d) and only boson exchanges 
between leptons will be taken into account (thus exluding exchanges between 
hadrons and leptons or between hadrons). 
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3.1 The Fermion Matter Field 

The weak nuclear interaction, responsible in particular for the phenomenon of 
radioactivity, is sometimes purely leptonic (for example, in the disintegration 
of the muon ii~ + purely hadronic (as in the disintegration 

of the particle A p + /z“), or semi- leptonic in the typical example of 
neutron disintegration in natural (3 radioactivity n ^ p + e“ + 

Fermi has described the weak interaction as a current-current interaction 
by using the Lagrangian density 

= (19.22) 

The Fermi coupling constant Gp takes the value 

Gp = 1.16 10"^ GeV~2 (19.23) 

and the current {x) is, more generally, the sum of a leptonic current (x) 
and a hadronic current {x). We will limit ourselves here to first-generation 
leptons (e“, u) by using the spinors associated with these fermions to describe 
the leptonic current: 



jX ^x (^9 24) 



This current is of the axial vector type. We note here that any spinor can 
be separated into a right and a left part with the matrix 75, by writing (cf. 
(18.32)): 

i’=l + ( 19 . 25 ) 

From a strictly formal point of view, the two left-hand leptons, and , are 
grouped together in a doublet with weak isospin 1/2, and we assign the 
projection to the neutrino, and 73 = — ^ to the electrically charged 

lepton, that is to the left electron: 



0^1 = 






^(1-75)^^. 



fl 

f'l 



(19.26) 



The electric charge is linked to the weak isospin and the hypercharge Y 
through the Gell-Mann-Nishijima (cf. (9.76)) relation 

Q -73 + ly, (19.27) 

which confers the doublet of left leptons with Yp = —1^ the right electron 
with hypercharge Yr = -2, and the right neutrino for which 73 = 0 with 
= 0. The right-hand sides of the lepton that do not take part in the weak 
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interactions are kept in singlets denoted ^2 that is, 

^2 - == . (19.28) 

This allows the introduction of the spinor {j = 1,2,3) for describing the 
left doublet and the two right singlets of the lepton (cf. (19.26) and (19.28)). 
We will note that the Pauli matrices f are acting on the doublet, and not on 
the singlets, such that 

f i^2 = ^ ^ • (19.29) 

Fermi’s theory of weak interactions assumes that the neutrino is a particle 
with spin | and zero mass with left chirality, and that the right-hand part 
does not exist. The major weakness of the theory is that it is not renormal- 
izable and efforts are underway to replace it with a renormalizable theory 
in which the weak interaction (with a very short range) is carried by an 
electrically charged or neutral massive vector boson. 

At the outset, leptons, just like gauge fields, are assumed to have zero 
mass and it is through the process of Higgs spontaneous symmetry breaking 
that the bosons and fermions in interaction, in the GSW standard model, 
acquire mass. 



3.2 The GSW Boson Gauge Field 

The GSW standard model of e.m. and weak interactions is based on the sym- 
metry gauge field SU{2)j;^ x 17(1). The local gauge transformation operator 
of this model is written in the form 

G (^) = Gsu2 ^ (^) 

= exp Q p f • a (x)^ exp {i g' Y- f3 {x)) (19.30) 

where the index j = 1,2,3 refers to the type-(19.26) or type-(19.28) spinor 
on which the operator should act, r are the Pauli matrices, generators of the 
group S[/(2)^, whereas g and g' are the coupling constants of the leptons in 
the gauge fields {x) associated with the Abelian group U{1) and (x), 
a = 1, 2, 3 is associated with the non- Abelian gauge field SU (2)^ (see Sect. 3.4 
of Chap. 8). Thus, the covariant differentiation operator will take the form 

D, = d^-i^-f-W^{x)-ig' (x) (19.31) 

and the tensors associated with the gauge fields will be denoted 

u {x) = (x) - B^ (x) , 

W^A^) = d^W,ix)-d,W^{x)+gW^{x) A W, {x) . 



(19.32) 
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The Lagrangian density of the gauge field will be written in a form analogous 
to that of the QED: 

-^GSW = + Ant 

= - + Y, (19.33) 

3 

The important term here is the interaction Lagrangian of the gauge field with 
the leptons: 

Ant = E * A i = 1, 2, 3 . (19.34) 

3 

It is written with the right and left parts of the spinor 

+ {d^-ig'Y^B^-'-gf- W^) . (19.35) 

The right-hand parts comprise two singlets and and the left the dou- 
blet and e^. The compact form (19.34) will be used more often here than 
the expanded form (19.35) for the interaction Lagrangian density. 



3.3 Electrically Charged Weak Currents 



Electrically charged weak currents are carried by the gauge bosons and 



and described with the Lagrangian density 

3 iff 






(19.36) 



2 ^ 1 / \- i ' ' fi ' ' ’z ’ ' 

We introduce the linear combination of the fields W}. and as follows: 






(19.37) 



yielding, with the Pauli matrices and T 2 , 



= V2 



0 W- 



w+ 



0 



(19.38) 

Inserting this into (19.36) with the left doublet of fermions (19.26), we obtain 



_g_ 

V2 



— “A (/x, / ' i) 7^ 



0 IT,: 



w+ 



0 



^ [fi r w- /[+/! r u ] . 



(19.39) 
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We introduce the Pauli matrix r = \ ~ i '^ 2 ) charged weak 

current 



S'‘ = /l7'‘/I = /7'‘^(1-75)/' 

= ^ t'" r~ If'j . (19.40) 

3 



The Lagrangian density is then written as the interaction of a current 
with a gauge field with electric charge (+) or (-) as follows: 




(19.41) 



3.4 Neutral Current 

After extraction of the charged weak current, we are left with the neutral 
current Lagrangian density (not electrically charged): 

^NC = 7 " [9 ^ + g' Y. i = 1, 2, 3 . (19.42) 

Let us make a canonical transformation of the fields B,, and by intro- 
ducing two fields and such that is not coupled to the neutrino 
but solely to the electron, with parity conservation (characteristics associated 
with the e.m. field): 



( cos e sin 6\ /Z 

[bJ - V-sin e cos e) Um 



(19.43) 



The rotation angle is termed the Weinberg angle, and thus often denoted 6y^. 
By using (19.43) in obtain two terms, with the first dependent only 

upon A^ (for simplicity we write 9 for the Weinberg angle): 

^NC = 7^ (g ^ sin 6» + g' cos 9^ i'j j = 1,2,3 (19.44) 

and the second term depending only on Z^: 

^NC = [9 ^ COS 9- g' Y^ sin 0 ) . (19.45) 



Let us write the Lagrangian density of the e.m. field in interaction with the 
leptons / with electric charge eQj, and /' with electric charge eQ^, (see 
Chap. 18): 






(19.46) 
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The number of electric charges Qj {j = 1,2,3) will be Q 2 = Qf for the 
neutrino, Q^ = Qfi for the electron. The nmnber of electric charges will 
be associated with the left lepton doublet: 

<3“,) + + ( 19 . 47 ) 

This defines the hypercharge Y-^ of the left lepton: 

Fi = (5/-1. (19.48) 

The Lagrangian density can now be written in the form 

^em = r (e Qj) , (19.49) 

and, by comparing with (19.44), we infer 

^ Qj = Q ^ sin 0 + g' Y- cos 6 . (19.50) 

This leads to three equations corresponding to the values of the index j, with 
the values (19.47) of Qi, Q 2 and Q^\ 



eQi^e (^^ + sin 9 + g' cos 6 , 

eQ 2 = eQf=g'Y 2 cos 6 , 
e Q^ = e Qff = g' Y^ cos 0 . 

These equations determine the hypercharge Y^: 



yi = Qf-^ ^2 = Qf ys = Qr^ 



(19.52) 



and a relation between the coupling constants g' and e and the Weinberg 
angle: 



e = g sin 9 = g' cos 9 



(19.53) 



We can eliminate the Weinberg angle 9 from these equations, yielding 



111 
“2 = -2 + “^2 



e = 



9 9 



V9^+l 



,/2 



(19.54) 



or eliminate the electric charge e, while retaining the Weinberg angle: 
tan 9 = — cos 9 = —^=J=== and sin 9 = —p^L== . (19.55) 
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It might be useful to evaluate g cos 6 and g' sin 6, which appear in in 
(19.45) by using (19.53): 



g cos 6 = 



e cos 9 e cos^ 9 



sin 9 sin 9 cos 9 



and g' sin 9 = — 



e sin^ 9 



sin 9 cos 9 

(19.56) 

T his leads to the following form of CffQ taken from expression (19.45): 



rZ 1^ ^ ^ 

^NC - 7 



" ^ Y ]^ .z 

2 sin 6 cos 9 sin 0 cos 0 ^ J ^ ^ ’ 



(19.57) 



which may also be written in the form of a matrix: 



5 cos^ 9 - {Qj - 5) sin^ 9 



0 



0 



/l 

cos^ 9 - {Qj - \) sin^ 9) ) \fi 
-/^ r Qf sin^ 9 7^^ Qf sin2 9 /),} . (19.58) 

Expanding the matrix product leaves us with 
2e 



rZ 

^NC 



sin 2 6 



|/l 7 ^ {^~^f 



+ /l7 



1 



1 - 



{Qf-1) sin^ 9) ) /[ 



2 

-fj, 7^^ Qf sin^ 9 - f'j, 7^ Qf sin' 9 f^} Z ^ . (19.59) 

If we introduce the matrices 75 by writing out the left and right parts of the 
fermions with (19.25) and then group together similar terms, we have 



2e 



fY 



V) f + f' (-i + T-™' ") f) 



" Sin 2 0 

(19.60) 

As can be seen in the first term, only the left neutrino appears in the weak 
interaction through the exchange of neutral current. 

By using the form (19.57) of the Lagrangian density and hypercharges (19.51), 
we can further write 



2e 



sin 2 0 



!?,. Y (y cos' 9 - Yj sin' 0) 






(19.61) 



and by replacing cos^ 6 with 1 — sin^ 0, and with ^ 1, we obtain 

the relation 



rz 

^NC 



2e 



sin 2 0 



Y (I - Qf sin' 0) . (19.62) 
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This is the interaction of the field Z„ with the neutral current 

Jnc = (^3 - 2 Sin^ e Qj) 

= 7'^ Tg - 2 sin^ e Qj . (19.63) 

If we introduce the electromagnetic current, we obtain 

(19.64) 

The neutral weak current is the difference between the current and the 
electromagnetic current, weighted with the Weinberg angle. It corresponds to 
an exchange of photons 7 with neutral intermediate bosons mixed with 
the Weinberg angle. 

3.5 Interaction of the Electroweak Field with the Higgs Field 

Let us introduce a scalar field (p in the form of a doublet ^ ^ ^0 ^ which 

the first element can be coupled with electrically charged gauge bosons 
and the second element with a photon and Z^, which are electrically 
neutral. The interaction Lagrangian density of the GSW gauge field with the 
scalar field, characterized by the Higgs potential V ^): 

= + h>0 M2<0, (19.65) 

will be written with the covariant derivative defined in (19.31) in the 
form: 

J^GSW-H = {D^ ^)-V <?) . (19.66) 

To evaluate this Lagrangian density, we expand the matrix form of the co- 
variant derivative: 

D^ = d^-^-gr-W^-ig’Y B^, (19.67) 

by fixing the constant Y such that the e.m. field is not coupled to the neutral 
Higgs field 

Let us begin by rewriting the GSW Lagrangian density associated with 
the neutral currents 

J(^NC = r (f T3 + g'Y B^j (19.68) 

with the Weinberg mixing angle of Z^ and we obtain from relation (19.43) 

= cos 0 Z,, -h sin 6 A ,. , 

B., = - sin 0 Z., + cos 6 A., . 




(19.69) 
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Recalling the relation between the coupling constants 



g sin 6 = g' cos 6 = e , (19.70) 

the neutral current operator in (19.68) can finally be written 

+ Y (^1 cos er^-g' Y sin Z^ + e (J^ + Y^ . 

(19.71) 

Expressed in the form of a matrix, the term in will therefore be written 



( 5 +^) eA^ 



(-5 + y) eA 



(19.72) 



If we apply this operator to the Higgs field doublet we obtain the doublet 



(i+y) 
(-i + y) 



(19.73) 



We force the electromagnetic field into not coupling to the electrically neu- 
tral Higgs field (^ 0 - This defines the hypercharge Y = ^ and the covariant 
derivative (19.67) thus becomes, for the doublet part, i.e., for the part acting 
in the two-dimensional space with isospin. 



D,= (d,-lg'B] 1 -'-gf-W^. 



This corresponds to the matrix form of D^: 



M 2 M 

-iA w~ 

s/2 V 



Z„~ie A,. 



-Lr w+ 
V 






(19.74) 



(19.75) 



By applying this operator to the doublet of the Higgs complex scalar field 
0 = , we obtain the term D of the Lagrangian density Cqsw~h'- 












(19.76) 



3.6 Spontaneous Symmetry Breaking of the Higgs Field 

The spontaneous symmetry breaking of the Higgs field (see Chap. 17) will be 
described by writing the doublet as 



(X {x) + v)) ■ 



(19.77) 
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This is equivalent to introducing the special values of the Higgs field: 



(/?+ = 0 



and 



‘P 



V2 



(x + w) • 



The matrix expression (19.76) for <f) then becomes 






--f W+J^v) 

V9^+9'^ (x + r;) 



(19.78) 



(19.79) 



It is then easy to evaluate the Lagrangian density following the 

spontaneous symmetry breaking, by inserting this result and (19.78) into 
(19.66): 



t^GSW-H = <? )+ {D^ ^ (X + j,)2 + ^ + „)4 . (19.80) 

By using the Weinberg angle, expressed in terms of the coupling constants: 

(19.81) 



this Lagrangian density can be rewritten in the form 






+ j(2vx + x') {w^w; + 
+ \{d^xd^X + ‘^M^ X^) 



m2 3 m2 4 1 , . 2 



1 



2 cos2 6 






(19.82) 



The reader is reminded here that the Lagrangian of a complex scalar field 
with mass is written £ = 1 (/? - m2 | <^ |2 whereas for a real field it 

is £ = 5 (fi If - m? (p^). The boson field is complex since we have set 
= (l/\/2) (W^ W2) whereas the boson field Z^ is a real field. The first 

line of (19.82) therefore shows that the mass acquired by the intermediate 
bosons in the spontaneous symmetry breaking process is 



Mz = l 
^ 2 



9V, 

9 V ^ My^r 
COS 6 cos 6 



(19.83) 

(19.84) 



Furthermore, the terms of the second line of (19.82) show that there is in- 
teraction between the massive bosons and Z and the Higgs scalar field 
X. Finally, the brackets of the second line show that the Higgs bosons, real 
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scalar bosons, have acquired a mass 

= a/-2 M2 . (19.85) 

The parameter M^(0 is a free parameter in the theory but the fact that 
such massive particles have never been observed suggests that Higgs bosons 
are extremely massive. Current and future experiments in the physics of 
elementary particles are striving to verify their existence and to determine 
their mass, that is the parameter M. This is one of the major objectives of 
the Large Hadron Collider (LHC) to be constructed at CERN in Geneva. 



3.7 Mass of Intermediate Bosons 



To determine a theoretical value of M^r and M^, the coupling constant g 
will have to be linked to the Fermi constant of weak interactions To 
this end, the phenomenology of weak interactions is used, by evaluating the 
differential cross-section of electron-neutrino scattering: 






given to first-order in the center of mass system by 

(19. 

Higher-order corrections lead to divergences which cannot be eliminated by 
the appropriate renormalizations. The first attempt to eliminate these diver- 
gences consisted in assuming that the weak interaction is due to the exchange 
of massive bosons. The Fermi Lagrangian (19.22) 



da _ Gl 
d Q TT^ 



Cp — 



V2 



f {x) 3^ (a:) 



(19.87) 



will then have to be replaced by an interaction Lagrangian with these massive 
bosons W,, written in the form 

H' 

C^ = 9wf{x)W^{x)+h-c. (19.88) 



This leads to the following value of the electron-neutrino differential scatter- 
ing cross-section: 



da 2 g^ 

JO~ (Q2 - M^)2 ’ 



(19.89) 



where is the mass of the intermediate boson W and Q the transferred 
momentum. 
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If (5 0, we obtain the Fermi differential cross-section, and by identi- 

fying (19.86) with the limit obtained with (19.89) 



^ 9w _ ^ 

7t2M^ 7t2 y/2' 



(19.90) 



It remains to find a relation between and the coupling constant g of 
the GSW standard theory. The Lagrangian density of the charged weak 
currents (19.41) is written with (19.40) as 



^cc - ^ if r (1 - 75) fw^ + h-c). (19.91) 



It is to be compared with Lagrangian density (19.88) of the weak interactions 
carried by massive bosons, which shows that 



g/2 V 2 — gy^ 



and 



g — 2 \[2 Myy 



v/2; 



(19.92) 



By returning to the value (19.83) of the mass of the boson VF, we finally 
obtain the Higgs parameter v (expressed in natural units Ti = c=l): 



2 4M^ 1 

V = — ^ = -7= . 

9^ V2Gp 

With the experimental value of the Fermi constant Gpi 
Gp/{n cf = 1.166 39 10-^ GeV"^ , 



(19.93) 



(19.94) 



the Higgs parameter assumes the value v ~ 246 GeV. We further use the 
value of the fine structure constant of the e.m. interactions ~ 1/137, 
which boils down fixing e at the experimental value of the electric charge of 
the electron in order to determine the mass of the intermediate bosons: 






Mz = 



1 e 1 

2 ^ “ 2 sin 0 {^/2 G^)V2 



^ ^em 

\/2 Gp 



1 38 

r\j 

sin 6 sin 6 
76 ^,,,2 



(GeV/c2) , 



COS 6 sin 2 ^ 



GeV/c^ 



(19.95) 



The Weinberg angle 6 can be experimentally determined in neutrino-nucleon 
or electron-deuteron scattering and the value currently accepted by particle 




4. Grand Unification Theories 527 



physicists* is 

sin^ 0.23061 ± 0.00047, (19.96) 

which gives a theoretical value for the masses of intermediate bosons 

~ 80 GeV/c^ and ~ 90GeV/c^. (19.97) 

The experimental value of these masses was determined for the first time at 
CERN in 1983, with lifetimes in the order of 10“^^ seconds. 

The accepted experimental value in 1995 was 

= 80.356 ± 0.125 GeV/c^ , 

(19 98) 

= 91.1863 ± 0.0020 GeV/c^ 

The numerous experiments producing intermediate bosons which permit the 
continual improvement of these results, and the excellent agreement obtained 
with the theoretical determinations, constitute an eloquent verification of the 
standard model of electroweak interactions as well as of the Higgs sponta- 
neous symmetry breaking. It remains, however, to unequivocally characterize 
Higgs bosons, neutral (with neither electric nor weak charge) scalar bosons 
(spin 0) with mass = \/— 2 M^, assumed to lie between 60 and 250 
GeV. Numerous experiments with high-energy particle accelerators (LHC at 
CERN, for example) are geared toward determining this mass and confirming 
the Higgs theory. 



4. Grand Unification Theories 



The success of the standard model encouraged particle physicists to unify 
strong interactions with symmetry SU (3) and electroweak interactions with 
symmetry SU(2) x f/(l) into one gauge theory, with a gauge field of symme- 
try SU{3) X SU{2) X U{1). Many attempts have been made by theoreticians 
to find a symmetry group larger than SU (3), capable of yielding SU (3) after 
symmetry breaking, that is the gauge field associated with the strong nuclear 
interaction and quantum chromodynamics, and the electroweak gauge field 
with symmetry SU{2) x f/(l), a symmetry breaking with lower energy sepa- 
rating the weak interactions SU (2) from the electromagnetic ones U (1). This 
is very important in understanding the production of matter in the Universe 
just after the Big Bang, i.e., in the current standard model of cosmology (see 
Chap. 20). 

The Grand Unification Model with SU (5) seemed to be able to meet this 
expectation, especially because the coupling constants of strong, electromag- 
netic, and weak interactions seemed to converge toward the same value at 
very high energy (10^^ GeV) (Zee, 1992). 

* Rochester Conference Warsaw (1996) 




528 



Chapter 19 Quantum X-Dynamics 




E (GeV) 

The grand unification model based on the gauge group SU (5) was there- 
fore developed. It predicts 5^ - 1 = 24 gauge bosons and, by extracting the 8 
gluons, the three intermediate bosons and the photon, that is the 12 bosons 
carrying the SU (3) x SU (2) x U (1) gauge fields, there remained the 12 gauge 
bosons of the grand unification model, termed X and Y bosons. 

The X bosons have electric charge |e and the Y bosons electric charge 
together with a color charge like the quarks. In this model, one thus has 
3 X bosons, 3 Y bosons and their corresponding antiparticles, 3 X bosons 
and 3 Y bosons, making exactly the 12 expected bosons. 

These bosons (also termed leptoquarks) can transform a quark into a 
lepton, for example, during the disintegration process 

u e+d-T. (19.99) 

The quark u with color i (red, blue, green) transfers its color to the Y boson 
with electric charge — \e. The electric charges are of course conserved. If we 
introduce a weak charge N = —^ iox the quark u and 0 for the positron, the 
Y will also have a weak charge and a total charge Q-\-N = — should 
be noted that the disintegration process of the quark u does not conserve the 
baryon number B = Y = Q N = ^ of the quark or the lepton number 
L = Q-\-N=l of the positron. The Y leptoquark will have the quantum 
number B — L = ^ — 1 = —^ and the baryon and lepton numbers, B and L 
respectively, are not conserved individually during the disintegration process, 
although the global quantum number B — L is conserved. 

The Y leptoquark produced in disintegration (19.99) can subsequently 
recombine with a quark u to produce an antiquark d: 

Y + u d. (19.100) 

We can therefore imagine exchange processes of the following type: 



{u,d) e+ + {Y,X), 

(y,X)+u ^ (J,w). 



(19.101) 
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This should result in the disintegration of the proton, for example, according 
to the following procedure: 



p 7T^ + . (19.102) 

Because the disintegration time is proportional to the fourth power of the 
mass of the leptoquark. 



M 

ml 







(19.103) 



we obtain for ~ My ~ 10^®GeV/c^ a disintegration time on the order 
of 10^^ years. 

This lifetime of the proton is enormous compared to the assumed age of 
the Universe which is about 1.510^^ years. To better appreciate this lifetime, 
we could, for example, determine the frequency at which we will have to draw 
water from the ocean drop-by-drop to be able to empty all the oceans of the 
earth. A mean depth of 3000 m is equal to a density per m^ of ^ocean — 
3 X 10^ kg m~^. The surface of the oceans (including seas, lakes, oceans, etc.) 
is about 2/3 of the surface of the earth, leading to a water mass of about 
10^^ kg, which is low compared to the mass of the earth, estimated at some 
2.4 X 10^^ kg by the law of universal gravitation. If we grant that a drop of 
liquid represents a mere cubic millimeter of water, we obtain: 



lO^^kg 
10^^ years 



1027 

1031 



mg/years = 



1 

10000 



mg/years. 



(19.104) 



It is enough here to draw 1 drop (Img of water) every 10 000 years to empty 
all the oceans of the earth in 10^^ years. At the same rate of filling, the 
content of oceans since the creation of the earth (4 x 10^ years ago) would 
be: 

l^ = 4-10^ = 400g 

Different research laboratories have tried to experimentally demonstrate up 
the disintegration of the photon, for example, by placing a reservoir contain- 
ing 8000 m3 of very pure water (that is about 3x10^^ protons) in a 600-meter 
deep salt mine. A Franco-German experiment of this type used the Modane 
highway tunnel for an experiment using solid detectors equivalent to a num- 
ber of protons of the same magnitude. 

The experiments indicated a lifetime greater than 10^^ years, thus ruling 
out the SU{5) model. The latter, in fact, did not gave a truly satisfactory 
relation between the intensities of the three interactions. 
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The grand unification model SU (5) has, in the meantime, been abandoned 
or, at least, modified by the introduction of supersymmetric partners (see 
above figure). Supersymmetry is a special kind of symmetry; it associates 
boson partners to fermions and vice versa. Winos, zinos, photinos and gluinos, 
all particles with spin are thus associated with W, Z, 7 and gluons, whereas 
squarks and selectrons with spin 0 are associated with quarks and electrons 
(see Appendix to this chapter). 

Research on supersymmetric particles began as early as 1970 with high- 
energy accelerators but has yet to produce results. Theoreticians have also 
explored unification theories in many-dimensional spaces in which some di- 
mensions are compact and are rolled up upon themselves in spheres, rings, 
etc. Such dimensions may be manifest on the Planck scale (10^^ GeV or 
10 ~^^ cm), in which the fundamental interactions should also include gravi- 
tation. At this scale, elementary particles are no longer considered as point- 
like, but are rather represented as supersymmetric strings, etc. This is the 
Total Unification Theory being sought by some theoretical physicists. 



Appendix: Introduction to Supersymmetry 

This appendix presents a brief introduction to the supersymmetric theories 
being developed in particle physics. As a simple examle (Grosse, 1989) we 

consider a harmonic oscillator with mass m and spin 



A.l The Supersymmetric Harmonic Oscillator 



The eigenstates | n), which are boson states as already indicated in Chap. 17, 
are obtained from the creation and annihilation operators, b'^ and b respec- 
tively, acting on the vacuum state | 0). First, a reminder of the definitions pro- 
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posed for a one-dimensional oscillator with mass m, in a potential ^ m 
(we set h = 1): 



b = ^== {d^ + m u x) and 6+ = (-0^ + m w x) , (A.l) 

\/2m ou V 2m a; 






The boson operators obey the commutation relations 

[b,b] = [b+,b+] = 0, 

[b,b+] = l, (A.3) 

[HB,b+] = u>b+ . 

We use the fundamental state | 0) with energy | a; to construct the excited 
states, or expressed in the language of occupied eigenstates peculiar to the 
second quantization theory, we construct the state with n bosons from the 
boson vacuum state: 

6 I 0) =0 6+ I 0) = |1) 

6 1=10) 6+ 1 = \/2 I 2) = I 0) 

^ . (A.4) 

b\2) =^/2\l) : 

(ft"'")” I 0) = I n) . 

The eigenstates of Hg are defined with the operator Ng = b'^ b whose eigen- 
value gives the number of bosons: 

Hg=w (^Ng+^-l^ and Fb I n) = EJn) (A.5) 

with the eigenstates and eigenvalues: 

I n) = ^ (6+)” 1 0) and = a; (n + 1) . (A.6) 

Now, consider the states with spin | ^ a) of this particle. They can be obtained 
from the Pauli operators (cf. Chap. 9) 

1 (cr^ -f i ay) and (j_ = (cr+)+ ^]^{a^-i Oy ) , (A.7) 

obeying the fundamental equations 
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We obtain from the anticommutation relations, cf. (9.58), satisfied by the 
Pauli matrices 



{cr^, a_^} = {cr_, a_} = 0 and = (^-)^ = 0 

{cr_, a+} = 1 . 



(A.9) 



A representation of these Pauli operators can be obtained in the 2x2 matrix 
space by setting (see Chap. 9) 




I - -) 

' 2 2 ' 

f = cr_ 




(A.IO) 



In the second quantization, the state \ \ — \) = | 0) becomes a fermion 
vacuum state, whereas the state | 5 5) = | 1) becomes a fermion-occupied 
space. The Pauli exclusion principle characteristic of fermion systems is then 
expressed through the fact that 



f = in^=o. 



(A.ll) 



If we assign the energy —\uoio the state | \ that is, to the fermion 
vacuum state (this reference energy is by convention assigned to a reference 
state termed vacuum), we can then write the fermion Hamiltonian 



= ^ [r f 



1 

^2 



and H 



i? I 0) — — 2 ^ I 0) 



(A.12) 



The commutation relations (A3) for the boson operators find their equivalent 
in fermion space when (A9) is rewritten in terms of fermion creation and 
annihilation operators: 



{/,/} = {/+,/+} = 0, 

{/,/+} = !• 



(A.13) 



It is possible to condense the conunutation and anticommutation rules of 
the boson and fermion operators, b and / respectively, by introducing the 
graduated commutator representing a commutator, except where the 

two are both fermion operators. 

If a = 5, / we obtain 



[a, a“^} = l [a, a} = [a“^,a'^} = 0, (A. 14) 

whereas the operators b and / mutually commute: 



[b,f]^[b,n = [b+J] = [b+,f+] = 0. 



(A.15) 
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The occupied or unoccupied fermion states are defined with respect to the 
vacuum | 0) using the relations: 



/| 0 ) = 0 /+| 0 ) = | 1 ) 
/ 1 1 )= 10 ) /+ 1 1 ) = 0 . 



(A.16) 



The matrix representation (AlO) of the fermion operators and states makes 
the direct verification of these relations possible. 

Let us add together the Hamiltonians Hq and Hp that describe the par- 
ticle with mass m and spin ^ in a harmonic well ^ m The energy of 

the boson vacuum compensates the energy of the fermion vacuum, and the 

energy of the fundamental state | 0, 0) = | 0) (g) ^ ^ of the total Hamiltonian 



H = Hs + Hp. = ou (6+6 + /+/) (A.17) 

becomes zero by construction: 

I 0,0) =0, (A.18) 

6 I 0,0) = /|0,0) =0. (A.19) 

The eigenstates of H are tensor products of the boson states [ n) (given by 
(A. 6)) and the fermion states | m) (given by (A.16)): 

I n,m) = ^ (6+)" (/+)” I 0,0) n = 0, 1, 2 . . . m = 0, 1 . (A.20) 

Vn! 

By adding and subtracting the term 6+6 /+/ in iJ, that is, in (A.17), we 
obtain 

H = u; (b+b (1 - /+/) + (6+6 + 1)/+/) . (A.21) 

The use of commutation and anticommutation relations, (A. 3) and (A. 13), 
in conjunction with the fact the operators / and 6 mutually commute, leads 
to a different form of the Hamiltonian: 



LT = u;(6/+/6+ + /6+6/+). (A.22) 

Now let us introduce the supercharge operators Q and Q+ using the matrix 
representation (A. 10) of / and /+: 



« = V" = (o $)• 

The Hamiltonian H thus takes the form of an anticommutator: 

/ 66 + 0 \ 

\ 0 6 + 6 /' 



(A.23) 



H = w {Q,Q+)=w 



(A.24) 
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The matrix representations of the operators H, Q and lead to the com- 
mutation relations: 



[H,Q] = [H,Q^] = 0. 



(A.25) 



This shows that if | n, m) is an eigenstate of H corresponding 
zero eigenvalue E of the energy, then Q \ n^m) and | n, m) 
eigenstates of H corresponding to the same energy. In effect, 



(A.25) to write 








H 1 


n^m) 


= E \ n,m) iox E ^ , 




HQ\ 


n^m) 


= Q H \ n,m) — E {Q\n, 


m)), 


HQ+ 1 


n^m) 


= g+ if 1 n,m) =E{Q-^ 


1 'Tt^rn] 



to the non- 
are equally 
we can use 



(A.26) 



The supercharge operators Q and therefore generate a new symmetry: the 
supersymmetry. They induce the transition from a boson state to a fermion 
state since 

g|n,0) (A.27) 

or from a fermion state to a boson state: 

<5+ I n,l) = Vw(n + 1) I n + 1,0). (A.28) 



It is really here a question of language: The operator Q induces the transition 
from the energy state of the oscillator with spin element | ^ — ^) to the 
same energy state but with spin element \\\)- The energy states E^ of the 
harmonic oscillator constitutes a doublet. 

The Hilbert space H in which the operator H is defined can be separated 
into two complementary subspaces, Hq and in which the operators Nq 
and N-^ act, such that 



No + N,= 1 , 
N,-N,=K. 



(A.29) 



The operator K is termed the Klein operator or involution operator. A rep- 
resentation of ATq, N-^ and K in the space of 2 x 2 matrices can be written: 



No- 



1 0 
0 0 



Nx = 



0 0 
0 1 



K = 



-1 0 

0 1 



(A.30) 



We will note from these representations the following properties: 



i) The operator K with ±1 as eigenvalue, as can be seen on the first dia- 
gonal, satisfies the condition: 



K‘^ = l. (A.31) 

ii) The operator Nq represents the number of fermions, since, applied to the 
fermion states | 0) “ ^ ~ (o)’ restores the eigenvalue 
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equations 



iVo|0)=0 iVo|l) = |l). 



(A.32) 



iii) Any operator of the form F = ^ where and /2 are operators, 

anticommutes with K: 



{K,F} = 0. 



(A.33) 



The operator F is said to be of the fermion type or odd or of graduation 
one. 

iv) Any operator of the form 5 = ^ ^ ^ where 5^ and ^2 are operators, 

commutes with K\ 

[K,B] = 0. (A.34) 



The operator B is said to be of the boson type or even or of zero gradu- 
ation. 

v) The form (A.23) of the operators Q and shows that we are dealing with 

odd operators whereas H is an even operator as follows from expression 
(A. 24), giving with (A.33) and (A.34) the relations 



[K,H] = 0, 

{K,Q} = {K,Q^} = 0. 



(A.35) 



vi) Because the operators b and / (or and f~^) mutually commute, the 
definition (A. 21) of the supercharge operators leads to the relations 



[Q.b^] = f^ [Q.b] = 0 

{Q,f}=^b {g,/+}-o. 



(A.36) 



This mirrors the fact that Q is an odd operator whereas b is an even 
operator and / an odd operator. 



A. 2 Supersymmetric Quantum Mechanics 

The Hermitian (selfadjoint) Hamiltonian operators i/, with supersymmetry 
Q and involution K constitute a supersymmetric system if they satisfy the 
conditions (Gieres, 1993) 

H = Q\ 

(A.37) 

from this we directly infer the two commutation relations 



[H,Q] = Q [H,K] = Q. 



(A.38) 
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Now let us examine the principal properties of this system: 



i) The Hamiltonian H is positive definite H >0. Hence, the spectrum of its 
eigenvalues does not contain negative values. 

ii) If I ip) is the eigenket of H corresponding to the eigenvalue 

E > 0^ then Q \ ) is also an eigenket with the same eigenvalue be- 

cause 

H 

H{Q 



if) =E\ip), 

^)) = QH\^) =E(Q\ip)). 



(A.39) 



The eigenvalues of H are therefore degenerate, 

iii) By quantum vacuum, we mean the state | 0), which is the lowest-energy 
or ground state. According to the foregoing property, this energy will be 
zero if and only if 



Q|0) =0 VQ, 

H\0) =0. 



(A.40) 



iv) The involution operator K has ± 1 as eigenvalues. We can therefore de- 
compose the Hilbert space into an even and an odd part by setting 



= l{i + K)\^} +i(i_i^)|^) 

= I ^b) + I (ff) 

= K^\p>) +K^\ip), (A.41) 



The vector \ ip^) = A’b I of the subspace of H is different from 
zero for the eigenvalue + 1 of since \ {1 + K); the vector 

\ <Pf) = Kp I ip) corresponds to the eigenvalue —1 of the operator K. 
The Klein involution operator can be represented with a 2 x2 matrix and, 
if we assume that the vector | (/?) is a 2 x 1 column, we obtain 



Applied to I 1 , we easily obtain 

\‘P2 / 



(A.42) 



1 Vb) 



— Kg 




ifp) — Kp I (p) 



1 0 
0 0 



^2 ) V 0 



<Pf 

0 



(A.43) 



The part | (pg) of | p) is the boson part, while | Pf) is the fermion part. 
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v) A 2 X 2 matrix may be decomposed into an even (boson) part and an 
odd (fermion) part and, if we set M = f ^ ^ V the conditions 



[K,M]=0 
{K,M} = 0 

which amounts to writing 



M- 



M 



A 0 
0 D 

0 B 
C 0 






0 D 



C 0 



(A.44) 



(A.45) 



An even (boson) operator commutes with the Klein operator whereas an 
odd (fermion) operator anticommutes with it. 

vi) The supersymmetric operator Q (selfadjoint Q — Q~^) anticommutes 
with K following definition (A. 35). It is therefore an odd operator of the 
form 

e=(" ■'o'). (A.46) 



Applied to an eigenstate \ (p) = j of H corresponding to the 

eigenvalue E, this operator transforms it into Q \ p)^ another eigenstate 
of H corresponding to the same eigenvalue: 

The fermion state p^ has been transformed into a boson state A^^p^^ 
whereas the boson state p^ has been transformed into a fermion state 
A pj. We say in such a case that A*Pq is the superpartner of Pf and 
A pj the superpartner of p^. 

vii) Any eigenstate | p) whatsoever of H represented by the matrix 

^ has a superpartner Q \ p)^ for an eigenvalue 

different from zero. 

To the one-particle state | 1), corresponds the superpartner Q | 1). 
The eigenstates | 1) and Q | 1) have the same energy but a spin differing 

by i 

The eigenstate | 0) of the lowest-energy (positive) H is termed a 
vacuum. Following property ii the quantum vacuum will have zero energy 
if and only if 



H = 



A A* 
0 



0 

A A 



Q I 0) = 0 VQ if I 0) - 0. (A.48) 
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viii) By convention, the superpartners of bosons are bosinos (gravitinos, 
photinos, gluinos), whereas the superpartners of fermions are sfermions 
(squarks or sleptons). Supersymmetric minimal theories attribute a 
unique supersymmetric partner to all fundamental bosons and fermions. 

ix) Supersymmetric field theories generalize the first hypothesis (A. 37), by 
introducing the generators (a = 1, . . . , 4) of this superalgebra, odd 
operators that satisfy the anticommutation relation 

{Qa,Qp) = j^ (A-49) 

12=0 

where the ^ are complex numbers termed structure constants and 
the operators (/i = 0, 1, 2, 3) are generators of the time and space 
translations. 

A field theory of space-dimension zero leads us to the form 

{QvQi} = fnPo (A.50) 

and, since Pq is the generator of the time translations, that is the Hamil- 
tonian, we obtain a form that is analogous to (A. 37), that is a Hamil- 
tonian H proportional to Q^. 

x) All states capable of being transformed into one another by the action 
of the supersymmetric operator Q form a supersymmetric multiplet or 
super mult iplet, whose elements possess the same restmass but differ by 
a new quantum number, the P-charge. 

xi) In the supersymmetric standard model, the partner of the photon 7, 
the photino, possesses a spin ^ and the partner of the gluon, the gluino, 
a spin Sleptons and squarks are supersymmetric partners with spin 
0. The Higgs boson with spin 0 has a supersymmetric partner with 
spin the higgsino, conferring mass to the supersymmetric partners of 
fundamental bosons. 

As of today (1997), the lower limit of the mass of supersymmetric parti- 
cles is 45 GeV, where the mass of the gluino and squarks should be greater 
than 100 GeV. Yet only the supersymmetric standard theory satisfactorily 
addresses the convergence of coupling constants in the Grand Unification 
Theories (Fayet, 1994). 

Research on supersymmetrical particles is being actively pursued at the 
large particle accelerators and is the object of a program at the LHC accel- 
erator at CERN in Geneva (around 2005 probably). 




Chapter 20 
Quantum Cosmology 



1. Introduction 

Gravitation is remarkably well described by Einstein’s general relativity the- 
ory as demonstrated by a variety of observations: the advance of the per- 
ihelion of planets, the deviation of light rays due to stellar masses leading 
to gravitational lenses, radar or laser echoes from different planets, emission 
of gravitational waves by binary pulsars and, finally, various cosmological 
tests, in particular, the isotropic 3 K cosmic background radiation. Yet, some 
physicists think that the Einstein equation linking the geometric structure 
of space-time (described by a curvature tensor) to its physical matter or 
radiation content (described by an energy-momentum tensor) is simply an 
effective theory describing the macroscopic properties of matter. The gen- 
eral relativity theory has made it possible to develop a coherent cosmological 
model (standard model or the Big Bang theory), and the current state of 
knowledge in particle, nuclear, and atomic physics as well as in thermody- 
namics permits the description of the evolution of the Universe from soon 
after the first minutes of creation. 

In the standard or Big Bang model, the initial conditions are approxi- 
mately in the Planck domain and we may safely assume that quantum effects 
become overwhelming at this scale cm ~ 10~^^s ~ 

lO^'^gcm"^ Tp ~ 10^^ K). Quantum cosmology, in which both matter and 
the gravitational field are quantized, is therefore the natural framework for 
addressing the issue of the initial conditions of the formation of the Universe. 

The intention is to determine the Universe’s wave function ^(/i-^ (x), 0(x), 
E) describing a closed Universe in which a three-dimensional metric (x) 
and a matter field 0(x) are defined on a suface E. We use a dynamic the- 
ory of gravitation, deriving for example from the general relativity theory, to 
obtain a Hamiltonian formulation of Einstein’s theory and then quantize the 
associated operators. This permits us to write a wave equation that is anal- 
ogous to the Schrodinger equation: the Wheeler-DeWitt (WDW) equation. 
Such an equation leads to numerous possible solutions, and for it to be able 
to predict anything, we will need to complement it with initial and boundary 
conditions, leading to a unique solution. Next, we will need to interpret the 
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wave function thus obtained and, in particular, to explain why the Universe 
is approximately classical in present-day observations. 

We begin with a reminder of the fundamental equations of general rel- 
ativity (Elbaz, 1992; Linde, 1990) before going on to examine the Hamilto- 
nian formulation of the theory, using the same general plan as in Chap. 4: 
mathematical formalism, dynamical laws, quantization rules and the corre- 
spondence principle. 

After separating the space-time curvature into an intrinsic curvature of a 
three-dimensional space and an extrinsic curvature describing the evolution 
of this space, we introduce the Einstein-Hilbert action using the scalar cur- 
vature of the space-time with the foregoing data. This action is subsequently 
expressed in a six-dimensional superspace, the space of all three-dimensional 
metrics, which leads to a Hamiltonian formulation of the Einstein equations. 
Quantization is thereafter introduced with the commutation relations of the 
operators associated with three-dimensional metrics (considered as the po- 
sition variables of the superspace) and with their conjugate momenta. This 
will lead to an equation analogous to the Schrodinger equation, but which in- 
troduces functional derivatives, the WDW equation of Wheeler and DeWitt. 
By reducing the number of degrees of freedom of the superspace, this WDW 
equation will be written in a mini-super space, making it possible to obtain 
the time-independent wave function of the Universe in a form that is in all 
respects analogous to the Schrodinger equation. Examples of applications will 
be given in particular for the the B.K.W.-type semi-classical solutions (see 
Chap. 3). 

One of the most fundamental problems facing to theoreticians of quan- 
tum cosmology concerns the fact that the universal wave function is time 
independent, whereas the observable Universe, in the standard model, is nat- 
urally time-dependent. We will try to address this problem by quoting from 
A. Linde’s Particle Physics and Inflationary Cosmology (Harwood Academic 
Press, 1990, page 271) 

“The Universe as a whole does not depend on time because the very 
concept of such a change presumes the existence of some immutable reference 
that does not appertain to the universe, but relative to which the latter 
evolves. If by “the universe” we mean “everything” , then there remains no 
external observer according to whose clocks the universe could develop. But in 
actuality, we are not asking why the universe is developing, we are inquiring 
as to why we perceive it to be developing. We have thereby separated the 
universe into two parts: a macroscopic observer with clocks, and all the rest. 
The latter can perfectly well evolve in time (according to the clocks of the 
observer), despite the fact that the wave function of the entire universe is 
time- independent” . 

In other words, we return to our familiar vision of the world evolving with 
time, but only after separating the Universe into two macroscopic parts, each 
of which evolves in a semi-classical fashion. The resulting situation reminds 
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US of quantum mechanical tunneling through a barrier: The wave function is 
defined within the barrier, but it produces a non-zero probability amplitude 
of finding a particle propagating in real time, outside the barrier where a 
classical motion is allowed. 

Thus, by the very fact of his existence, an observer reduces somewhat the 
total wave function of the Universe to that part describing the world he can 
observe. This is exactly the Copenhagen School’s point of view for interpret- 
ing quantum mechanics: “The observer is not simply a passive spectator but, 
rather, a participant in the creation of the Universe”. 



2. Essentials of General Relativity 

2.1 Mathematical Formalism 

In classical mechanics, time is represented by a space-independent parameter 
and the interval between two infinitely close points is represented by the 
scalar 

ds^ = d£^ = 8--dx^dx^ j,i = 1,2,3. (20.1) 

Changes of coordinate system are made independently of time, and if the 
position in a system is a function of the position x^ in the other system (we 
will use Einstein’s convention for summation over repeated indices appearing 
in the lower and upper positions), 

dx^ = ^ dx^ = ylU dx^ . (20.2) 

dx^ ^ ^ ^ 

In relativistic mechanics, time is considered as an additional coordinate, and 

an event is represented by a point in space-time, a four-dimensional vector 
space in which the interval is represented by the scalar 

ds‘^ = dx^ dx^ = 0, 1,2,3, (20.3) 

and in a Minkowski space with (+2) signature, with coordinate 0 being re- 
served for time: 



ds^ = -(dx^)^ -h (dx^)^ i — 1,2,3. (20.4) 

If the interval is negative, then it is time-like, and the “proper time” r will be 
the term for the time associated with the event being described, by setting 

dr^ = —ds^ — —T]^^dx^dx^ fi^u — 0, 1,2,3. (20.5) 

During the change of coordinate system, we can write, just like in the three- 
dimensional space, 

dx^ = ^ dx" - dx" . 
dx^ 



(20.6) 
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Note that by combining this transformation with the expression for the inter- 
val which is invariant with respect to the coordinate changes, we obtain 
the transformation of the metric of the Minkowski space: 

ds^ = dx^ dx^ = dx^' dx^' 

= V^,,.A^'dx^A^Jdx\ (20.7) 

which, on comparison with the foregoing statements, leaves us with 

■ (20-8) 

Any mathematical object that is transformed like dx^ is termed a con- 
travariant vector, or more precisely, a contravariant component of a vector 
V. By projecting this vector onto the base unit vectors (/i = 0, 1, 2, 3), it 
is easy to see that 

/ / 

V = e,, and = A^, . (20.9) 

We define the dual space spanned by the unit vectors ^ such that the product 
of a base vector of each of these spaces will lead to a scalar: 






(20.10) 



The covariant components of the vector V, that is the elements are ob- 
tained in a similar manner as (20.9), by projecting V onto the basis {^}: 






They transform as follows: 



V = V ; = V / 



( 20 . 11 ) 



( 20 . 12 ) 



It is easily noticed here that the transformation matrices A^ and are 
inverse with respect to each other: 



A^ A^f 

/X fj,' 



dx^' dx^ 
dx^ dx^' 




(20.13) 



The elements of the Minkowski metric transform just like the product of 
the two vectors: They are covariant tensors of rank-two. We can, in a general 
fashion, define the covariant or contravariant or mixed elements, 
and of a tensor T (in this case, a rank-two tensor, but nothing stops us 
from going beyond this; zero-order tensors are scalars and first-order tensors 
vectors of the space under consideration). 




2. Essentials of General Relativity 543 



In general relativity, space-time can be described by a more general metric 
and the space-time interval is the scalar 

ds‘^ = g^^dx^dx^ = 0, 1,2,3. (20.14) 

The transformation laws for elements of the metric tensor, for a change of 
coordinate system are the same as those of the Minkowski space, although 
the elements of the metric are not constants and may depend on the co- 
ordinates x^. The transformation of a covariant element into a contravariant 
element is obtained by contraction (summation over the repeated upper and 
lower indices) with the metric tensor g^^^: 

- g^^V, and V; - ^ ’ (20-15) 

with the contraction rule over the metric tensor itself: 

r 9,.' = K'- (20.16) 

The differentiation of a vector is straightforward in a “flat” space charcterized 
by unit vectors with a constant direction: 

dV = d{V>^e^) = {dvn = {d,vn dx'' e^. (20.17) 

In a “curved” space the unit vectors change direction during the trans- 
lation from point x^ to x^ + and the derivative of the vector can 
be expressed as a linear combination of the base vectors with coefficient 
(which is not a third-rank tensor), termed the connection, or Christoffel sym- 
bol: 

de^ = r^,dx‘'e„. (20.18) 

By using the last two results, the covariant derivative of a contravariant vector 
is defined by 

dV = {d,vn dx''e^ + de^ = {d,V>^) dx^e^ + dx'^ 

- (D,y^) dx'' = {Dvn e,. (20.19) 

The covariant derivative (which transforms like a vector during the change 
of coordinate system) therefore takes the form 

DV^ = dx^ {D^V^) = dx^ {d^V^ + . (20.20) 

An analogous approach leads to the covariant derivative of a covariant vector, 
with the only possible change being in the sign before the Christoffel symbol: 

Dv^ = dx'' {D,v^) = dx'' {d,v^ - yj . (20.21) 

The covariant derivative of a tensor is taken, just as in the covariant differenti- 
ation of a vector product, with the corresponding variances. The conservation 
of the energy-momentum tensor which plays an especially important role 
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in general relativity, defined with its four-divergence Tjf is written, for 
example, 

Tj^ = T!^ + t; - r;, , (20.22) 

and by using the special value of the first Christoffel symbol depending on 
the derivative of the determinant g = |det of the metric, that is, 

(20.23) 

we obtain the following statement of relation (20.22): 

Tj^ = ^^A^r9 T^) - r% . (20.24) 

We call a Riemann vector space one in which the covariant derivative of the 
metric tensor is zero: 

= (20.25) 

which derives from the following expression for the Christoffel symbol: 

Ca - I 9^^^ (^A 9.. + d, 9x. - d, 9.x) • (20.26) 

The covariant second derivative of a vector leads to the definition of the 
(fourth-rank) Riemann-Christoffel curvature tensor with the aid of the com- 
mutator 

[D,, D^]V- = (20.27) 

The contraction of this tensor over its indices a = // defines the (second-rank) 
Ricci curvature tensor: 

Ka. - (20.28) 

and by setting, in a general manner, 

= Al,BU - (20.29) 

we obtain the expression for the Ricci curvature tensor: 

V = du r;, + (rr)^,. (20.30) 

The contraction of the Ricci curvature symbol over its indices finally defines 

the scalar curvature (zero-rank tensor) of the space-time: 

= R. (20.31) 

Einstein’s curvature tensor used in his gravitation equations, 

0,. = V - \ 9,. R, (20.32) 

has the fundamental property of possessing a zero four-divergence 

= 0 . 



(20.33) 
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2.2 Dynamical Laws 



The laws of motion of a free particle can be inferred from Hamilton’s prin- 
ciple of least action by introducing a Hamiltonian action integral. For a free 
particle, this action is written 



S = 




(20.34) 



and in the most general case, the least-action principle 6 S = 0 leads to 
trajectories termed geodesics, which may be expressed with the four- velocity 
dx^/dr = as follows: 



dii^ 

Du>^ = dx'' DX = -^ + 
dr 



d^x^ dx^ dx^ ^ o X 



When geodesics are straight lines in space-time (rectilinear and uniform tra- 
jectories), the space-time is said to be flat, in a Cartesian coordinate system 
in which all Christ offel symbols are zero. 

If there is no such coordinate system, then the space-time will be said to 
be curved and the Christoffel symbols will no longer all be zero. 

As we saw above (Chaps. 17 and 18), in held theory, the Hamiltonian 
action is defined by a Lagrangian density C ((/;, 5^(p), and the Hamiltonian 
action for a scalar field in a curved space-time is written 



S = J d>^x = J ^ (i ^ - V(<^)) d^x (20.36) 

with ip = ip. The principe of least action leads to the held equation 

(of the Klein-Gordon type) in a curved space-time 

65 - 0 -D^D^ = 0 . (20.37) 

^ O ip 



The energy-momentum tensor is defined with the Lagrangian density of the 
matter or radiation field = y/g C^at the relations 



_ 2c 6 Cm 



^ Q d^mat _ 

d d 9>^‘' 



(20.38) 



whereas D.. = 0. 

P' 
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For a scalar field with (20.36)-type Lagrangian density, this definition 
leads to an energy-momentum tensor 

9^ ‘P + , (20.39) 

whereas for a perfect fluid with pressure P and energy density q, the energy- 
momentum tensor is written directly in the form (Elbaz, 1992) 

= P + (P + P)Ui,u^. (20.40) 



3. The Correspondence Principle 



Einstein’s gravitational theory expressed with general relativity is based on 
the principle of equivalence between inertial mass and gravitational mass (the 
equality between these two masses has been tested in various older expe- 
riments - that of Eotvos, for example - and or in more recent ones, to within 
10“^^). This implies that it is always possible to compensate the gravitational 
force with an inertial force, and that it is therefore possible to locally elimi- 
nate the effect of gravitation by expressing all physical laws in a locally flat 
reference system (Minkowski Cartesian coordinate system with metric 

The effect of gravitation is subsequently introduced by replacing the 
Minkowski space-time of special relativity with the Riemann space-time of 
general relativity, that is, by replacing with the ordinary derivatives 
with the covariant derivatives and in the integrals, the volume element 
with y/g d^x. 

It is in this way that, in the absence of gravitation, the trajectory of a 
free particle, represented by the generalized Newton equation, 

= 0, (20.41) 

is replaced using the correspondence principle (which mathematicians term 
the covariance principle) by the geodesics equation: 

Du^ - dx^ {DX) = dx^ {dX + = 0- (20.42) 

We notice that the application of the correspondence, or covariance principle 
to the probability scalar held If', leading to the Klein-Gordon equation in the 
Minkowski space, 

(- □ + m^) !? = 0, (20.43) 

remains the same if we replace the definition of the d’Alembertian of Minkow- 
ski space by the operator defined in Riemann space: 



(20.44) 
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We are naturally brought back to the usual form for ^ = 1, that is for a flat 
Minkowski- type metric in Cartesian coordinates. 

Einstein’s fundamental hypothesis is to further assume that the gravita- 
tional field is described by the metric tensor of the space-time. E. Cartan 
has shown that, for the equations of the field to be second-order, the Hamil- 
tonian action of the gravitational force should be written with the scalar 
curvature of the space-time and the constant A (the cosmological constant): 



Sg = - ^ J {R -2A)^d^x. 



(20.45) 



The presence of matter and/or radiation is next described by a Lagrangian 
density and the corresponding Hamiltonian action: 



Sm - I (20.46) 

The application of the principle of least action to the total Hamiltonian action 
S = Sg leads to the Einstein equations of the gravitational theory of 
general relativity (Levy-Leblond, 1988) 






''IIV 



2 



/ii/ 






(20.47) 



It should be noted here that relations (20.25) (20.33) and (20.38) permit us 
to intuitively obtain the Einstein equations by writing the conservation of 
four-divergence 



(6?^" ~ + X Tn = 0, (20.48) 



with each of these terms possessing a zero four-divergence. The cosmology 
constant A seems to play an important role in current theories of cosmol- 
ogy. The constant x determined from the Newtonian limit of the Einstein 
equations is given by 



87t G 
C4 ’ 



(20.49) 



where G is the gravitational constant. 



4. Essentials of the Standard Model of Cosmology 

The current standard model of cosmology, or Big Bang model, has been 
receiving wider and wider attention since the discovery of cosmic background 
radiation at 2.73 K. The observable facts upon which the standard model is 
based are, in fact, very few: the realization that the sky is black at night, the 
realization that at a higher scale the distribution of stars in the sky appears 
to be homogeneous and isotropic, the discovery of a spectral red shift of the 
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light emitted by stars, the experimental evidence for a cosmic background 
electromagnetic radiation, and the agreement between the abundance of light 
elements determined from experimental measurements and the result deduced 
from the standard theory. 

The standard cosmological model is based on three main ideas. The first 
assumes the existence of a cosmological principle following which the large- 
scale homogeneous and isotropic Universe may be represented by a cosmic 
fluid that behaves like a perfect gas with energy density g{t) and pressure p{t), 
and which is only time dependent. The second assumes that the physical laws 
obeyed in the laboratory are transposable to cosmic level, and the third, which 
assumes that general relativity is applicable on the cosmic scale and is capable 
of accounting for the evolution of the Universe since creation (or almost, since 
quantum cosmology is intended to account for the initial conditions at the 
creation of the Universe and during the transition from a quantum state to 
a classical state). 

To obtain a statement of physical laws that is not subordinate to the 
observer-dependent time, but to a universal cosmic time, cosmology uses a 
special comoving, coordinate system in which the space and time coordinates 
of an event are chosen in the same manner as those of a free-falling particle 
at a particular point with the proper time linked to the particle. The cos- 
mological principle therefore allows us to write the metric in the so-called 
Priedmann-Robertson- Walker (FRW) form: 

ds‘^ = - dr^ = - dt^ -h R^{t) , (20.50) 

with df2‘^ = dO^ + sin^ 6 d(f ‘^ . 

The coefficient i?(t), often erroneously termed the “radius” of the Universe, 
is the expansion scale factor of the Universe. (Care should be taken here 
not confuse R{t) with the space-time scalar curvature i?j[^.) The coefficient k 
is termed the curvature constant, because it represents the sign of intrinsic 
curvature of three-dimensional space. If A: = 1, then the three-dimensional 
space is finite, an elliptical model, and R{t) can be interpreted as the radius 
of curvature of the Universe. If fc = 0 or — 1, the scale function R{t) can only 
yield a scale measurement of the geometry in a three-dimensional space; for 
A; = 0 we obtain an Euclidean model and, finally, a hyperbolic model for 
A: = -1. 

The use of the Einstein Eq. (20.47) for a cosmic fluid described by the 
energy-momentum tensor (20.40), in an FRW metric (20.50), leads to the 
fundamental equations of the standard model of cosmology: 



R 

R 



— (^ + 3P): 



rV k _ 8 ttG 

R - 3 



d 

dR 



{q R^) = . 



(20.51) 
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We will need to add to these equations a state equation P = f{g) iov the 
cosmic fluid, for example, an equation of the type 



P = (7 - 1) (20.52) 

yielding the st at e-of- the- vacuum equation for 7 = 0, that of an ultra- 
relativistic fluid for 7 = 4/3, that of an incoherent fluid with zero pressure 
for 7 = 1 and. Anally, that of a completely rigid fluid for 7 = 2. 

Using the most recent data made available by particle and nuclear phy- 
sics, cosmologists have been able to coherently explain the evolution of the 
Universe, from a few minutes after its creation (Big Bang) to the present 
(Elbaz, 1992). The simplest mathematical model of the Big Bang implies 
the existence of an initial singularity at time tg, for which the scale factor 
R{to) is zero, whereas the energy density and the equivalent temperature of 
the cosmic fluid are infinite. This means that cosmological time introduced 
with the FRW comoving coordinates is decribed on the open time interval 
] tQ +00 [ excluding this initial time to which can be approximated without 
ever being reached (Levy-Leblond, 1988). Physical models of the Big Bang 
are saved from this singularity by introducing a Planck domain spanning the 
initial time to 10“^"^ seconds, a period from which physical, quantum, then 
semi-classical, and. Anally, classical laws apply. Quantum cosmology seeks to 
interpret the transition from this purely quantum period to the semi-classical 
one by determining the wave function of the Universe obeying to adequate 
initial or boundary conditions to render this fundamental transition possible. 



5. Hamiltonian Statement of Einstein Equations 



To be able to use the usual quantization method of field theory, we will 
need to construct a Hamiltonian from the Lagrangian density Cg = ^ R 
of general relativity. Space-time is therefore considered as a time-dependent 
three-dimensional space, with the dynamical variables constituting the metric 
elements. 



5.1 Intrinsic and Extrinsic Curvature 

Let us introduce a space-time folding by time-constant surfaces E. At time 
t, a point of the space E is defined by the length element 

d (t, X, y, z) dx^ dx^ . 

At time t + dt, the surface E has moved to E' on which a point is defined by 
the length element 



d(j^ = g-j {t -h dt, X, y, z) dx'^ dx'^ . 
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During the transition from S to there is a time lapse N{t,x,y,z) dt, 
whereas dx^ is transformed into 

dx'^ =dx^ + N^ dt. 

The space-time interval therefore takes the form 

ds^ = da'^ - {N dt)^ 

= Qij dx'^ dx'^ - {N dtf 
= Qij {dx^ + dt){dx^ + W dt) - {N dt)^ 

= g^J dx'’ dxp -\- g^j dx^ dt -I- g^j dxP dt 
+ {g^^ AT* W - AT2) de , 

which finally becomes 




5.1.1 Extrinsic Curvature 

Let be the field of vectors normal to the surface E. Now, let us choose the 
direction of the unitary vector by setting 

7?^ -(-1,0, 0,0). (20.54) 

By the fundamental second form we mean the symmetric tensor 

= (20.55) 

and, by using the form (20.54) of the unitary vector 77 ^, 

= -rH = Ki , . (20.56) 

Because the Christoffel symbol is symmetric with respect to the subscripts i 
and /, the tensor K^i is likewise a symmetric tensor. 
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The tensor K^i describes the curvature of the surface S = constant) 
seen from the four-dimensional space-time in which it is immersed. 



(20.57) 



By extrinsic curvature of the surface E we mean the scalar constructed from 
the fundamental second form: 




TtK^ -{Tr Kf = Kij - {K\f 



(20.58) 



5.1.2 Intrinsic Scalar Curvature 

Let us evaluate the scalar by separating the spatial parts from the time 
parts, and by noting that, in comoving coordinates, the Christoffel symbols 
and are zero. By intrinsic curvature we mean the curvature of 
the surface S and, using the expression for of the scalar curvature: 

(4)^m = V = -d,r;, + (rr)j, 

and by introducing the tensors of the intrinsic and extrinsic curvature of the 
surface Z*, we obtain the so-called Gauss-Codazzi equation: 



(4)^/. ^ (3)^i + TV _ (qy 7^)2 + . 

(20.59) 

The space-time scalar curvature R^ is therefore expressed by means of 
intrinsic curvature of the surface Z, its extrinsic curvature Tr — 
(Tr K)^ and the evolution of the tensor K by the terms 8q K\ -f- 8^ K-. 

5.2 Action of the Gravitational and Matter Fields 

Consider a scalar matter field (j) in the presence of a gravitational field and 
the Einstein-Hilbert action: 

S{g^.,4>) = -^\ f 2VhKd^x+ [ {R-2A),/gd^x 
[Jd M Jm 

+ J -^mat ( 20 . 60 ) 
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in which the Einstein constant x is expressed with the universal gravitation 
constant G or in natural units (^ — c = 1) with the Planck mass M^: 




The metric = h^j is that of a three-dimensional metric on a boundary 
and K = Kl = Tr K is the trace of the fundamental second form. The 
surface term is necessary to cancel out terms from the scalar curvature by 
the second derivatives of the metric tensor. 

It can be shown that the Hamiltonian action Sg = -(l/2x) f y/gRd^x 
can be replaced with the Hilbert reduced action (Elbaz, 1992) Sg = 
— (l/2x) / {rr)y/gd'^x. When we decompose the scalar curvature into 
its time and space parts, the terms in Oq and will make no contribu- 
tion to the action integral. 

An especially important case is obtained when a compact three-dimen- 
sional subvariety divides the four-dimensional variety into two parts. This 
is what we considered during the folding by the surfaces S in (20.53). The 
space-time metric can then be locally described in the form 

= -{N^ - N. N^)df + 2N. dx^ dt + dx^ dx^ , (20.62) 



where is the three-dimensional metric on the surface S on which 

the points x^{i = 1, 2, 3) are located, and h = det \h^j\. 

The Einstein-Hilbert action then becomes: 

C 

5(W) = I^ J dtd^xVhN 

X Ri + 2A-^ imatW} • (20.63) 

Expressed in comoving coordinates, this amounts to introducing a reduced 
Lagrangian density for the gravitational field of the form 

= ^ j dt X Vh - {Tr Kf Rl\ . (20.64) 



The term in brackets is the difference between the intrinsic and extrinsic 
curvatures of the surface S. It can also take the form 

^ j dtd^xy/hl^ih^'^ 

- ^ / dtd^xVhl^l (h*" h“) h,,. . 

(20.65) 
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5.3 Superspaces 

5.3.1 Super metric Tensors 



Let us use the space {x^} of the metric h- to construct a six-dimensional 
superspace with supermetric the space corresponding to all three- 

dimensional spaces. To simplify the notation, we introduce a global index 
z, j = a, which gives 

^ I Vh {/i*'' - 2 , 

2 ^ ^ ’ (20.66) 

= Vh h!‘) . 

The covariant form of the supermetric tensor is, for its part, 

Gab=^^{Kb-\KK)^ (20.67) 

which leads to the closure relation: 

G- = Gl = 6l = \ {6^ Sr + Sr 5”) . (20.68) 

It must be recalled here that the supermetric tensor is defined locally, that 
is, we should in fact write: 

= \/h {h^^(x,x^) - h^{x) h^{x')} 6^ {x - x') . (20.69) 



Applied to a rank- two symmetrical tensor, the supermetric transforms into 
its codual according to relations that are easily directly verified: 

Gab ^ fa ^ ^ ^J,a _ ^ (20.70) 

= 2 ; and G^*- t, = TV 

The trace of the tensor T is defined in the three-dimensional space or in the 
six-dimensional superspace: 



T = TrT = = 

= = T^K. 



(20.71) 



Bearing in mind that in a three-dimensional space the trace of the metric 
tensor has the value 

Tr/j = /i = /i(: = 3, (20.72) 

we obtain the coduals 

h^ = 2Vhh„ and . 



(20.73) 
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5.3.2 Conjugate Momentum 



Let us introduce the conjugate momentum of the metric according to the 
usual definition and by using the global notation 



-K ■> = 



d C 
d L, 



or 7T = 



dC 

dL 



(20.74) 



with form (20.65) of the Einstein-Hilbert action (we set C = Cg): 



M'^ r r- 

dtd^x^/h -( 3 ) 



= J dtd^xCg. (20.75) 

Now, let us write the Lagrangian density in a different form by introducing 
the supermetric tensor: 



-Vh!^Ei + Vh v^) - h'''! \ 

= -Vh + Vh {h^’’ - h^} i h^ hf, 

= -Vfi^B^ + \ K K = + \h h,. (20.76) 

By applying relation (20.74), we easily obtain 

7t“ = i r = = -Vh {K‘^ - h^^ K) . (20.77) 

The Einstein-Hilbert action can therefore be described in the following form: 

/>t2 

Sg = Yi^ i K-NX°-N^X^)d^xdt, (20.78) 
with, by definition, 

= VRItt - {Tr Kf Ri] , 

I ^ (20.79) 

X* = 2D( (K*' - h*' K) = -2 Di . 

The quantities and X* can be considered as Lagrange multipliers, and 
the classical field equation 6Sg/6N — 0 is the H amiltonian constraint of 
general relativity. By forcing constraints X® = 0 and X® = 0 dmring the 
variation of Sg, we may consider the hip and N as independent variables. 
The constraint X® = 0 corresponds to the conservation of the conjugate 
momentum and the constraint X*^ = 0 to the conservation of the total energy 
in the Universe considered as an isolated, closed system. 
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5.3.3 Intervals in the Superspace 



Each point on the surface E is associated with the metric h^j{x) = hg^{x) in 
which the global index a assumes the values: 



{ij) = (11) (22) (33) (12) (13) (23) 
a = 1 2 3 4 5 6. 



(20.80) 



The space interval on ^ is written 

ds^ = h^j dx^ dx^ . (20.81) 

Because each metric tensor {x) = h^{x) becomes a point in the superspace, 
we introduce the interval corresponding to the super space: 

dL^ = j h^^{x,x') dh^{x) dh^{x') d^x d^x' . (20.82) 

Because of the local definition (20.69) of the supermetric tensor, 

Kbi^^ ^') = Kbi.^) - ^') . (20.83) 

the interval defined at each point on for all three-metrics h^{x) can 
also take the form 

dL^ = J h^^{x) dh^{x) dh^{x) d^x . (20.84) 

It is convenient to generalize the Einstein summation convention by supple- 
menting it with the integration over all space variables such as they appear 
in (20.82) and (20.83), giving 

dL^ = /i^^(x,x') dh^{x) dh^(x') . (20.85) 

We can use the three-metric of define the supermetric tensor in the 

codual supermetric space in which the interval dS^ will be written with the 
generalized Einstein convention 

dS^ = G^\x, x') dh^{x) dh^{x ') . (20.86) 



5.3.4 Geodetics 

The Lagrangian density (20.76) can also be written 

= + Kf,. 



(20.87) 
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We use the intrinsic curvature of the surface ^ to introduce a potential 
energy by setting 

V{x,t) = Vh^^^Ri, (20.88) 

thus making it possible to write the Lagrangian density in the classical form 

C = k^Kf,-V 

= h,-V = ^G‘^’’ Kk-V. (20.89) 

Now let us write the latter form by using the interval dS‘^ of the codual 
supermetric space defined in (20.86): 



We obtain with (20.87) and (20.76) the corresponding Einstein-Hilbert action 

S, = j = a {i (f )' - v} . (20,91) 



We know that an extremum of the Hamiltonian action corresponds to a length 
extremum of the ordinary space, that is to a geodesic [see (20.34) and (20.35)]. 

The Einstein gravitation equations are obtained by seeking an extremum 
of the Einstein-Hilbert action 



Sg = ^ j CSxdt. (20.92) 

They therefore correspond to a geodesic equation in the superspace of all 
three-metrics. They are called geodetics: 



6 V _(P dh^ dh^ 

^ dt‘^ dt dt ’ 

with the Christ offel super-symbols: 

{d,G,, + d,G,,-d,GJ 

and the differentiation with respect to the metric 



“ ■ 



(20.93) 



(20.94) 



(20.95) 



By choosing an adequate parametrization of the time dt = P{t') dt such that 
the variation of the potential is zero: 



(20.96) 
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we obtain a geodetic equation without a second member: 



cP d h!> dh’^ 

dt'^ ^ dt' dt' 



(20.97) 



We introduce the covariant differentiation of the superspace by setting 



(20.98) 

The Einstein gravitation equations will then be given by the geodetics of the 
superspaces: 



V^h^ = 0 



(20.99) 



6. Fundamental Equation of Quantum Cosmology 

6.1 Illustrative Example 

As an application of the formula (20.53) of space-time folding, let us consider 
a homogeneous and isotropic Universe with curvature fc, described by an 
FRW metric in the form 



ds^ — 



-iV2 + , 



( 20 . 100 ) 



in which a{t) is a scale factor, dQl{k) the metric of the space sections with 
curvature K and the coefficient a = 2/37t Mp. The source of the matter field 
is the scalar field \/2^ with potential 27r^cr^ ^(^)- By using the form 

(20.65) of the Einstein-Hilbert action, we obtain the Lagrangian density 

c = 






( 20 . 101 ) 



The variation with respect to the variables 0, N and a leads to the three 
Euler-Lagrange equations: 



i^ + Sa^) N-^N-^ N^V' ^0, 

~{a + ScP + ^^'^) N + aN+ (^ ^ “ ^^ N^ = 0, 

d'^ - 4>‘^ - N'^ {V + k e^°‘) = 0 . 



( 20 . 102 ) 
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Following re-arrangement and by choosing the gauge AT = 1, we obtain the 
equations of motion and the constraint 

(j> + 3a ^ + - V'{(f>) = 0 , 

2 (^2 -F(0) = 0, (20.103) 

-a^ + 4>‘^ + V(0) = k . 



The general solution of this system of equations introduces three parameters: 
a, (f) and V. 

The potential V (0) is inflationary-type if, for some values of 0, the po- 
tential V{(t)) is large, whereas \V'{(j))/V{(f))\ < 1. 

The initial conditions leading to an inflationary scenario, in fact, require 
(Halliwel, 1990) 

0 ~ 0 and /c = +1 . (20.104) 

Let us use deflnition (20.74) to determine the conjugate momenta: 



7T 



a 






d d ... 

— - -e - and a = -iV 7T„ e , 

^ and ^ — . 

d6 N ^ 



We infer from this the canonical Hamiltonian 



(20.105) 



He ^ 7T„ d -h 7T^ (/> - £ 

= lATe-®“ [-TT^ -h 4 -H - 6 "^“] = AT F . ( 20 . 106 ) 



The Einstein-Hilbert action written with (20.101) in the Hamiltonian form 
by taking C from the first equation in (20.106) then becomes 



S = J dt d 7T^ 4- - N H 



(20.107) 



By choosing the curvature k = -\-l and inserting (20.105) into expression 
(20.106) for ff, we notice that AT is a Lagrange multiplier imposing the con- 
straint 

H = 0, (20.108) 

which in fact corresponds to the third equation of (20.103). 

Now, let us quantize the system by introducing a wave function '0(a, 0, t) 
obeying a Schrodinger equation constructed with the canonical Hamiltonian: 



= (10.109) 

By using the constraint H = 0 and the correspondence principle for the 
variables a and 0, 

= and TT^ = -id^, 



( 20 . 110 ) 




6. Fundamental Equation of Quantum Cosmology 559 



we obtain a Schrodinger-type equation 

^ -'“i <20.111) 

The solution is time independent, which is an essential characteristic of 
WDW-type quantum cosmology wave functions. 

We introduce a potential U (a) grouping the two terms: 

?7(a) = e®“F(0) - , (20.112) 

and we examine the solutions that are weakly dependent upon </>, which is 
equivalent to seeking the WKB semi-classical solutions: 

for 17 < 0 i>{a, 4>) ~ exp (1 - , 

: . (20.113) 

for 17 > 0 'ip{a,(f)) ~ exp (e^“F - 1)^/^ . 

The latter regime with a large scale factor is considered the classical zone. In 
addition, we will have to impose boundary conditions to each solution and link 
the two types of wave function, exponential and oscillating. This is exactly 
the procedure used to calculate the tunnel effect in quantum mechanics. 

Let us introduce a function S of the variables in a and </>, and then seek 
solutions of the type 

'ip = exp{iS) (20.114) 

Using this hypothesis in the WDW Eq. (20.111), we obtain 

This is a Hamilton- Jacobi equation. Rewritten with (20.106) and (20.112), 
the solution H = 0 becomes 



~'^l + ^l + U{a,(p) = 0, 



(20.116) 



showing that the conjugate momenta are defined by the relations 

dS , dS 

da 5 (/) ■ 



By comparing (20.117) and (20.105), we notice that the preceding relation 
defines a set of possible trajectories in the plane (a, 0), solutions to the equa- 
tions of motion and with a classical constraint (20.103). The solution xp = 
is strongly centered around a set of classical solutions of Eq. (20.103), making 
use of two out of the three free parameters. This shows that the boundary 
conditions of the WDW wave function imply special initial conditions for the 
semi-classical solutions of the wave function of the Universe. 
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For > 1, for example, we obtain with (20.113) the solution 



V>(a, (f)) ~ exp , (20.118) 

which defines with (20.114) the function S: 

5 ~ -le3“F^/2 . (20.119) 

Using (20.117) and (20.112), it is possible to obtain a as 

d = (20.120) 

da 

and following integration, we obtain the scale factor 

a{t) = V'^/^(0) {t - to) • (20.121) 

We further impose the initial condition 0 ~ 0, which thus defines 

exp(a(t)) ~ exp(U^^^^(t - tg)) and 0 ~ 0Q = constant . (20.122) 



The solutions are therefore parametrized from the two constants tg and 0Q) 
and the choice of these special initial conditions leads, following the form of 
the scale factor (20.121), to an infiationary-type solution. 

6.2 Hamiltonian Formulation of General Relativity 

The Lagrangian density C described in (20.89) takes the form of a difference 
between a kinetic energy and a potential energy: 

C = K^ = nt,-V 

= G„,7r“7r'>-y. (20.123) 

We can infer from this a super-Hamiltonian denoted H: 

h,-C = 2rn,-C 

= 7T*’ TTj + y 

= 7t“ TT** + y - 7 t“ TT*" + Vh R] . (20.124) 

Constraining Eq. (20.79a) to = 0 therefore corresponds to H = 0, that 
is, a zero total energy in the superspace. 

Working from the general form (20.75) of the Einstein-Hilbert action: 

j dt<fxVhN {TrK^-{TrKf-(^^Rl + 2A-^L^M}> 

^ (20.125) 
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the Hamiltonian with neither A nor (j) is obtained by variation of S with 
respect to N: 

(20.126) 

We infer from this that the super-Hamiltonian can be written in the integral 
form: 

H= j {N Ho + Ni W) <fx , (20.127) 

with the super-Hamiltonian H^: 

Ho = ^ J G^f,{x,x')Tr^{x) n\x') Sx 

/ ( 1 

Vh6^x-x') + dV 

(20.128) 

and the super-Hamiltonian W defined by 

W = 2 Dj tt'J’ -VhT°\ (20.129) 

The functions N{x) and N-{x) are considered as Lagrange multipliers such 
that the classical equations of the fields will be obtained by setting 



Hq{x) - 0 H\x) =0 V X , (20.130) 

or, in an equivalent manner, by using (20.127), 

H = 0 VAT, AT.. (20.131) 



6.3 Canonical Quantization 



We use the correspondence principle in the superspace by introducing the 
usual commutation relations of field theory: 



[7r“(a;), 7T*’(x')] = 0 , (20.132) 

[h^{x), 7r'’(a;')] = i 6^{x - x') . 

This amounts to using the correspondence principle for the conjugate mo- 
menta in terms of functional derivatives (and not partial derivatives with 
respect to the variables as is the case in Schrodinger’s quantum mechanics): 



7T^ = —i = 



0 



. 6 
. 6 



— —i 6, 



(20.133) 
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The super-Hamiltonian H = E and the correspondence principle also lead to 
the Wheeler-DeWitt equation for the wave function of the Universe: 

(20.134) 

In a closed Universe, the total energy is zero, giving the Wheeler-DeWitt 
(WDW) equation in the absence of a matter field 

The definition of the conjugate momentum (20.123) gives, by virtue of the 
conservation law, 

6 'lb , . 

Di j^ = 0. (20.136) 

^ Ki 





(20.139) 




6. Fundamental Equation of Quantum Cosmology 563 



The eigenvalue equation of the super-Hamiltonian H in this special case 
becomes 

2 

a kR^ — E -tp , (20.140) 

giving, following application of the correspondence principle (20.133), 

and, in the R representation, we obtain the WDW wave equation 

f -akR)i; = E^. (20.142) 

\4a d R d R y r r 



6.5 Mini-Superspaces 



By using the correspondence principle, we establish the general form of the 
WDW equation, the fundamental equation of quantum cosmology. 



with the boundary condition 



V’(/ia>^) = 0> 
(20.143) 



These two equations contain the dynamic information necessary to treat grav- 
itation. However, the functional derivatives appearing make it practically im- 
possible to use these equations in this form. We can reduce the number of 
degrees of freedom of to a finite number by using symmetrical cosmolog- 
ical models such as those of Priedmann-Robertson-Walker. In this case, the 
metric can be described by a finite and small number of functions of t (for 
example, the scale function R{t) in a standard Friedmann-Robertson- Walker 
metric). In such a case, we say that the superspace has been reduced to a 
finite-dimensional mini-superspace. 



6.6 Two-Dimensional Mini-Superspace 

Consider the case in which the gravitational field is locally homogeneous and 
isotropic. The three-metric is then determined by the scale factor R{t) and 
we can set 






(20.145) 
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where the three-dimensional space has an intrinsic curvature 



= (20.146) 

We thus obtain fc = +1 (a sphere of unit-radius), fc = 0 (a torus or flat 
space), or A: = -1 (a hyperbolic space). The coefficient cr is a normalization 
coefficient given by 



a = 




(20.147) 



We introduce a constant matter scalar field 0 on the homogeneity surfaces 
E by setting 



(j) = 



47T 




(20.148) 



and a self-interaction of this potential denoted U{(f)): 



u{4>) = 



3M2 - - 



(20.149) 



(a scalar field (j) with mass M/a will have a self-interaction U = 0^, for 

example) . 

The mini-superspace thus defined is a two-dimensional space with coor- 
dinates R{t) and ^(x), and its metric can be defined, for N constant on the 
surfaces E by setting 

= a N~^ {-RdR^ R^ d 0^) . (20.150) 



Because the mini-superspace is flat for N independent of 0, we choose the 
gauge W = ( 7 , which defines an interval 



= -R dR? + R^ #2 (20.151) 

In a closed universe, ^|J is not explicitly time dependent and = 0, which 
leads to a time-independent WDW equation 



^WR^dR ~ ^ ^ ^ 




6. Fundamental Equation of Quantum Cosmology 565 



6.7 Wheeler-DeWitt Equation 

in a Friedmann-Robertson-Walker Metric 



Consider a scalar field V (0) in interaction with the gravitational field. The 
Lagrangian density can be written in the form 



+ (20.153) 

In a Friedmann closed universe of comoving coordinates, the space-time in- 
terval is expressed with the relation 

ds^ = df + B?{t) dQl , (20.154) 

where N{t) is an auxiliary function for defining the time scale and dfi^l the 
length element in a three-dimensional space. We can infer from (20.153) and 
(20.154) an effective Lagrangian density of the form 



7T 



ie R 

N 



- NR] + 27t^ R-^ N 



2 iV2 



- V{4>) . (20.155) 



The term 2tt^ R^ corresponds to the integration over the space coordinates 
of ,/g for a sphere of unit radius. 

We begin by determining the conjugate momenta of the Lagrangian den- 
sity C with definition (20.74): 



TTrf, = 



= 

TTn — 



‘ 

dC 
dR ' 
dC 
d N 



27t2 

N 



0, 



3M2 7T . 



= 0 . 



(20.156) 



We infer from this the super-Hamiltonian in the three-dimensional mini- 
superspace: 



F = 7T^ J? -I- 7T^ 0 -t- 7T^ AT - C{R, 4>) 
R My 4 ^ j 
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The value of the partial derivative of H with respect to N can be immediately 
determined, and following (20.124) and (20.128) is equal to zero: 



0 = 



dS 

dN 



s 

N 




+ 27t2 V 



(20.158) 

This corresponds to the classical constraint mentioned in Sect. 6.2, giving 
H = 0, that is a zero total energy in the mini-superspace for a closed Fried- 
mann Universe. 

The quantization of the foregoing equation yields the Universe’s wave 
function in a form analogous to the Schrodinger wave function: 



(20.159) 



By using the canonical conjugation rules, that is, the correspondence principle 
associated with the “variables” (j) and R of the mini-superspace: 



id^{R,(j))/dt = H rj) 



-^ 4 , 9 ^, 

-Kr -i Or, 



(20.160) 



Eq. (20.158) gives the equivalent of the Schrodinger equation in the two- 
dimensional mini-superspace. This is the Wheeler DeWitt equation for de- 
termining the Universe’s wave function in an FRW metric: 






Stt M2 d i?2 






-h 



1 



^2 



47t 2 i?2 d 02 



2tt‘^ u ( 0 ) 



0(i?, 0)-o. 
(20.161) 



Because of the commutation relations between R and tt^, there might be 
some form of ambiguity in writing the differential operator in the WDW 
equation. Some authors introduce a term in place of 

where p is a freely chosen parameter. Eq. (20.161) was written for p = 0, 
whereas Eq. (20.142) used the value p other authors use the values 
p = ±1 and 3. 



6.8 Semi-classical Solution 

The WDW Eq. (20.161) giving the wave function of the Universe has different 
possible solutions and Hartle and Hawking (1983) have sought semi-classical 
solutions of the type 



V^(R, p) - AT exp{SE(R, if)) 



( 20 . 162 ) 
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where iV is a normalization constant and (p) the Euclidean action giv- 
ing the equations of motion R{(p[r)^ r) and ip{r) for the boundary conditions: 



V?(0) = if , 



(20.163) 



in a space with Euclidean metric. 

For a slowly varying scalar field (/?, the Euclidean solution r) of the 
Einstein equations is of the form (Linde, (1990) 

R{v,r) ^ j^cos{H{ip)T) 

= R{(f) cos{H{(p)r) . (20.164) 

The function H{(p) and the Euclidean action S^{R^ (p) are linked to the scalar 
potential V (p) by the relations 



= and Se{R,^)^-,^ 



3M2 



giving the semi-classical wave function of the Universe 



(20.165) 



'ilj{R{(p),(p) ~ N exp 






\ 16 K(^) ) 



/ 7T \ 

N exp I I 



= N exp 



2m{p)) 

^ Ml R\p) 



(20.166) 



The existence probability of a closed Universe in a state p of the scalar field 
and of the coordinate R{p) = llH{p) is therefore 

3M^ 

P ~ I ~ N‘^ exp = N‘^ exp [tt R^{p)] . (20.167) 

oV [p) ^ 

In the ground state p = Pq and 0 < U ((/Pq) <C , the normalization function 
ensuring that the total probability is equal to 1 takes the value 



N 2 :^ exp (-7T Mp 7 ?q) = exp 



8U(<Po) 



By inserting this result in (20.166), we obtain 



P ~ exp 



8 



1 

y¥) 



1 

VM 



(20.168) 



(20.169) 



If the only role of ip is to produce a non-zero vacuum energy V (tp) (cosmo- 
logical term), then we can neglect the contributions made to the propagator 
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by negative energy excitations by choosing 



~ N exp{S e(R, (f)) ~ N exp 



3M4 

IW{lp) 



(20.170) 



This leads to the probability that the Universe exists in the state (p: 



P ~ \ip\^ — N'^ exp 



3M4 

8U(v>) 



(20.171) 



Attention is drawn to the difference in sign in the exponential between 
(20.166) and (20.170). The probability of detecting the Universe with a large 
potential V {(p) is small. 



7. Quantization in the Mini-Superspaces 

J. J. Halliwel gave an excellent introduction to the theory of mini-super spaces 
within the framework of quantum cosmology at the Winter School of Theo- 
retical Physics of Jerusalem in January 1990 (Halliwell, 1990). We shall be 
content here with recalling the major points, referring the interested reader 
to the proceedings of the school for a more complete description and a more 
detailed bibliography of quantum cosmology. 



7.1 Hamiltonian Formulation 

Consider the folding of a homogeneous and isotropic space described by a 
four-metric (3,1) with a homogeneous lapse N = N{t): 

ds^ = -N^{t) dt^ + h..{x, t) dx^ dx^ . (20.172) 

The Einstein-Hilbert action (20.64) is then written 



r 

S(hi.,N) = -^ / dt(fxNVh{TrK^-{TTKf-^^^Rl+2A).{20.m) 
167T J 

Following the introduction of the foregoing metric, it will take the form 
S{q‘^{t),N{t)) = j\tN = j Ldt. (20.174) 



The fafsio.) ^re covariant elements of the metric of the mini-superspace with a 
(-h2) signature while the limits of integration are determined by an adequate 
change of variable and scale. 
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The Lagrangian obtained from (20.174), which is therefore written 

resembles that of a particle in motion in a curved space in the presence of 
a potential. The variation with respect to the variables hence leads to 

the equation of the geodesics in the space with metric and Christoffel 

symbols that is, 

+ d, - dj^^) . (20.176) 

We obtain from (20.175) the equations of the geodesics in the mini-super- 
space: 



Af dn AT j iV2 






6q°‘ Ndt\NJ ' iV2*PT' ' •' dq^ 

The variation with respect to N leads to the constraint 

^ = f + U{q) = 0. 

These equations ought to be equivalent to the Einstein equations 






An =-—T 

lyip 



(20.177) 



(20.178) 



(20.179) 



the first for the (00) elements, and the second for the {ij) elements. 

We next determine the conjugate canonical momenta with the definition 



r, =z — ^ f ^ 

Pa Q^oc Ja0 
and the corresponding canonical Hamiltonian 



= r-L = N 



Pa P0 + U{q) 



= N H. 



The Hamiltonian form of the action, 



5=/ Ldt= [ ipJ^~NH)dt, 
Jo Jo 



(20.180) 



(20.181) 



(20.182) 



shows that the N lapse function is a Lagrange multiplier forcing the constraint 
(20.179), hence setting 



H=\r^PaP0 + U^O. 



(20.183) 
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7.2 Canonical Quantization and the Wheeler-DeWitt Equation 

The quantization is obtained with the time-independent WDW equation 

= 0 , (20.184) 

which takes the simple form 

-\^^ + U{q) V'(g) = 0. (20.185) 

The curvature terms of the mini-superspace have been included in the po- 
tential U{q), 

Now, let us separate the coordinates of the mini-superspace into a 
time-like coordinate q^ with the remaining coordinates being space-like ones. 
The WDW equation in the mini-superspace then becomes 

+ ^(9°, q)J m = 0 . (20.186) 

7.3 Semi-classical Solution 



The WDW Eq. (20.185) can be written, by introducing the Planck mass M^, 
as 

+ Ml U{q) i){q) = 0 . (20.187) 

Let us determine the BKW solutions of the form 



ip{q) = C{q) expi-Mpiq )) , (20.188) 

in which I{q) and C{q) are complex functions. Inserting (20.187) into (20.186) 
and equating terms of the same power of M^, we obtain two equations fixing 
the amplitude and phase functions, C{q) and I{q) respectively. 



-i(V If + U{q) = 0, 
2V I -yC + CV^ 1^0. 



(20.189) 



Let us separate the real part Iji{q) of the function I{q) from the imaginary 
part S{q) by setting; 

I{q) = In{q)-iS{q). (20.190) 

Equation (20.188) then leads to two coupled equations 

-\i^lRf + \i^Sf + U{q) = 0, 

V/fi-V5 = 0. 



(20.191) 
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When the imaginary part of I {q) varies much more rapidly than the real part, 
that is, when 

|V5(«)|»|V/fi(^)|, (20.192) 

we can neglect the first term of the BKW Eq. (20.190) to obtain classical 
trajectories obeying a Hamilton- Jacobi equation 

l(V5)2 + f/(9) = 0. (20.193) 

The wave function is of the oscillating type: 

ip{q) = C{q) exp (-M^ I^{q)) exp {iM^ S{q)) . (20.194) 

By writing the Hamilton- Jacobi equation corresponding to (20.186) with 
the Planck mass, 

^pl + U{q) = 0, (20.195) 

we obtain, by comparing with (20.193), the conjugate momenta 

dS 

P. = . (20.196) 

whereas relation (20.180) gives the value for a gauge N = 1. There 

is therefore a strong correlation between the coordinates and the momenta. 
One can therefore show (Halliwell, 1990) that the wave function is strongly 
peaked around a subset n of the (2n — 1) parameters upon which the general 
solution depends. As we have already shown with the example of Sect. 6.1, 
the boundary conditions for the wave function of the Universe imply special 
initial conditions for the classical solutions of the WDW equations. 
Condition (20.189) can also be written 

V- (|C|2 V5) = 0. (20.197) 

We can introduce the term exp(— 2Mp /^) since, following (20.191) 
V/^ • V5 = 0 and thus we obtain the expression 

V • (exp(-2M^ /fl)|C|^V5) = 0. (20.198) 

This is the probability current conservation law 



V • J = 0 with J = exp (-2M| /^) \C\^ V5 , (20.199) 

deriving from the usual definition J = |('0*V'0 — applied to form 

(20.188) of the solution of the WDW equation for the Universis wave function. 

The probability that the classical trajectories corresponding to the WKB 
wave functions are centered around a given configuration is described by 
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that is, by the coefficient of V5 of the probability current J. The classical so- 
lutions consist in a convergence of classical trajectories of the mini-superspace 
with V5 as a tangent vector. 

In conclusion then, in some areas of the mini-superspace and for adequate 
boundary conditions, the WDW equations have BKW solutions of the form 
(20.188), satisfying inequality (20.192). These solutions correspond to the 
classical space-time by the sheer fact that they are centered on the classical 
solutions given by the first integral (20.196). The problem lies in the choice of 
adequate inital conditions, or, as already noted in the introduction, adequate 
boundary conditions to define the present state the Universe. 

Quantum cosmological models should interpret the probability of the Uni- 
verse being created from an effective potential V (R, (p) (determining the wave 
function of the Universe), which is zero at the initial instant, and the existence 
of a “classical” Universe. 




Exercises 



Chapter 1 

1.1 The magnetic field B = -g:^ = ~9^ of a magnetic monopole with 
charge g gives a motion to a spinless massive particle with electric charge e. 
Find an expression for the kinematic momentum tt and for the corresponding 
Poisson bracket [7r^,7r^]. 

1.2 Write down the classical laws of motion of the particle of Ex. 1.1 with 
kinematical orbital momentum L = f An and the Lorentz force applied to it 
with the i = fAp orbital momentum. 

1.3 Show that the kinetic energy and the magnitude of the orbital momen- 
tum are constant in time while the orbital momentum i is not constant. 

1.4 Show that if one introduces a classical intrinsic spin s = ege^ the total 
angular momentum j = i s is constant and £ and s are orthogonal. 

1.5 Find an expression for the radial component J • of the total kinetic 
momentum of the particle. 



Answers and Hints 



1.1 


r 1 9^ 

~ ^3 ^ijk '^k 


1.2 


II 

II 




1.3 


O 

II 

II 


1 

II 

O 

II 

CM 


1.4 


j = o i-s = 


(f A p ) • s = 0 since r = r e^-\- 


1.5 
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Chapter 2 

2.1 The wave function '0(x, t) which solves the Schrodinger equation for 

a particle with mass m in a potential V is expressed with a real phase 
function S{x,t) and a real amplitude function R(x,t) in the form t) == 
i?(x, t) exp t)] . Express R and S in terms of ^ and 'll;*. 

2.2 Express the wave function '^(x, t) in terms of the probability density 
g{x^t) and the phase function S{x,t). 

2.3 Determine the coupled equations satisfied by i?(x, t) and 5(x, t) for a 
spinless massive particle in an external potential F(x, t). 

2.4 Show that a scale tranformation leaves the quantum potential Q [see 
eq. (2.15)] invariant. 

2.5 Write down the fundamental equation obeyed by a particle with mass 
m when a classical velocity v = ^ V S is introduced. 

Answers and Hints 

2.1 R = s = j. \og{i,ir) 

2.2 ^ exp (^ 5 ) 

2.3 + V • {R?VS/m) = 0 and d^S + l/2m{VSf + Q + F = 0 
2A R aR I o?I Q Q 

2.5 dtV-\-v^Vv = -l/mV{V-\-Q) since V( V5)^ = 2VS • V( V5) 

Chapter 5 

The Hilbert space spanned by the eigenvectors of the Hamiltonian H is 
truncated into a smaller space and P is the projector onto this space, Q the 
projector onto the complementary space, while ^21 denotes the projection 
QAP or Ai 2 = PAQ. 

5.1 Show that the Pxj)^ quantum states in the truncated space are eigen- 
values of the effective Hamiltonian +^ 11 + ^12 ^ ' - ' h^ -V 22 

if we set H = H^AV. 
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5.2 Consider the Hamiltonian H represented by the 2x2 matrix 




in energy units. Determine its eigenvalues and eigenfunctions. 



5.3 The above Hamiltonian is separated in two parts as follows: 



H = H^+V = 



-25 0\ /25 5 

0 0 / I 5 -24 



orH = 



0 

0 



0 

-24 



+ 



0 5 
5 0 



Determine in each case the projector onto the truncated space and the effec- 
tive Hamiltonian. 



5.4 Show that defines the actual eigenvalues of the Hamiltonian. 

Answers and Hints 

5.1 '0" is multiplied by U = (P -f Q) from the right-hand side 
and successively by P and Q from the left-hand side 

5.2 £:i = -25 = l/\/^ 

^2= 1 V’" = l/^/^ 

25 

5.3 = — — — in both cases 

E + 24 

5.4 — E gives the eigenvalues of H in both cases 



Chapter 6 

6.1 A potential V{x) acts on a spinless particle with mass m. Find expres- 
sions for the quantum state \at) with the initial state jatg) and the quantum 
state \at) when a potential Vq is added to V. What is the wave function 

if the potential Vq is time dependent? 

6.2 A charged particle beam is split into two different paths perturbed by 
the potentials and V 2 and recombined in a detector D. We write down the 
wave functions ^i{x,t) and ' 02 (^ 5 ^ the detection probability 

What is the phase shift AS between the two beams? 

6.3 The above phase shift if produced by an electromagnetic field char- 
acterized by a vector potential produced by an electric current in a 
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solenoid. Express the phase shift AS in terms of the magnetic flux through 
the solenoid. 

6.4 The Aharonov-Bohm experiment consists in perturbing the paths of a 
charged electron beam in a two-slit experiment, by an electric current through 
a solenoid. What magnetic flux is necessary in order to cancel the shift of the 
interference pattern when the electric current is on? 

Answers and Hints 

6.1 \at) = exp (^ + ^)) l“*o) 

\at) = exp (i - to) !«<) 

rjj^{x,t) = exp ^ 

6.2 |t/)(a;,t)p = + IV’2 1^ + 2 Re(^iV’2) exp 

AQ 1 r^f 

-fr = ki 

6.3 ^ = 1 (f A f H-ds = -^(j) 

h fi J ^ he J he 

^ . , 2nhe 

6.4 0 = n n integer 

e 

Chapter 7 

7.1 Consider a one-dimensional wave function 0(x, 0) at initial time ^ = 0. 
What is the probability that this wave function peakes at a value x = a. 
What does this imply about x? 

7.2 Let the above wave function be a Gaussian function peaked at x = a 
with a dispersion depending on time cr^(t), at instant t = 0: 

t/)(x,0) = ( 27 t exp - ^^^ 2 ( 0 ) • 

What is the probability density |0(x, 0)p in the limiting case with zero dis- 
persion, cr(0) == 0? 

7.3 Express the above wave function at instant t using expression (7.18) 
with the propagator of a free massive particle. 
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7.4 Determine the probability density at time t at the point x. 

7.5 What conclusion can we draw for the evolution in time of the dispersion 
function cr^(t)? 



Answers and Hints 

7.1 |'0(x, 0)p = (27 t)“^ 8{x - a) i is undetermined at t = 0 

7.2 a{0) 0 |'0(x, 0)p (27 t)~^ 8{x - a) 



7.3 ^{x,t) — f G(x,t;x',0) '0(x',O)dx' 

. 1 / m \i/2 /im (x-x')^\ 

with G(ai, X , 0) = (— ) exp j 

(a: - a)^ 

4 ct 2 ( 0 ) + 2TTiht/m 



X exp - 



7.4 |'0(x, = (27Tcr^(t)) exp 



(x - a) ^ 
2^^ 



7.5 cr^(t) = cr^(O) [1 + /Aw? cr^(O)]. The Gaussian wave packet speads 
out in time 



Chapter 8 

8.1 What is the covariant derivative D„ associated with the kinematic mo- 

H' 

mentum of a spinless massive particle with electic charge e in an electromag- 
netic field for a Minkowski space-time with a metric signature (-f2) or (—2). 
Write down the corresponding Hamiltonian. 

8.2 Determine the commutators of the operators D- associated with the 
above covariant derivative [D^, and [D^.Xj] for a magnetic field produced 
by a magnetic monopole (cf. Ex. 1.1). 

8.3 How may the total kinetic momentum J of such a particle be written? 
Verify the validity of the commutation rules J A J. 
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Answers and Hints 

8.1 (+2) signature tt^ = —iTi and D^ = d^- ie/%c 

(-2) signature = ih and -\-ie/hc A^ 

H = -h^/2m = -h^/2m D>^ 

8.2 \D^, Dj\ = ieg/Tic and {D^,XJ] = S^j 

8.3 J = -ih r A jD + se^ and J A J = ih J 



Chapter 9 

9.1 By considering the quantum aspect of the motion of a charged particle 
in the magnetic field of a magnetic monopole (cf. Ex. 1.1) determine the 
commutation rules of the operators and L = f A tt associated with the 
kinematic momentum. 

Show that the intrinsic spin s = ege^ added to the orbital momentum L 
leads to a total angular momentum J satisfying the usual commutation rules 
J A J = ih J. 

Express the operator tt with a transverse part tt^ and a longitudinal part 
and the operator tt^ in terms of and 5^. What then is the expression for 
the Hamiltonian H of the particle ? 



9.2 Determine the conunutator and anticonunutator of the Pauli matrices 

5 and the product cr^cr^ of two matrices. Deduce from the above expression 
the products of operators (<j • A){a • B), {a • (a, 

9.3 Determine the commutator of the scalar operators [a • A, a • B] 

Answers and Hints 

ih -* -* -* 

9.1 7rA^= — 2 ^ LAL = ih{L — s) 



J A J = ih J 

7t2 = ( J2 - s2)/j.2 and H = -^ {nf + tt^) 



h f d"^ 2, d \ /t2 2\/o 2 



9.2 [a^,aJ] = 2i and a^} = 26ij 1 

= ^ij 1 + * ^ijk <^k 

{a ■ A){a ■ B) ^ A- B + i a ■ (AaB) 

{a ■ pf = and {5 ■ ^ a ■ B 

9.3 [a • A,a • B] = 2(A A B) • a 
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Chapter 10 

10.1 Determine with the GSA rules the particular 9 j coefficient in which 
one momentum (say takes a zero value. 

10.2 Give the graphical representation and the corresponding analytical 

expression for the quantum states |jm)^ and corresponding to the A 

coupling schemes + J2) ^ coupling scheme + ^3) + 

10.3 Determine the scalar product of these states 

10.4 Express the Ijm)^ state in terms of the state. 

10.5 Use the pinching rule over three lines in the GSA to simplify the 
following expression and write it in terms of 3njf coefficients: 

( h m2 ri2 W mj £1 kA / jg A 

£ln ^"*1 ^2 ^2) \h A Xi) V^i X2 

X / m3 J4 ^2 W m4 X2 4 W ^3 h X2 

V h ’^2) \ h h ^3) [ k ^2 h 




10.6 Express the invariance property of the trace of a two-body op- 
erator in a coupled or in an uncoupled basis to get an expression for 

^ ^ single magnetic momentum. 



Answers and Hints 
0 J2 Js 



10.1 



h 



^3 
2 ^3 



[k ^^1 



^ ^^1 +^2+j2+^3 




^3 h \ 
£2 k^ J 



10.2 \jm)^ 0'imii2m2iji2mi2)0'i2mi2J3m3lim)ljimij2m2jf3m3) 

= 0imij2m2j3m3|(iii2J3)ii2;im) b'imij2m2j3m3) 

= 1] bi2i](-)^^^ b"i) bimii2m2i3W 

10.4 b'm)B = E AO'mbm)^ \jm)^ 

^={t ? k) [I I k} 
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10.6 Ej iijih) JM\T KWJM) 

= Emi - m^\T\jim^j2M - m^) 

Chapter 11 

11.1 Use the GSA rules to define the graphical representation of the group 
character Xj{9) — Ylm ^mmid)- Express the closure relation on rotation 
matrices Emm' ^Lm'i9)Dlnm' (^) “ I®*"™® ol 111® character Xj{gh~'^). 

11.2 Use the GSA summation rule over an angular momentum to express 
the sum over j of the above closure relation. 

11.3 Use the particular value of the rotation matrix Dqq{q) to determine 
the integral /q = / Kim'is) dg. 

11.4 Use the contraction rule (11.66) over two rotation matrices to obtain 
the contraction rule (or its graphical representation) over n rotation matrices. 

11.5 Use the two above results to define the integral In over n rotation 
matrices. 

Answers and Hints 

11.1 Xj {gh~^) 

11.2 Ej b'^] Xj igh~'^) = 87t2 6{g - h) 

11.3 D^g) = 1 leads to Ig = 6^^ 6^,g 

11.4 ,(o)...£»^” , (g) 

= E 0'l"li . • ■3m^n\{3l-jn)A ^s'-^3n+\ "^n+l) 

^n+l bl^l 

'•'“r J- n-4-1 

11.5 In= [ / (9) dg 

= (7 - 7 1^0 (!' ■■■ f 1^0 

\h Jn J A \ J A 



Chapter 13 

13.1 Use the particular value of and the contraction rule (12.53) 

to determine the product cos0 Y^q{0^(p) = F^{6,ip). Determine its Reduced 
Matrix Element (RME). 
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13.2 Determine the RME {[^' I /2)j^\\Y^\\[il /2)j) with a marked 6j coeffi- 
cient. Express it in terms of a particular 3jm coefficient. 

13.3 Determine the RME of the tensor force 5io expressed in terms of 

13.4 Determine the scalar and vector parts of the irreducible tensor oper- 
ator 

T^kq iAB,C) = {{A^^ ® Sl„) ® . 



13.5 Compute the RME ((-fl/2)j||a • f||(£'l/2)/) given in (18.167). 

13.6 What is the tensor product of two spherical harmonics acting in the 
same space ? 



Answers and Hints 

13.1 F^(0,^) = cos 0 7,o(O^) = [^L] (J I J) Y^,{9^) 







1 i L 
0 0 0 



£' L £\ 

0 0 oy 



13.2 



13.3 



{{£'l/2)j\\Y^\\{£l/2)j) 

= [£'£jj'L] (-)^+i/2+/ 

v47t 



£ £' L\ U £! L\ 

0 0 oj \j r ij 



(o:j||S'i2l|a'i'> 

= V \/f (o 0 0 



L V 2\ 
S S' j] 



X 



Si S2 S 
Si s^ S' 
1 1 2 



TToo = -\/3 (A aB) -C 

-Kig = {A - C) Biq or equivalently n = {A - C) B 



13.4 
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Chapter 14 

14.1 Determine the potential V{t) from which the electric field 

- ^ f 0 for ^ < 0 

[ Eq exp{—t/2) for t > 0 

is derived. What is the corresponding potential energy? 

14.2 Determine the transition probability from the 15 to the 25 state for 
the above potential. 

14.3 Determine the transiton probability from the 15 to the 2P state when 

one sets ^io(^)- 

Answers and Hints 

14.1 E = -V V gives V = -Eq exp ^ 

and Ep = -eV — eE^ exp 

14.2 = ^1 £ dt' exp (^-j {E,s - £? 2 s)) (25|^;p|15)|2 

(25|£:,il5) a (25|;j|15) = j dh Y,, ^ r Y,, R,, Foo = 0 

14.3 {2P\E^\1S)^^6^,I, 

P P 

P\S-^ 2 P = ^0 ^ ^mo ^^^272 = [E^s - p 2 p) 

Chapter 15 

15.1 Determine the matrix element of the screened electric potential V (r) = 
{z^Z 2 C^ / AixEq) (exp(-^)/r) in the Born approximation. 

15.2 Express the squate length of the transferred momentum in an 
elastic scattering process for an incident energy E and a scattering angle 6. 

15.3 Deduce for the above potential the elastic scattering amplitude f{9) 
in the Born approximation. 

15.4 Determine in the above case the differential cross section of an elastic 
scattering process. 
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15.5 How is it possible to get the usual Rutherford elastic scattering differ- 
ential cross-section. 



Answers and Hints 

15.1 = (/I V\i) = (kf\V\kj) with {r\k) = (27t)“^/^ exp(ifc • 

gives when setting 

Vf, = Anc 



T-> r r ^ 1 

K = kf -k^ and c = — v 

^ ' AttEq (27t)3 



K^+c-r 



15.2 |fcj| = = fc E = 



2 2m . 2 ^ 
— — ^ ^ 4 E sin^ - 

2m T? 2 



1 ^3 2m 



2m 



15.3 f{6) = -(27t)^ ^ (fc|V|fc) = (27t)^ c — 



1 



i'l2 






+ (i) 

2 



2:1 Z. 



1^2 2 



A'KSn 



+ fj 



15.5 If a 00 the screening is removed and [dr/dQ] becomes the cross 
section for Rutherford scattering. 



Chapter 17 

17.1 What is the Lagrangian density of two real free scalar fields (j)^ and 
(/) 2 ? Deduce their Euler-Lagrange equation of motion. 

17.2 Is the current = (j)^ 02 - 02 conserved ? 

17.3 Are the vector current defined by 0^ 02 — 02 0i 

and the tensor current defined by 0i 02 — 02 0^ 

conserved? 

17.4 Find expressions for the vectorial and the tensorial charge correspond- 
ing to these currents. 

Answers and Hints 

17.1 C = ^ 01 01 + ^ 02 02 and then 0i = 0 02 = 0 

17.2 = 0; the current is conserved 

17.3 Since 0^ - 0; 0i = 0 ^nd 0i = 0 and thus 

Jf. — 0 and Jf.^ = 0; these currents are conserved 

p p 

17.4 = / Sx and = f d^x 
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Chapter 18 

18.1 Starting with the spinor ^ and the Dirac 7 -matrices, we introduce the 
scalar v — 'ip'il) and the pseudo-scalar lj = ip Using of the Pauli-Krofink 
formula (18.64), prove that the currents = {p xp and = ip xp 
satisfy the relations 

J2 = = 72 =^2_^2 7. J = 7 = 0. 

H' H' H' 

18.2 Determine the right-hand part and left-hand part of the current 
and show that 

18.3 The metric 7 ^^ of a Minkowski space-time (we set 7 = |det 7 ^^|) 
associated with the current determines the effective metric by the 
relations 

+ r). 

What constraints have to be imposed on a and (3. Express such a constant 
in the particular case when a = (3. 

Ansxvers and Hints 

18.1 Set M = 1 and M = 75 , then multiply the right-hand side by xp or by 
^ 75 

18.2 + 1^‘ = 2r^^ m'' = = 2e^‘ 

m^^+n^^ = 2 n>^ h^ = 0 - 0 m^^ rj^ = 2J^ 

18.3 = 6^' gives {3 = and a = - ^ for a = /3 

Chapter 19 

Consider a spinless particle with mass m in a one-dimensional potential V-^ (x). 

19.1 Determine V^{x) in terms of the ground-state xPq{x) and its second 
derivative xpQ (x) for a ground-state energy Eq equal to zero. 

19.2 One introduces the operators A~^ = — + ^^{x) and A = 

-h W-^{x). What must be the form of the potential Vi(x) for the 
Hamiltonian + Vi(x) to be factorized as = A'^A. 




Exercises 585 



19.3 Show that the superpotential W (a:) of the potential (x) is compat- 
ible with the value W{x) = V'o/V'o- 



19.4 Determine the potential V^ix) such that H 2 = + ^(a:) = 

A A+. 



19.5 We denote by t/>, 



( 1 ) 



of H 2 - Show that A ip'-, 
H,. 



( 1 ) 



( 2 ) 

the eigenvectors of and by % the eigenvectors 
is eigenvector of H 2 and A'^ an eigenvector of 



19.6 One introduces the matrix 



H = 



0 




and the operators 



Q = 



0 0 

A 0 



and Q'*' = 



0 A+ 
0 0 



Determine the commutation and anticommutation relations 
[H,Q] [H,Q+] {Q,Q+} {Q,Q} {Q+,Q+}. 



19.7 Compute the ground states of a particle in an infinite square well 
V(a) — 0 for 0 < X < L and ^ (x) = oo for oo < x < 0 or x > L. 



19.8 Determine the eigenstates of the Hamiltonian = H — Eq and the 
superpotential H^(x) corresponding to the potential V 2 {x). 

Answers and Hints 



19.1 V^ = 



^ tL 

2m '0Q 



19.2 V, = 



n 






W 



19.4 V2{x) = W^ + -^d,W 
v2m 

19.6 [H,Q] = [H,Q+] = 0 {Q,Q+} = H {Q,Q} = {Q+,Q+} = 0 



19.7 



( 1 ) _ 



7T 



sin— X and En = 



*2 2 
n 7T 



^ 2m 
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19.8 = 

W{x) = 



”'(^ + 2 ) *2 2 

ISTp-* ' 

h 7T nx 

7= T cot — 

Vzm L L 



, , , , ti n 9 TTX \ 

= ^ T^‘) 
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